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Conventions :
- “N” denotes the set of natural numbers 0, 1,2, . . ..
- If x is a set, then we write B3(z) for the powerset of x.

- If z and y are sets, a correpondence between z and y is a triple (z,y, '), where I' C = x y.
This correspondence is called a function (or map) from x to vy if the first projection I' — =
is bijective.



| Some category theory

The goal of this chapter is to introduce some basics of category theory before we start the study
of additive and abelian categories in the next chapter. Category theory is not just a convenient
language in which to formulate constructions and results from other parts of mathematics, it is
its own field with deep nontrivial results, and we will not have time to do it justice. If you want
to learn more, a good place to start is Riehl’s book [12].

I.1 Set-theoretical preliminaries

This is just a quick overview. For a much more detailed discussion, see Shulman’s paper [13].

The foundations of category theory is one of the topics where we have to be careful about set-
theoretical questions. As we will see in the next section, a category is the data of a “collection”
of objects and of morphisms between these objects (satisfying some axioms). We would like to
talk about things like “the category of all sets” or “the category of all groups” (where the objects
are sets resp. groups), but there is no set of all sets or of all groups. So the question is, do we
impose the condition that the objects of a category form a set or do we allow bigger “collections”
of objects ? Both are possible, and so we have to choose between the following two options :

(1) Work with a version of set theory that allows us to manipulate classes, such as Bernays-
Godel-von Neumann set theory. Intuitively, classes are collections that may bigger than
sets; for example, there exists a class of all sets.

(2) Only allow sets and keep track of the sizes of the sets that we are manipulating, for example
using Grothendieck universes.

A drawback of solution (1) is that we cannot quantify over classes, so it becomes impossible
to state some theorems. The drawback of solution (2) is that we need an extra axiom to ensure
the existence of suitable Grothendieck universes, and this axiom is known to be independent of
the axioms of ZFC set theory; however, this axiom follows from large cardinal axioms that are
well-accepted in modern set theory, so we will choose solution (2) for simplicity.

We work with Zermelo-Fraenkel set theory with teh axiom of choice (abbreviated to “ZFC set
theory”); see for example the beginning of chapter 1 of [7]] for the list of axioms of this theory.

Definition I.1.1. A universe is a set 7% satisfying the following properties :

G). o e %,
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(ii). ifz € % andy € x, theny € % ;
(iii). ifz € %, then {z} € % ;
(iv). if x € %, thenB(z) € %;

(v). if (x;);es is a family of sets such that I € % and x; € % forevery i € I, then | J z; € %;
iel

(vi. Ne %.

Remark 1.1.2. Properties (1) and (vi) were not required in the original definition of universes in
[L], appendice de I’exposé I, définition 1.1, but it is usually required in modern expositions. The
only difference is that @ and N are universes in the sense of [1]] and not in the sense of definition

The standard reference for universes is [[1], appendice de 1’exposé 1. It contains proofs of the
following two propositions.

Proposition 1.1.3. Let % be a universe. Then :

(i). Ifx € %, then |Jy € %.

yex
(ii). If v,y € U, thenx X y € % .

(iii). Ifx € % andy C z, theny € % .

(iv). If v € U, then every quotient set of x is an element of % .

(v). If (z;)ics is a family of sets such that I € % and x; € U foreveryi € I, then [[x; € U;

i€l
(vi). If x,y € %, then every correpondence between x and vy is also an element of % .

(vii). If x,y € %, then every set of correpondences between x and vy is also an element of % .

(viii). If (x;);es is a family of sets such that I € % and x; € U foreveryi € I, then || x; € U ;
icl

(ix). If x C % and if there exists an element y of % such that card(z) < card(y), then x € % .
(x). Foreveryn € N, the universe 7/ contains a finite set of cardinality n.
Proposition 1.1.4. Any nonempty intersection of a family of universes is a universe.
We will now see that universes are closely related to inaccessible cardinals. Remember that

cardinals are a special type of ordinals, defined for example on page 29 of [7]], and such that any
set is in bijection with exactly one cardinal.

Definition 1.1.5. Let ¢ be a cardinal. We say that ¢ is inaccessible (or strongly inaccessible) if it
satisfies the following properties :

(). cis a strong limit cardinal, that is, for every cardinal 0 such that 0 < ¢, we have 2° < ¢
(where 2° = card(B(0)));

10
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(ii). cis regular, that is, if (9;);c; is a family of cardinals such that 9; < ¢ for every ¢ € [ and

that card(/) < ¢, then >0, < c.
i€l

(iii). card(N) < c.

Definition 1.1.6. Let ¢ be a cardinal and x be a set. We say that x is strictly of type c¢ if, for every
finite sequence o, . .., %, such that z,, € r,,_; € ... € x; € x) = x, we have card(z,) < c.

Theorem L.1.7. (). If % is a universe, then card(% ) is inaccessible, and % is exactly the set
of sets that are stricly of type card(% ).

(ii). Conversely, if ¢ is an inaccessible cardinal, then the set U, of sets that are strictly of type

¢ is a universe, and we have card(%,) = .

This is [1], appendice de 1’exposé I, théoreme 6.2. Note that, as we are assuming the axiom
of regularity (or axiom of foundation), every set is artinian in the sense of [1], so the theorem
becomes simpler.

We will add the following axiom to set theory :

(AU) For every set x, there exists a universe containing .

This is called the axiom of universes. It is equivalent to the fact that every cardinal is bounded
above by an inaccessible cardinal.

Definition I.1.8. Let %/ be a universe. We say that a set is a 7% -set if it is an element of %/, and
that it is % -small if it is in bijection with an element of % .

.2 Vocabulary

1.2.1 Categories

Definition 1.2.1.1. A category € is the data of :
(1) aset Ob(%) whose elements are called the objects of €,

(2) forall X,Y € Ob(%), a set Hom¢ (X, Y') whose elements are called the morphisms from
XtwY;

(3) forall X, Y, Z € Ob(%), a function Hom (X, Y) x Hom¢ (Y, Z) — Home (X, Z), called
the composition and denoted by (f, g) — g o f;

such that the following conditions hold :

(a) the composition is associative, that is, for all X,Y,Z, T € Ob(%) and all
f € Homg(X,Y), g € Homg (Y, Z) and h € Homg (Z, T), we have ho(gof) = (hog)of;

11
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(b) forevery X € Ob(%), there exists a morphism idx € Homg¢ (X, X), called the identity of
X, such that, for every Y € Ob(%) and all f € Homy(X,Y) and g € Home (Y, X), we
have foidy = fandidxy og = g.

If f € Homy(X,Y), we also write f : X — Y and we call X the source and Y the rarget of
Y.

We sometimes write g f instead of g o f for the composition law.

Remark 1.2.1.2. The identity morphisms are uniquely determined by condition (b). In particular,
each object of € corresponds to a unique identity morphism, so we could define a category just as
a set of morphisms with a partially defined composition law satisfying some obvious conditions.

If X € Ob(%), we also write End¢ (X)) for Hom (X, X), and we call its elements endomor-
phisms of X.

Definition 1.2.1.3. Let % be a universe and % be a category. We say that € is a % -category if
Homy (X,Y) € % forall X,Y € Ob(%), and that € is % -small is it is a % -category and if
Ob(%) is % -small.

Definition 1.2.1.4. Let % be a category and f : X — Y be a morphism of €.

(1). We say that f is an isomorphism if there exists a morphism g : Y — X such that
go f = 1idx and f o ¢ = idy. In that case, the morphism ¢ is uniquely determined
by f and we denote it by f~!; if X = Y, and isomorphism from X to Y is also called an
automorphism of X. If f is an isomorphism, we sometimes write f : X — Y. We say
that X and Y are isomorphic if there exists an isomorphism from X to Y, and we write
X~Y.

(ii). We say that f is a monomorphism (or a monic morphism) if, for every Z € Ob(%), the
function f o - : Homg(Z, X) — Homg(Z,Y), g — f o g is injective, that is, for all
91,92 € Homy(Z, X), if f o g = f o go, then g1 = go. In that case, we sometimes write
f: X =Y.

(iii). We say that f is a epimorphism (or an epic morphism) if, for every Z € Ob(%), the
function - o f : Homy (Y, Z) — Homy (X, Z), g — g o f is injective, that is, for all
91,92 € Homg (Y, Z), if g1 o f = go 0 f, then g; = go. In that case, we sometimes write
f: X—>Y.

Remark 1.2.1.5. Note that an isomorphism is both a monomorphism and an epimorphism, but
that the converse is false in general. For example, if X is R with the discrete topology and Y
is R with the usual topology, then the identity is a morphism from X to Y in the category Top
of topology spaces (see Example [[.2.1.7(3)), and it is easy to see that it is a monomorphism and
an epimorphism, but it is not an isomorphism (because an isomorphism in Top is a homeomor-
phism).

Definition 1.2.1.6. Let % be a category.

12
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(1). The opposite category € °P is defined by :
(1) Ob(%°?) = Ob(%);
(2) forall X,Y € Ob(%°P), Homygor (X, Y) = Homg (Y, X);

(3) for all X,Y,Z € Ob(%°P), and all f € Homyor(X,Y) and ¢ € Homyor (Y, Z),
the composition g o f in €°P is the composition f o g when f and g are viewed as
morphism of €.

For every X € Ob(%°P), the identity morphisms of X in ¢ and € P are the same.
(i1). If €’ is another category, we say that ©” is a subcategory of € and write ¢’ C ¢ if :
(1) Ob(%") C Ob(%);
(2) forall X,Y € Ob(%”), we have Home/(X,Y) C Homg (X, Y);
(3) the composition of % is the restriction of the composition of €.

We say that ¢’ is a full subcategory of € if it is a subcategory and if, for all
X,Y € Ob(¥"), we have Homy (X,Y) = Home(X,Y); note that a full subcategory
of ¢ is determined by its set of objects.

(iii). We say that ¢ is discrete if its only morphisms are the identity morphisms.

(iv). We say that € is finite if |  Homg(X,Y') is finite (so in particular, Ob(%) is finite).
X,YeOb(%)

(v). We say that € is connected if, for all X, Y € Ob(%), we have Homy (X,Y) # .
(vi). We say that ¢ is a groupoid if every morphism of 4 is an isomorphism.

(vii). Let ¢ and %" be two categories. Their product € x %" is the category with set of objects
Ob(%) x Ob(%”), such that

Homy o (X, X'), (Y, Y")) = Homg (X, Y) x Homeg (X', Y")

forall X, Y € Ob(¥¢) and X', Y’ € Ob(%”), and whose composition law is the product of
the composition laws of ¢ and ¢”.

Example 1.2.1.7. We fix a universe % .

(1) The category of (% -)sets, denoted by Sety, or just Set if % is clear from the context, is
the category whose objects are the %/ -sets and whose morphisms are the maps between
sets. It is a %/ -category but is not %/ -small (indeed, Ob(Sety ) = %).

(2) The full subcategory of Set, whose objects are finite %/ -sets is called the category of
finite (% -)sets and denoted by Setf;, or Set.

(3) The category Top,, (or Top) of (% -)topological spaces is the category whose objects
are topological space whose underlying set is in %/ and whose morphisms are continuous
maps.

13
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“4)

®)

(6)

(7)

(8)

)

(10)

We can define pointed versions Set, and Top, of the categories of sets and of topological
spaces : their objects are sets X (resp. topological spaces) with a fixed point x, and
morphisms from (X, z) to (Y, y) are maps (resp. continuous maps) f : X — Y such that

f(z)=v.

The category Grp,, (or Grp) of (% -)groups is the category whose objects are groups
whose underlying set is in %/ and whose morphisms are morphisms of groups. It has full
a subcategory Aby or Ab whose objects are abelian groups. We could also define the
category Mony, or Mon of (% -)monoids; note that Grp is a full subcategory of Mon.

The category of unitary (% -)rings is the category whose objects are rings whose under-
lying set is in %/ and whose morphisms are morphisms of rings. We denote by CRing
the full subcategory of Ring whose objects are commutative rings, and by Field the full
subcategory of CRing whose objects are fields.

Let R be a ring (unitary but not necessarily commutative). The category pMod, or
rMod (resp. Modpgy or Modg) of (% )-left (resp. right) R-modules is the category
whose objects are left (right) R-modules whose underlying set is in % and whose mor-
phisms are R-linear maps. We often write Homp(X,Y") instead of Hom ,noa(X,Y) or
Homppoa, (X, Y). If R is commutative, then Modr = pMod and if R = Z, then
rMod = Ab.

Let R be a commutative ring. The category R — Alg,, or R — Alg (resp. R — Liey
or R — Lie) of (% )-R-algebras (resp. Lie algebras) is the category whose objects are
R-algebras (resp. R-Lie algebras) whose underlying set is in %/ and whose morphisms
are morphisms of [?-algebras (resp. RR-linear morphisms of Lie algebras). We denote by
R — CAlg the full subcategory of R — Alg whose objects the commutative R-algebras.

The category Rely, or Rel of (% -)relations is defined by Ob(Rel) = Ob(Set) and, for
all X,Y € Ob(Rely ), Homge (X,Y) = PB(X x Y). Its composition law is defined as
follows : if X,Y, Z € Ob(Rel), f € Homge (X,Y) and g € Homge (Y, Z), then

gof={(x,2) e XxZ|3JyeY, (x,y) € fand (y, 2) € g}.

Note that Set is a subcategory of Rel.

Here is a subcategory € of Set : take Ob(%") = Ob(Set) and, for all X,Y € Ob(Set),
take Homg¢ (X, Y") to be the set of injective maps from X to Y. (In other words, % is the
category of sets and injective maps.)

Example 1.2.1.8. (1) Let X be a set. We can see X as a discrete category with set of objects

2)

14

X.

Let / be a poset. We see [ as a category with set of objects I and such that, for a,b € I,
Hom;y(a, b) is a singleton if @ < b and empty otherwise; if a, b, ¢ € I, the composition law
is the only map from Hom;(a, b) x Hom;(b, ¢) to Hom;(a, c). The opposite category is
the category corresponding to the poset with the opposite order.
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(3) Let X be a topological set. The fundemental groupoid 11, (X ) of X is the category whose
set of objects is X and such that, for x, y € X, the set of morphisms from z to y is the set
of continuous maps v : [0, 1] — X such that v(0) = x and 7(y) = 1 modulo homotopies
fixing the endpoints (i.e. continuous paths from x to y modulo homotopy); the composition
law of II; (X)) is giving by concatenation of paths. This is a groupoid, and it is connected
if and only if X is path-connected.

(4) Let G be a monoid. The category BG is the category whose set of objects is a singleton
{*} and such that Endgg (%) = G the composition law is given by the multiplication of
G. Note that BG is a groupoid if and only if G is a group.

Conversely, if € is a category with only one object X, then it is isomorphic (see Definition

[.2.2.5) to B Endg(X).

(5) For every n € N, we denote by [n] the set {0, 1,...,n} with the usual ordering. The
simplicial category A is the subcategory of Set whose objects are the [n] for all n € N
and whose morphisms are the nondecreasing maps. This is a very nice category : it is
% -small for every universe % .

From now on, we fix a universe %/. All categories will be assumed to be 7/ -categories,
and the categories Set, Top etc will be their % -versions. We will omit the %/ from notation
and never mention it again, unless we need to introduce another universe.

Definition 1.2.1.9. Let % be a category and X be an object of €.
(i). We say that X is initial (in €) if, for every Y € Ob(%’), the set Hom« (X, Y) is a singleton.

(ii). We say that X is final or terminal (in €) if it is initial as an object of €°P, that is, for
every Y € Ob(%), the set Homg (Y, X) is a singleton.

(iii). We say that X is a zero object (in € ) if it is both initial and final. In that case, we often
denote the object X by 0; if Y is an object of %', then the endomorphism of Y obtained by
compposing the unique morphisms ¥ — X and X — Y is also denoted by 0.

Remark 1.2.1.10. If an initial (resp. final) object exists in a category %, then it is unique up to
unique isomorphism.

Example 1.2.1.11. (1) In the categories Set, Set’ and Top, the empty set is initial and any
singleton is final.
(2) A singleton is a zero object in the categories Set, and Top,.

(3) The trivial group (or monoid) is a zero object in the categories Grp, Ab and Mon, and
the zero R-module is a zero object in the categories pMod and Modp.

(4) The ring Z is an initial object in Ring and CRing, and the zero ring is a final object in
these categories. The category of fields has neither an initial object nor a final object.
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(5) Let R be a commutative ring. Then R is an initial object of R — Alg, and the zero R-
algebra is a final object of this category. In the category R — Lie, the zero Lie algebra is a
zero object.

(6) The empty set is a zero object of the category Rel.

(7) Let ¥ be a discrete category. If % has at least two objects, then it has neither an initial nor
a final object. If ¥ has only one object, then this object is a zero object.

(8) Let G be amonoid. If G # {1}, then BG has no initial or final object.

(9) Let I be a poset, seen as a category. Then an initial (resp. final) object of [ is the same as
a smallest (resp. biggest) element of /.

(10) The simplicial category A does not have an initial object. It has a final object, which is [0].

.2.2 Functors

Definition 1.2.2.1. Let ¥ and ¥’ be two categories. A functor from € to €', denoted by
F : % — ¢, is the data of a map F' : Ob(%) — Ob(%”), and, for all X,Y € Ob(%), of
amap Homg (X, Y) — Home (F(X), F(Y)), still denoted by F', such that :

(a) forevery X € Ob(%), we have F(idx) = idp(x);

(b) forall X,Y,Z € Ob(%¥) and all morphisms f € Hom(X,Y') and g € Home (Y, Z), we
have F(g o f) = F(g) o F(f).

A functor ' : € — € is also called a covariant from € to ¢’. A contravariant functor from
% to ¢ is a (covariant) functor from €°P to €.

IfF:% — ¢"and G : €' — €", their composition G o F' : € — ¢" is defined in the
obvious way.

A functor from % to itself is also called an endofunctor of €.

Remark 1.2.2.2. If € and € are two categories, a map Ob(%) — Ob(%”) is often called func-
torial if it can be upgraded “naturally” to a functor. E] For example, we might say that the
construction of the abelianization G of a group G is functorial, because it is pretty clear that
any morphism of groups G — H will define a morphism of groups G* — H?2" in a way that is
compatible with composition. In other words, we have upgraded the abelianization to a functor
Grp — Ab.

Sometimes, if the effect of a functor on morphisms is obvious, we define it only by the map
Ob(%) — Ob(%”). (See for example Example[[.2.2.7})

Example 1.2.2.3. (1) Let % be a category. We have the identity functor id¢ : € — %. The
identity also defines a contravariant functor from ¢°P to €.

10Of course, the meaning of “naturally” depends on the speaker...
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More generally, if " is a subcategory of %, then the inclusion if a functor from ¢” to .
(2) Let % be a category and X € Ob(%).
We define a functor Homy (X, -) : € — Set by :
(a) forevery Y € Ob(%), the image of Y by this functor is the set Homy (X, Y);

(b) for every morphism f : Y — Z of ¥, the map
Homy (X, f) : Homg(X,Y) — Homg(X,Z) sends g : X — Y to fog;
we also denote this map by f..

We define a contravariant functor Homg (-, X') from ¢ to Set by :
(a) forevery Y € Ob(%), the image of Y by this functor is the set Homy (Y, X);

(b) for every morphism f : Y — Z of ¥, the map
Homg(f, X) : Homg(Y,X) — Homg(Z,X) sends g : ¥ — X to go f;
we also denote this map by f*.

The functor Homg (-, X) is sometimes also denoted by hx or X.

(3) Let k& be a field. Note that Mody, is the category of k-vector spaces. The duality func-
tor is the contravariant endofunctor of Mod,, that sends a k-vector space V' to its dual
V* := Homy(V, k) and a k-linear map u : V — W to its transpose u? : W* — V*,
o — o u.

(4) Let R be aring and M be a right (resp. left) R-module. Then we get a functor M ®p (-)
(resp. () ®r M) from pMod (resp. Modpg) to Ab.

There are many variants of this. For example, if M is a R-bimodule (which is automatic if
R is commutative), then M ®p (+) (resp. (-) ®g M) upgrades to an endofunctor of pMod
(resp. Modg).

(5) The construction of the fundamental group defines a functor m; : Top, — Grp.

(6) If € is a category of “sets with extra structure” (such as Set,, Top, Top,, Mon, Grp,
Ring, CRing, Field, Ab, ykMod, Modg, R— Alg, R—Lie), E]then we have a forgetful
functor For : € — Set that forgets that extra structure. More generally, we have forgetful
functors between various categories of sets with extra structures; for example, there are
forgetful functors R — Alg — rMod, ykMod — Ab, Grp — Set. etc.

(7) In the other direction, the construction of a “free foo on bar” are also functorial. For exam-
ple, the free monoid (resp. group, abelian group, left R-module, R-algebra, commutative
R-algebra, R-Lie algebra) on a set defines a functor from Set to Mon (resp. Grp, Ab,
rMod, R — Alg, R — CAlg, R — Lie). If R is a commutative ring, we have a functor
“free (commutative) R-algebra on a R-module” from zyMod to R — Alg (or R — CAlg).
Etc.

2Such a category is called a concrete category.
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(8) We have a functor from the category of Lie groups over R (resp. C) to the category of Lie
algebras over R (resp. C) that sends a Lie group to its Lie algebra and a morphism of Lie
groups to its differential at the identity.

(9) Spec is a contravariant functor from the category of commutative rings to the category of
affine schemes.

(10) We have a contravariant functor from Top to the category of C-algebras that sends a topo-
logical space X to the algebra % (X)) of continuous functions from X to C and a continuous
map u : X — Y to the morphism of algebras u* : €(Y) — € (X), f — f owu. In fact, if
we restrict it to the full subcategory of compact Hausdorff spaces, this functor lands in the
subcategory of commutative Banach algebras over C, and even in the subcategory of com-
mutative C*-algebras over C. The various versions of this functor are called the Gelfand
transform.

If ¢, ¢’ and €" are categories, a functor from ¢’ x ¢’ to €¢” is also called a bifunctor.

Example 1.2.2.4. (1) Let R be a commutative ring. Then ®p is a bifunctor from Mody to
itself.

(2) Let € be a category. Then Homg (-, -) is a bifunctor €°P x ¢ — Set. We also say that it
is a bifunctor from % to Set, contravariant in the first variable and covariant in the second
variable.

If % is a universe, then % -categories and functors between them form a category, which we
denote by % — Cat. Note that 7 — Cat is not a % -category; if %' is another universe such
that %7 € %', then %/ — Cat is a %’'-category.

In particular, we cam define isomorphisms of categories.
Definition 1.2.2.5. A functor F' : ¥ — % is called an isomorphism of categories if there exists
a functor G : €' — % such that F o G = idy and G o F = idy.

This is not a very useful notion, because it is too rigid. Still, we give some example of isomor-
phisms of categories.

Definition 1.2.2.6. Let % be a category and X be an object of ©". We define the slice categories
of € over and under X, denoted by '/ X and X\ %, in the following way :

(a) € /X is the category whose objects are morphisms f : Y — X with Y € Ob(%), and in
which a morphism from f : Y — X tog: Z — X is amorphism h : Y — Z such that

ho f = g, ie that the triangle
y — I 7
X

commutes. The composition law of ¢’/ X is given by the composition law of %'
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(b) X'\ is the category whose objects are morphisms f : X — Y with Y € Ob(%), and in
which a morphism from f : X — Y tog: X — Zisamorphism h : Y — Z such that

g o h = f,ie that the triangle

Y—>Z

commutes. The composition law of X \ % is given by the composition law of %

The category %’/ X is also called the category of objects of € over X. The category X \ € is
also called the coslice category of € with respect to X, or the category of objects of € under X .

Example 1.2.2.7. (1) Let % be a singleton. Then the slice categories *\ Set and *\ Top
are isomorphic to the categories of pointed sets and of pointed topological spaces by the
functor that sends amap f : x — X to the pointed set (or topological space) (X, f(x)). The
inverse functor sends a pointed set or topological space (X, x) to the map * ~ {z} C X.

(2) The category Q\ Field (resp F, \ Field, if p is a prime number) is isomorphic the full
subcategory of Field whose objects are field of characteristic 0 (resp. p) by the functor
sending a morphism Q — K (resp. IF, — K) to K.

(3) If X is an initial (resp. final) object of &, then X \ € (resp. ¥/ X) is isomorphic to € by
the functor sending a morphism X — Y (resp. ¥ — X) to Y. The fact that this is an
isomorphism of categories is a direct translation of the definition of an initial (resp. final)
object.

Definition 1.2.2.8. Let F' : ¥ — % be a functor. The functor F is called :

(i). faithful if the map F' : Homg(X,Y) — Homg (F(X),F(Y)) is injective for all
X, Y € Ob(%);

(ii). full if the map F' : Homg(X,Y) — Home (F(X),F(Y)) is suejective for all
X,Y € Ob(%);

(iii). fully faithful if it is full and faithful;

(iv). essentially surjective if, for every object X’ of ¢, there exists an object X of & such that
F(X) and X’ are isomorphic;

(v). conservative if, for every morphism f : X — Y of €, the morphism f is an isomorphism
if and only F'(f) is an isomorphism.

Example 1.2.2.9. (1) The forgetful functors of Example [[.2.2.3]6) are faithful (but usually not
full).

*Note that one direction of this equivalence is automatic : if f is an isomorphism, then F'(f) is automatically an
isomorphism, and F'(f)~! = F(f~1).
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(2) The forgetful functors from Mon (resp. Grp, Ab, RkMod, Modg, R — Alg, Ring,
R — Lie) to Set are conservative, but the forgetful functor Top — Set is not conserva-
tive. In other words, if a morphism of monoids (resp. groups, rings, [2-modules etc) is a
bijection, then its inverse is also a morphism of monoids (resp. ...); but if a continuous
map is a bijection, then its inverse is not always continuous.

(3) If " C ¥, then the inclusion functor from %" to % is faithful, and it is fully faithful if and
only if ¢” is a full subcategory of %

(4) A fully faithful fonctor is conservative.

(5) Let k be a field, and let € be the full subcategory of Mod; whose objects are the vector
spaces k(| for I a set. Then the inclusion € C Mod,, is essentially surjective; in other
words, every vector space has a basis.

(6) Let k be a field. Then the forgetful functor Mod; — k — Lie is faithful and essentially
surjective, but not full. The essential surjectivity means that every k-vector space has a Lie
algebra structure (the commutative one for example).

(7) The forgetful functor Top — Set is faithful and essentially surjective, but not full.

(8) Let k be a field. The duality functor Modzp — Mody, is faithful and conservative, but not
full or essentially surjective. If we restrict it to the full subcategory of finite-dimensional
vector spaces, it becomes fully faithful.

(9) The inclusion functor from Set to Rel is faithful and essentially surjective (it is even a
bijection on objects), but not full.

(10) The functor of Example [[.2.2.3(8) (from Lie groups to Lie algebras) is neither full not
faithful : a morphism of Lie algebras does not always lift to a morphism of Lie groups, and
a morphism of Lie groups is not always determined by its differential at the identity (for
example if the source Lie group is not connected).

1.2.3 Morphisms of functors

Definition 1.2.3.1. Let /.G : € — %" be tzo functors. A morphism of functors v : F' — G
from F' to G is the data, for every X € Ob(%), of a map u(X) : F(X) — G(X) such that, for
every morphism f : X — Y, the following diagram commutes :

F(X) Y,

A morphism of functors is also called a natural transformation. We sometimes represent it by
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a diagram
F
¢ 1u g
ka/r

If F,G,H : ¢ — ¢ are functors and v : ' — G and v : G — H are morphisms of functors,
then we can define a morphism of functors v o u : F' — H by (v o u)(X) = v(X) o u(X), for
every X € Ob(%).

Definition 1.2.3.2. Let ¥ et ¢’ be two categories. We denote by Func(%,¢”) the category
whose objects are functors from % to %"’ and whose morphism are morphisms of functors. The
composition law is the one explained just before this definition.

In particular, we can talk about isomorphisms of functors and isomorphic functors.

Remark 1.2.3.3. It is easy to show that a morphism of functors u : F' — (' is an isomorphism
of functors if and only if u(X) : F(X) — G(X) is an isomorphism for every object X of the
source category. (Indeed, in that case the family (u(X)~!) automatically satisfies the condition
defining a morphism of functors.)

Remark 1.2.3.4. Let 7 be a universe. If € and €” are % -categories, then Func(%,€”) is not
always a 7% -category; but it is a % -category if € is %/ -small.

Example 1.2.3.5. (1) Consider the functor F' : Ab — Ab sending an abelian group A to the
free abelian group Z(4) = €D, 4 Ze, on the underlying set of A. Then there is a morphism
of functors v : F' — idp defined in the following way : For every abelian group A, the
morphism of abelian groups u(A) : ZY) — A sends the generator e, to a, for every a € A.

(2) Let k be a field. We denote the duality functor by D. Then D* = D o D is a (covariant)
endofunctor of Mody, and we have a morphism of functors u : idmod, — D? defined
in the following way : For every k-vector space V/, the map u(V) : V — V** sends
v € V to the element ev, of V** = Homy(V*, k) defined by ev,(a) = a(v), for every
a € V* = Homy(V, k).

(3) Let cHaus (resp. Ban) be the category of locally compact Hausdorff spaces and
continuous maps (resp. real Banach spaces and continuous C-linear maps). Let
A : cHaus — Ban be the functor sending a locally compact Hausdorff space X to
the Banach space of regular complex measures on the o-algebra of Borel subsets of X,
and a continuous function f : X — Y to the map 4 (X) — A (Y), u —> po f~1 let
¢* : cHaus — Ban be the functor sending a locally compact Hausdorff space X to the
bounded dual of the Banach space %, (X ) of continuous functions f : X — C that vanish
at infinity.

We have a morphism of functors u : .# — ¢ defined in the following way : Let X be a
locally compact Hausdorff space. If 11 € .# (X), then the map f —— [ fd is a bounded
linear functional on %,(.X ), and we take u(X ) (1) equal to this linear functional. The Riesz
representation theorem says that this morphism of functors is an isomorphism.
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The following notion is more useful than the notion of an isomorphism of categories.

Definition 1.2.3.6. A functor ' : € — %’ is called an equivalence of categories if there exists
a functor G : €' — ¥ such that ' o G ~ idy and G o F' ~ id¢. In that case, the functor G is
called a quasi-inverse of F'.

The next theorem is very useful when we need to prove that a functor is an equivalence of
categories. For a proof, see problem

Theorem 1.2.3.7. A functor F : € — € is an equivalence of categories if and only if it is fully
faithful and essentially surjective.

Definition 1.2.3.8. Let F' : € — %’ be a fully faithful functor. The essential image of F is the
full subcategory & of ¢” whose objects are the objects Y of €” such that there exists X € Ob(%)
with F'(X) ~ Y.

Corollary 1.2.3.9. If F : € — € is a fully faithful functor, then it induces an equivalence from
€ to its essential image.

Example 1.2.3.10. (1) Let k£ be a field, and let ¥ be the category of finite-dimensional k-
vector spaces and k-linear maps. Then the functor €°? — % defined by restriction of the
duality functor is an equivalence of categories. It is its own quasi-inverse.

(2) Let k be a field. Let % be the category of finite-dimensional k-vector spaces and k-linear
maps. Let " be the category with set of objects N, and such that Home» (1, m) = M,,,,(k)
(the set of m x n matrices with coefficients in k) for all n, m € N; the composition law of
¢’ is given by matrix multiplication. Let F' : ¥’ — % be the functor sending n € N to
k™ and a matrix A € M,,, (k) to the corresponding linear transformation from k" to k™.
Then F' is an equivalence of categories.

(3) The functor Spec is a contravariant equivalence from the category of commutative rings to
the category of affine schemes.

(4) Let € be the category of compact Hausdorff spaces, let ¢” be the category of commutative
unital complex C*-algebras, and let F' : €°P — %" be the functor of Example [[.2.2.3(10).
The Gelfand-Naimark theorem implies that this functor is an equivalence of categories,
with quasi-inverse given by the spectrum functor.

(5) Let € be the category of finite linearly ordered sets (and nondecreasing maps). Then the
simplicial category A is a subcategory of %, and the inclusion A C % is an equivalence
of categories.
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.3 The Yoneda lemma

.3.1 Presheaves

Definition 1.3.1.1. Let € be a category. The category PSh(%) of presheaves (of sets) on € is
the catgeory Func(%°P, Set).

The terminology is explained by the following example.

Example I.3.1.2. Let X be a topological set. We denote by Open (X)) the category corresponding
the poset of open subsets of X, ordered by inclusion (see Example [[.2.1.§2)). Then a presheaf
on Open(X) is the same thing as a preseheaf on the topological space X.

Remark1.3.1.3. If 7 is a universe and the category € is % -small, then PSh(%) is a % -category,
and it is %/'-small for every universe %’ such that % € %'.

Example 1.3.1.4. If % is a category and X € Ob(%), then the functor hx = Homg(-, X)
of Example [[.2.2.3(2) is a presheaf on %. A presheaf that is isomorphic to some hy is called
representable. It will follow from Yoneda’s lemma (Theorem [[.3.2.2)) that such a X is unique up
to unique isomorphism.

Remark 1.3.1.5. A functor 4 — Set is the same as a presheaf on €°P. For example, for every
X € Ob(%), the functor Home (X, -) of Example[[.2.2.3(2) is a presheaf on 4°P. A presheaf on
% °P that is isomorphic to one of these functors is also called a representable presheaf on P, or
a representable functor from % to Set.

See problem for some examples of representable functors.

1.3.2 The Yoneda embedding

Using the fact that Homg (-, ) is a bifunctor, we see that the formation of the representable
presheaf hx is functorial in X. More precisely :

Definition 1.3.2.1. Let ¥ be a category. The Yoneda embedding is the functor
he = h : € — PSh(%) defined in the following way :

(1) forevery X € Ob(%), the image of X by h is the presheaf hy = Hom (-, X) of Example
1.2.2.3(2);

(2) for every morphism f : X — Y of ¢, the morphism h; : hx — hy is the morphism of
functors such that, for every Z € Ob(%), the map h¢(Z) : Homg(Z, X) — Hom¢(Z,Y)
is Homy (Z, f), that is, the map g — f o g.

The Yoneda lemma is the following result.
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Theorem 1.3.2.2. Let € be a category, let X € Ob(%), and let F be a presheaf on €.
Then the map Hompgns)(hx, F) — F(X) sending a morphism of functors u : hx — F to
u(X)(idx) € F(X) is a bijection.

Proof. See problem[A.1.5]

Corollary 1.3.2.3. The functor h : € — PSh(¥) is fully faithful.

In other words, the Yoneda embeddings induces an equivalence from % to the category of
representable presheaves on €.

Proof. Let XY € Ob(%). We want to show that the map
h Homy (X, Y) —  Hompgn«)(hx,hy) 1is bijective. We denote by
¢ : Hompghe)(hx,hy) — hy(X) = Homg(X,Y) the map of Theorem Then,
for every morphism f : X — Y, we have p(hf) = hy(X)(idx), which is by definition the
image of idx € Homg¢ (X, X) by the map Home (X, X) — Homg(X,Y), g — fog, ie. f.
So ¢ o h is the identity of Home (X, Y"). As ¢ is bijective by Theorem[[.3.2.2] so is A.

]

Definition 1.3.2.4. Let F' € Ob(PSh(%’)). We say that a couple (X, x) with X € Ob(%) and
x € F(X) represents the presheaf F' if the morphism « : hx — F corresponding to = by
Theorem [[.3.2.2]is an isomorphism.

Corollary 1.3.2.5. If F' € Ob(PSh(%)) is representable, then a couple (X, x) representing F
is uniquely determined up to unique isomorphism. That is, if the couples (X, x) and (Y,y) both
represent F, then there exists a unique isomorphism f : X =Y such that F(f)(y) = x.

Applying Yoneda’s lemma to the opposite category, we get the following result.

Corollary 1.3.2.6. Let € be a category. We denote by ky = k : €°° — Func(%, Set) the
functor sending an object X of € to kx = Homy (X, ), and defined in the obvious way on the
morphisms (see Deﬁnition. Then, for every X € Ob(%) and every functor F' : € — Set,
the map Hompyne(z set) (Kx, F) sending v : kx — F tou(X)(idx) € F(X) is bijective.

Definition 1.3.2.7. Let ' : ¥ — Set be a functor. We say that a couple (X, x) with X € Ob(%)
and x € F(X) represents the functor F' if the morphism « : kx — F corresponding to x by

Corollary is an isomorphism.

Corollary 1.3.2.8. If a functor F : € — Set is representable, then a couple (X, x) representing
F' is uniquely determined up to unique isomorphism. That is, if the couples (X, z) and (Y,y)
both represent F, then there exists a unique isomorphism f : X =Y such that F(f)(z) = y.

Corollary 1.3.2.9. Let € be a category and let f : X — Y be a morphism of €. The following
are equivalent :
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(i).
(ii).
(iii).

1.3 The Yoneda lemma

f is an isomorphism.
The map Homy (Z, f) : Homg(Z, X) — Homy (Z,Y) is bijective for every Z € Ob(%).
The map Homg (f, Z) : Homg (Y, Z) — Homeg (X, Z) is bijective for every Z € Ob(%).

Proof. If f is an isomorphism, then the maps of (ii) and (iii) are clearly bijective (with inverses
Homg (Z, f~') and Home (f1, 2)).

Conversely, the fact that (ii) implies (i) follows from the fact that the functor h : € — PSh(%)
is fully faithful (Corollary [[.3.2.3), hence conservative. The fact that (iii) implies (i) follows by
applying the previous sentence to 4°P.

[]

Remark 1.3.2.10. Many universal constructions are in fact asking whether a functor from a cat-
egory (or its opposite) to the category of sets is representable. The automatic uniqueness state-
ments in these constructions are actually consequences of the Yoneda lemma (or rather of Corol-

laries[[.3.2.5]and [[.3.2.8)).

Here are two examples :

)

2)

Let g be a Lie algebra, say over a commutative ring R. Consider the functor
F : R — Alg — Set sending a R-algebra A to the set of morphisms Homp_pie(g, A),
where we use the Lie algebra structure on A given by the commutator bracket. In other
words, we have a “forgetful” functor L : R — Alg — R — Lie that sends a R-algebra A
to the Lie algebra A with the commutator bracket, and F is the functor kg o L. A universal
envelopping algebra of g is just a couple (U, u) (withu € F(U) = Hompg —Lie(g, L(U)))
representing the functor F'. Indeed, saying that (U, u) represents F' means that, for every
R-algebra A, the map Homp_a1(U, A) — Hompg_rie(g, L(A)) sending f : U — Ato
L(f) o w is bijective. (In other words, for every morphisms of Lie algebras v : g — L(A),
there exists a unique R-algebra morphism f : U — A such thatv = f o u.)

Let R be a commutative ring, and let M and N be R-modules. We consider the functor
Bil(M x N,-) : gRMod — Set that sends a R-module P to the set of R-bilinear maps
M x N — P. We know that this functor is representable : a pair representing it is given
by the tensor product M ®gz N and the canonical bilinear map b : M X N — M Qg N,
(m,n) — m ® n. The universal property of this couple is the following : for every
R-module P, the map Homgz(M &g N, P) — Bil(M x N, P) sending f : M g N — P
to f o b is bijective; that is, every R-bilinear map B’ : M x N — P can be written in a
unique way b’ = f o b, with f : M ® g N — P a R-linear map.

In fact, as we will see in the next section, many of these constructions upgrade to one half of
a pair of adjoint functors.
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1.4 Adjoint functors

Definition 1.4.1. Let ¥ and %’ be two categories, and let /' : 4 — ¢’ and G : €' — € be
functors. We say that (F, ) is a pair of adjoint functors, or that G is right adjoint to F', or that
F is left adjoint to G, if there exists an isomorphism of bifunctors €°? x ¢’ — Set :

Homg/ (F(+), ) ~ Homg (-, G(-)).

The following lemma is one half of problem

Lemma 1.4.2. Let € and €' be two catgeories, and let ' : € — €' and

G : ¢ — € be functors. Suppose that there exists an isomorphism of bifunctors
« : Homg (F(+),) ~ Homg (-, G(+)).

Then, for every morphism [ : X1 — Xy in € and every morphism g : Y1 — Y5 in €', if
u: F(Xy1) = Yrandv: F(Xy) — Y are morphisms in ¢, the square

w| |

is commutative if and only if the square

o(X1,Y1)(u)
—

X G(Y1)

fl lcxg)

X2 o(X2,Y2)(v) G(¥2)

s commutative.

Proposition 1.4.3. If F : € — €’ has two right adjoints G1,Gy : €' — €, then there exists a
unique isomorphism u : G = Gy such that the following diagram commutes

(F(X),Y) = Hom (X, Gy (V)
H [romeea)
(F(X),Y) —~ Homg (X, Go(Y))

HOmcg/

Homrg/

for every X € Ob(%) and every Y € Ob(%€").

There is a similar statement for left adjoints.
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L4 Adjoint functors

Proof. Let Y € Ob(¥"). By Corollary [[.3.2.3] the isomorphism of functors
Home (-, G1(Y)) ~ Home (F(-),Y) ~ Homg(-,G2(Y)) comes from a unique morphism
u(Y) : G1(Y) = Go(Y') of €, and this morphism is an isomorphism by Corollary [[.3.2.9

It remains to show that the family (u(Y"))ycon) defines a morphism of functors. Let
f Y — Y’ be a morphism of €’. We want to show that the square

u(Y)

Gl(f)l le(f)

Gi(Y') —

is commutative, that is, that u(Y”) o G1(f) = G2(f) o u(Y"). If we apply the Yoneda embedding
h : € — PSh(%) to this square, we get by definition of u a diagram

Home (-, G1(Y)) —— Home (F(+),Y) —— Homy (-, Go(Y))

hGl(f)J thFl hcg(nl

Homg (-, G1(Y")) —— Home (F(+),Y') —— Homg (-, Go(Y"))
and both halves of this diagram are commutative because
Homg/ (F(+),-) =~ Homg (-, G1/2(+))

are morphisms of bifunctors. As the Yoneda embedding is faithful, this implies that the original
square is also commutative.

O

Let (F, G) be a pair of adjoint functors. Then we get isomorphisms of bifunctors
Homg/ (F o G(+),) ~ Homg(G(+), G(+))

and
Home/ (F (), F(+)) ~ Homg (-, G o F(+)).

Taking the images of the identity maps by these isomorphisms, we get morphisms of functors
e: FoG —idg and 7 : idy — G o F, that are called the counit and the unit of the adjunction.

Proposition 1.4.4. The morphisms of functors

)

F9rogor®r

and
Gn(—>G)GoFoGG—(€>)G

are equal to idr and idg respectively.
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Proof. We denote by « the isomorphism of bifunctors Home/ (F(-), ) = Home (-, G()).

Let X be an object of €. As n(X) = (X, F(X))(idpx)) : X = G(F(X)), we have a
commutative square
a(X,F(X))(idpx))

G(F(X))
n(X)l lidcmxn
G(F(X)) ———— G(F(X))

idg(r(x))

So, by Lemmal|l.4.2] the following square also commutes :

F(X) F(X)
F(W(X))l lidF(x)
F(G(F(X))) F(X)

a(G(F(X)),F (X))~ (idg(rx)))

Ase(Y) = a(G(Y),Y) Hidg(y)) for every Y € Ob(%”), we get the first statement.

The proof of the second statement is similar. (In fact, the second statement is the first for the
opposite categories.)

[
In fact, the unit and counit of an adjunction determine the isomorphism of functors
Home (F(+),-) ~ Homg/(-, G(+)). We start with the following lemma.

Lemma 1.4.5. Let € and € be categories and F : € — €' and G : €' — € be functors.

(i). Letn : id¢ — G o F be a morphism of functors. For X € Ob(%¢") andY € Ob(%¢”’), we
define a map

(X, V) : Homg/ (F(X),Y) — Homy (X, G(Y)), f — G(f) on(X).

Then the family (P(X,Y")) xcob(#),y cob(e) is a morphism of functors from Home (F(-), -)
to Homy (-, G(+)).

(ii). Lete : F' o G — idy be a morphism of functors. For X € Ob(%) andY € Ob(%€’), we
define a map

U(X,Y): Homg(X,G(Y)) - Homg (F(X),Y), g — e(Y) o F(g).

Then the family (V(X,Y")) xcob(¥),y cob(e") is a morphism of functors from Home (-, G(+))
to HOIHQ;/(F(-), )

Proof. We only prove (i) (the proof of (ii) is similar). Note that the functors Homg (F'(-), -) and
Home (-, G(+)) that we are considering are functors from ¢ x %" to Set. So letu : Xy — X3
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be a morphism of % (that is, u is a morphism from X; to X5 in ¥°?) and v : Y7 — Y5 be a
morphism of 4”. We want to show that the following square is commutative :

Home/ (F(X1), Y1) R, Homg (X, G(Y1))

F(u)*OU*J lu*oG(v)*

HOIIl(g/(F(XQ) }/2> W HOIIIK(XQ, G(S@))
Let f € Homg/ (F'(X1),Y1). Unwrapping the definitions, we see that u* o G(v). o ®(X1, Y1)(f)
(resp. P(X5,Y3) o F(u)* o v.(f)) is the composition of the horizontal morphisms in the first
(resp. second) row of the following diagram :

v x, Y g p(x) CY ) £

H N H H

G(v)

But rectangle (**%*) in this diagram commutes because 7 is a morphism of functors, so the whole
diagram commutes, and so u* o G(v), o ®(X1,Y7)(f) = ®(X2,Ys) o F(u)* o v,(f), which is
what we wanted.

O

We could also have deduced the lemma from Lemma [.4.2]

Proposition 1.4.6. Let € and €' be two categories, and let F' : € — €' and G : €' — € be
functors. Suppose that we are given morphisms of functors € : FoG — idg andn : idy — GoF
such that the compositions

FFH)FOGOFEE;)F
and
G "9 GoFoG% G
are equal to id and idg respectively.
Then the morphisms of functors ® : Homg (F(-),) — Homg(-,G(-)) and

U : Homg(-,G(-)) — Home (F(-),-) are isomorphisms and inverses of each other. In par-
ticular, (F, G) is a pair of adjoint functors.

Proof. Let f € Homg (F(X),Y). The morphism ' := ¥(X,Y)(®(X,Y)(f)) is the composi-
tion of the horizontal morphisms in the first row of the following diagram :

F(n(X e(Y)

FOXDp o 6o PX) 2D F o av) < v
(F(X)) *) f
F(X)
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As ¢ is a morphism of functors, the quadrilateral (*) in this diagram commutes, so
f'=foe(F(X))oF(n(X)). Bute(F(X)) o F(n(X)) = idpx) by assumption, so f' = f.

Let g € Homg (X, G(Y)). The morphism ¢’ := ®(X,Y)(¥V(X,Y)(g)) is the composition of
the horizontal morphisms in the first row of the following diagram :

T, Go FX) Y G o Fog(y)

X ) WG

G(Y)

G(E(Y))G(Y)

As 7 is a morphism of functors, the quadrilateral (**) in this diagram commutes, so
g =G(EY))on(G(Y))og. But G(e(Y)) on(G(Y)) = idg(y) by assumption, so ¢’ = g.

]

Proposition 1.4.7. (i). Let F': € — € be a functor. Then F has a right adjoint if and only if,
for everyY € Ob(%”), the functor Home/ (F'(-),Y) : €°° — Set is representable.

(ii). Let G : €' — € be a functor. Then G has a left adjoint if and only if, for every
X € Ob(¥), the functor Homy (X, G(+)) : €' — Set is representable.

Proof. We prove (i) (the proof of (ii) is similar). If F' has a right adjoint GG, then, for every
Y € Ob(%"), the functor Homy/ (F(+),Y) : €°P — Set is representable by G(Y).

Conversely, suppose that the functor Home/ (F(-),Y) : €°° — Set is representable
for every Y € Ob(%¢’). For Y € Ob(%’), we denote by (G(Y),n(Y)) a cou-
ple representing the functor Home/ (F'(-),Y), where n(Y) € Homg (F(G(Y)),Y). Let
g : YT — Y, be a morphism of %¥’. Then we get a morphism of functors
Homgy (-, G(Y1)) ~ Home (F(-),Y1) & Homg: (F(-),Ys) ~ Homy(-,G(Y2)), which comes
by Yoneda’s lemma from a morphism G(g) : G(Y1) — G(Y2) such that the following diagram
commutes :

Homg: (F(+), Y1) =2 Home (F(-), Ys)

| |
Homy (-, G/(¥3)) 5 Homy (-, G(¥2))

It also follows from Yoneda’s lemma that the assignment ¢ —— G(g) respects the com-
position law and sends identity morphisms to identity morphisms. In other words, G
is a functor, and 7 is a morphism of functors from F' o G to idy such that the map
O(X,Y) : Homg (F(X),Y) — Homg(X,G(Y)) sending f : F'(X) — Y to G(f) on(X) is
bijective for every X € Ob(%) and every Y € Ob(%”). By Lemma|[.4.5] the maps ®(X,Y") de-
fine an isomorphism of functors from Home/ (F'(+), -) to Homg (-, G(-)). This shows that (F, G)
is a pair of adjoint functors.

]
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Example 1.4.8. (1) The “free monoid (resp. group, abelian group, R-module, R-algebra,

)

3)

“4)

)

(6)

(7)

8)

commutative R-algebra, R-Lie algebra) on a set” functor is left adjoint to the forgetful
functor from Mon (resp. Grp, Ab, Mody or ykMod, R — Alg, R — CAlg, R — Lie)
to Set.

Let R be a commutative ring. The “universal envelopping algebra” functor is left adjoint
to the functor L : R — Alg — R — Lie that sends a R-algebra A to the Lie algebra on A
given by the commutator bracket.

Let X be a set. Then the functor Homget (X, ) : Set — Set is right adjoint to the functor
(.) x X. This is a complicated way to say that, if Y and Z are two other sets, then we have
a bijection

Homget (Y, Homget (X, 7)) ~ Homget (Y x X, Z)
that is functorial in Y and in Z (and actually also in X).

Let R be a commutative ring and M be a R-module. Then the functor
Hompg(M,-) : Modr — Modp is right adjoint to the functor (-) ® g M. In other words,
if N and P are R-modules, we have a bijection

Hompg(N,Hompg(M, P)) ~ Homg(N ®r M, P)
that is functorial in NV and in P (and actually also in M).

Let  : R — S be a morphism of commutative rings. Then we get a “restriction of
scalars” functor o* : Modgs — Modp, and it has a left adjoint (-) ® S called “extension
of scalars”.

The abelianization functor from Grp to Ab is left adjoint to the forgetful functor from
Ab to Grp.

Let X be a topological space, and let PSh(X') and Sh(X) be the categories of presheaves
and sheaves on X. Then the forgetful functor PSh(X) — Sh(X) has a left adjoint, called
the sheafification functor.

Let For : Top — Set be the forgetful functor. Then For has both left and right adjoints.
The left (resp. right) adjoint of For is the functor Set — Top that sends a set X to itself
with the discrete topology (resp. with the indiscrete or coarse topology).

Example 1.4.9. Let R be a commutative ring and M be a R-module. Consider the pair of
adjoint functors (F,G) given by F' = (-) ®g M and G = Homg(M,-). (See Example
[L4.8(4).) For every R-module N, the unit ¢(N) : N — G(F(N)) is the R-linear morphism
N — Hompg(M, N ®r M) sending n € N to the R-linear map m —— n ® m, and the counit

n(M) :

F(G(N)) — N is the R-linear morphism Hompg(M, N) ® g M — N corresponding

to the R-bilinear map Homg(M, N) x M — N, (f,m) — f(m). The statement of Proposi-
tion[[.4.4]is easy to check in this case.

As another example of an adjoint functor, we construct the free category on a directed graph.

31



I Some category theory

Definition 1.4.10. A directed graph € is the data of a set of vertices Ob(%) and, for any
X,Y € Ob(%), of a set Homy (X, Y) of edges from X to Y. If e is an edge from X to Y, we
call X (resp. Y') the source (resp. target) of e.

A morphism of directed graphs F : € — 2 is the data of amap F' : Ob(%¢) — Ob(Z) and,
forall X, Y € Ob(%), of amap F': Homy(X,Y) — Homg(F(X), F(Y)).

We denote by DG the category of directed graphs.

We have made that definition resemble that of a category as much as possible. In fact, with our
notation, a directed graph is just a category without a notion of composition. There is an obvious
forgetful functor For : Cat — Dg.

Definition I.4.11. Let ¥ be a directed graph. The free category (or path category) on € is the
category Z% defined by:

(@) Ob(P%) = Ob(%).

(b) For all XY € Ob(%), the set Homuy(X,Y) is the set of finite sequences
(X;e1,...,6,;Y), where either n = 0 and X = Y, or n > 1, the source of e; is X,
the target of e,, is Y, and the target of e; is equal to the source of e, for 1 <7 < mn — 1.

(© If X,Y,Z € Ob(%), and if (X;e1,...,e,;Y) and (Y f1, ..., fin; Z) are morphisms of
PE , then their composition is (X;e1, ..., epn, f1,. ., fin; Z)-

Note that the identity morphism of X € Ob(Z%) is the length 0 sequence (X; &; X).

If F : ¥ — % is a morphism of directed graphs, we define a functor
PF . PC€ — PE by taking ZF = F on objects, and, for all X,Y € Ob(%) and every
u=(X;e1,...,e,;Y) € Hompy(X,Y), setting ZF(u) = (F(X); F(e1),...,F(e,); F(Y)).
(This clearly respects identity morphisms and the composition law.)

Proposition 1.4.12. The functor &2 : DG — Cat is left adjoint to the forgetful functor
For : Cat — Dg.

Proof. Let € be a directed graph and & be a category. We have an obvious morphism of directed
graphs (%) : € — HPE, that is the identity on objects and sends an edge ¢ € Homy (X, Y) to
the morphism (X;e;Y) € Homgy (X, Y'). Composition on the right with 7(%’) induces a map
a : Homeat (2%, ) — Hompg (€, Z), and we want to show that this map is a bijection.

Let Fi, F, : P — 2 be two functors such that a(F)) = «(Fy) = F. Then F}
and F, are equal on objects by definition of a. Let X|Y € Ob(Z%) = Ob(%), and let
u = (X;er,...,e,;Y) € Homapy(X,Y). If n = 0, then X = Y and v = idy, so
Fi(u) = Fy(u) = idpxy. Ifn > 1, then u = u, o ... owuy, where, fori € {1,...,n}, u,
is the morphism (X;; e;; X;1 1) from the source X; to the target X;; of ¢;; note that X; = X and
Xny1 =Y. For every i, we have F(u;) = Fy(u;) = F(e;). So Fi(u) = Fy(u). This shows that
F} = F5, hence that « is injective.
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We show that « is surjective. Let F' : 4 — & be a morphism of directed graphs. We
want to extend it to a functor G : ¥E — 2. We take G equal to F' on objects. Let
X,Y € Ob(Z€) = Ob(¥), and let u = (X;ey,...,6,;Y) € Homgpy(X,Y). If n = 0,
then X = Y and v = idx, and we take G(u) = idpix). If n > 1, then we take
G(u) = (F(X); F(e1),...,F(e,); F(Y)). By definition of the composition law in %, this
does define a functor G : % — 2, and it is obvious that G o (%) = Z.

]

1.5 Limits

1.5.1 Definition and first properties
Definition 1.5.1.1. Let /' : .¥# — % be a functor. A cone over I is a couple (X, (¢;)icob(.s))s

where X € Ob(%) and, for every i € Ob(.#), u; : X — F(i) is a morphism of %, such that,
for every morphism « : i — j of ., the following diagram is commutative :

X
N,
F(i) o F0)

The object X is called the apex of the cone and the morphisms wu; are its legs. A morphism of
cones from (X, (u;)icon(.r)) to (Y, (vs)icob(s)) is @ morphism f : X — Y of € such that, for
every i € Ob(.¥), the following diagram commutes :

X%

F(i)

Y

We can compose morphisms of cones in the obvious way, so the cones over F' form a category.

A limit of F'is a final object in the category of cones over F'. If such a limit exists, its apex is
denoted by lim F', or im__ ) F(7). We say that the limit is indexed by the category .#.

Limits are also called inverse limits or projective limits. .
Definition 1.5.1.2. Let ' : .# — % be a functor. A cone under F' (or a cocone over F) is

a couple (X, (u;)icon(.»)), where X € Ob(¥) and, for every i € Ob(.#), u; : F (i) — X is
a morphism of ¢, such that, for every morphism « : ¢ — j of .#, the following diagram is
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commutative :

F(i) ——— F(j)
N, A

The object X is called the nadir of the cone and the morphisms w; are its legs. A morphism of
cones from (X, (u;)icon(.s)) to (Y, (vs)icob(s)) is @ morphism f : X — Y of € such that, for
every i € Ob(.¥), the following diagram commutes :

F(3)
X =

We can compose morphisms of cones in the obvious way, so the cones under /' form a category.

Y

A colimit of F'is a initial object in the category of cones under . If such a limit exists, its
nadir is denoted by hg For hg g F(i). We say that the colimit is indexed by the category ..

Colimits are also called direct limits or inductive limits. .

Example 1.5.1.3. (1) Let ' : I — % be a functor, with [ a discrete category (i.e. a set). This
means that F' is a family (F'(7));c; of objects of % indexed by the set I. A limit of F is
called a product of this family and denoted by [[,_, F'(7), and a colimit of F' is called a
coproduct of this family and denoted by [[._; F'(7).

i€l
A product of (F'(i))er is the data an object [], ., F'(i) of &, together with projection
morphisms p; : [[,c; F(i) — F(j) for every j € I, such that, if X is an object of
¢andp; : X — F (7), j € J, are morphisms, then there exists a unique morphism
[+ X — [lic; F'(i) such that p; = p; o f. In other words, we have a bijection, functorial
in X :

Homy (X, [ F(i)) = ] ] Home (X, F(i)).

i€l el

Dually, a coproduct of (F(i));e; is the data an object [[,.; F'(i) of €, together with in-
clusion morphisms q; : F(j) — [[,c; F(i) for every j € I, such that, if X is an object
of € and p;. : F(j) — X, j € J, are morphisms, then there exists a unique morphism
g : Ilie; F(i) — X such that ¢; = g o p;. In other words, we have a bijection, functorial
in X :

Homy (] [ F(i), X) = [ [ Home (F (i), X).

i€l el

(2) Let .# be the category that has two objects 0 and 1 and two non-identity maps from 0 to
1. A functor F' : . — % is just the data of two morphisms f,g : X — Y of & with the
same source and target. A limit (resp. colimit) of F'is called a kernel or equalizer (resp.
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cokernel or coequalizer) of the couple (f, g) and denoted by Ker(f, g) (resp. Coker(f, g)).

Note that a cone over F' is the data of an object Z of ¢ and of two morphisms w : Z — X
and w' : Z — Y such that w’ = f ow = g o w; in particular, the morphism w’ is
determined by w. Hence a kernel of (f, g) is the data of an object Ker(f, g) of &, together
with a morphism u : Ker(f,g) — X such that f o u = g o u, such that, for every object
Z of € and every morphism v : Z — X such that f o v = g o v, there exists a unique
w: Z — Ker(f,g) such that v = u o w.

|

| v

J/\ ;
Ker(f,g) — X Y

—
g

In other words, we have an isomorphism, functorial in Z :

Homg (Z, Ker(f, g)) = Ker( Homg (Z, X) %;Hom%(Z, Y)).

Dually, a cokernel of (f,g) is the data of an object Coker(f,g) of &, together with a
morphism u : Y — Coker(f, g) such that u o f = u o g, such that, for every object Z
of ¢ and every morphism v : Y — Y such that v o f = v o g, there exists a unique
w : Coker(f, g) — Z such that v = w o w.

f
X ; Yy —— Cokef(f, 9)
i

Z

v

In other words, we have an isomorphism, functorial in Z :

~ fr
Homy (Coker(f, g), Z) — Ker( Homy (Y, Z) —= Homg (X, Z) ).
g*

If € has a zero object (see Definition [.2.1.9) and f : X — Y is a morphism of ¥, then
we write Ker(f) = Ker(f,0) and Coker(f) = Coker(f,0) and call these the kernel and
cokernel of f.

Suppose that the category .# is empty (that is, Ob(.¥) is empty). Then there is a unique
functor F' : .4 — %. A cone over or under F is just an object of ¥, and a morphism of
cones is a morphism in %". So a limit of F' is a final object of ¢, and a colimit of F' is an
initial object of %'.
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Functoriality

Let G : .4 — % be two functors, and let ¢ : F' — G be a morphism of functors. Then,
if (X, (u;)) is a cone over F', the pair (X, (¢(7) o u;)) is a cone over G. If F' and G both have
limits, this implies that we have a unique morphism 1&11 F — lim G of cones over (¢; we denote
this morphism by Tglgb. If ¢ = idp, then clearly l'glgb = idjj, p. Also, if ¢ : ' — G and
¥ : G — H are two morphisms of functors from .# to ¥ and F, G and H have limits, then
lim polim ¢ : lim " — lim H is a morphism of cones over H, so it has to be equal to @(@b o).
In particular :

Proposition 1.5.1.4. Ifevery functor F' : . — € has a limit, then the construction above defines
a functor Jim : Func(.#,¢) — €.

Similarly, we prove :

Proposition 1.5.1.5. If every functor F : ¢ — % has a colimit, then we have a functor
lim Func(.#,€) — € such that, for every morphism ¢ : F — G in Func(¥,%), the
morphism 1&1 @ is the unique morphism of cones under F' from 1&1 Fto 1&1 G.

.5.2 The case of Set

This is one situation where we have to be careful about set-theoretical issuesE] The upshot is that
all limits and colimits exist in then category of sets, if the catgeory .# indexing them is not too
big. If we work with catgeories whose objects can form a proper class, this means that Ob(.%)
must be a set. If we work with universes, as we do here, it means that we have the following
result :

Theorem 1.5.2.1. Let %/ be a universe, and let Set = Sety, (so the objects of Set are the sets
X eU). Let F : . — Set be a functor, and assume that the category & is % -small, i.e. that
Ob(F) € %. Then F has a limit and a colimit in Set.

More precisely, let

lim F = {(z;) € [ FG)|IVa:i—j, Fla)(z) =},

i€0b(.7)

and, for each i € Ob(.%), let p; : im F' — F'(i) be the restriction of the canonical projection
[Ticonin F(i) = F(i). Then (@ F,(p;)) is a limit of F.

On the other hand, let ||, q, ) F'(i) be the disjoint union of the family (F'(i))icon(.s). We
write elements of this disjoint union as pairs (i,x), where i € Ob(¥) and x € F(i). consider
the relation R on [ 1., F (i) given by (i,x)R(j,y) if there exists a morphism o : i — j in

“But you can ignore this in first approximation. See Remark [[.5.2.5|for an example of what can go wrong.
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& such that F(«)(x) = y. Let ~ be the equivalence relation generated by R; in other words,
we have (i,x) ~ (j,y) if there exists a finite sequence (ig, o), . .., (ian, T2n) Of elements of
[iconr) F'(@) such that (i,x) = (io, o), (i2n,T2n) = (J,y), and, for every m € {1,...,n},
(ZQm 2, Lom— Q)R(sz_l, Z‘Qm_l) Cll’ld (igm_l, $Qm_1)R(i2m$2m).

(2'1@1 19n—1, Lon— 1

2N N T

(va) = <i07x0) 227x2> Z2n’x2n o (j’ y>

Let lim I = [Ticover) (1)) ~, and, for every i € Ob(Y), let q; : F(i) — lim F be the
composition of the map F (i) = [1yconr) F'(1'), © — (i, x) and of the canonical projection
from [T cop ) F (i) to lim F. Then (lgn F,(q;)) is a colimit of F.

In other words, the category Set has all limits and colimits indexed by % -small categories.

Proof. Let (X, (u;)) be a cone over F. Then the family (u;) defines a map
9+ X = [Licon(s F'(i), and the condition that F'(c) o u; = u; for every morphism a: i — j of
# says exactly that this map factors through the subset M Frof [ [;con () F(¢), hence induces
a morphism of cones f : X — lim F. Conversely, let f' : X — lim F’ be a morphism of
cones over F', and let g : X — J[;cqp() £'(¢) be its composition with the injection of Jm F in
[Ticons) F'(@). Then, for every i € Ob(.¥), we have p; o g = g;, so the ith component of g is
u;; this implies that ¢’ = ¢, hence that f' = f.

Now let (X, (u;)) be a cone under F'. We consider the map ¢ : [];coy,() F'(¢) — X defined
by g(i,x) = u;(z), for i € Ob(.#) and = € F(i). The condition that u; = u; o F'(«) for every
morphism « : ¢ — j of . implies that g(i, x) = (j,y) if (i, 2) R(j, y), hence that g(i, z) = (J,y)
if (i,x2) ~ (j,y). So g factors through the canonical quoti‘ent map [ [;conn F1(8) = lim /" and
we get amap f : g F — X, which is clearly a morphlsm of cones under F. Conversely, let
'l lgi F — X be a morphism of cones under ', and let ¢’ be its composition with the canonical
quotient map [ [, £'(4) — lim F. Then, for every i € Ob(.#), we have f o ¢; = u;, hence
g(i,x) = u;(x) for every x € F(i). This implies that ¢ = ¢’, hence that f = f'.

]

Example 1.5.2.2. (1) Let I € % be a discrete category, i.e. a set. A functor from / to Set is
just a family (X;);c; of sets indexed by /. The limit of such a functor is the product of this
family, and its colimit is the coproduct (or disjoint union) of this family.

(2) Let X and Y be sets, and f,g : X — Y be maps. Then

Ker(f,g) ={x € X | f(x) =g(x)}

and Coker(f, g) is the quotient of Y by the equivalence relation generated by the relation
R defined by f(x)Rg(z), for every x € X.
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Example 1.5.2.3. Let p be a prime number. Consider the set N with its usual order as a category,
and let F' : N°? — Set be the functor that sends n € N to Z/p"Z and that, for m < n, sends the
unique morphism « : n — m to the canonical projection Z/p"Z — 7. /p™Z. Then lgl F = Z,.
We also denote this by lim  L[P"Z (or just Hm Z]p"Z).

Remark 1.5.2.4. Let F' : .# — Set be a functor, with .# a %/-small category. For every mor-

phisma : i — jin.%, we write i = o(a) and j = 7(a). Let Mor(.%) = [, ;cop(sr) Hom.s (i, 7).
We define two maps f, g : [[;con(r) £'(8) = [aenmor(s) £'(7(a)) in the following way :

- for every a € Mor(.#), the composition of f with the projection on the oo component of

[aertor(s) F(7(@)) is the map (z;) — 2r(a);

)i
(.#), the composition of g with the projection on the v component of
) is the map (x;) — F(a)(Zs(a))-

- for every a € Mo

HaEMor ( ( )
Then lim F* = Ker(f, g).

Similarly, we define two maps f, g : [[,cnor(sr) £'(0()) = TLicons) £(4) in the following
way :
- for every a € Mor(.#), if z € F(o(«)), then f(«, z) = (0(a), z);
- forevery a € Mor (%), if x € F(o(a)), then g(a, ) = (7(a), F(a)(x)).
Then limy  F" = Coker(f,g).
In other words, we know how to calculate limits and colimits in Set as soon as we know how

to calculate kernels and cokernels. This generalizes to arbitrary categories, as long as all the
limits exist.

Remark 1.5.2.5. Here is an example of what can go wrong if we don’t bound the size of the in-
dexing category. Let % be a universe as before, and let I = [ | X,y €0b(Set) HOMSet (X,Y). Note
that I ¢ % (for example because card(]) = card(%)). Let X € % be a set with two elements.
Then the direct product X’ has cardinality 2/, which is strictly bigger than card(I) = card(% ),
so it is not an object of Sety, . So the limit of the functor F' : I — Sety,, i — X does not exist.

In what follows, we fix a universe %, we take Set = Set,, we assume that all categories are
% -categories and, if we take a limit or colimit in Set, we assume that the indexing category is
Y -small.

.5.3 Presheaves and limits

The proof of the following result is straightforward from the definition of a limit and a colimit.

Proposition 1.5.3.1. Let .% and & be categories.

(i) Assume that all functors % — 2 have limits. Then, for every category €, all functors
S — Func(€, 2) have limits, and, if F' : . — Func(¥, 2) is a functor, then Wm " is
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the functor from € to 9 sending X € Ob(¥%) to I‘LniGOb(ﬂ) F(i)(X) and a morphism f of
¢ 0o, ) FO)

(ii) Assume that all functors &% — 2 have colimits. Then, for every category €, all functors
S — Func(€, Z) have colimits, and, if F : .% — Func(€, 2) is a functor, then h_ngF is
the functor from € to 9 sending X € Ob(¥%) to ligiGOb(j) F(i)(X) and a morphism f of

¢o hﬂz‘eOb(ﬂ) F@)(f).
In particular, if ¢ is a category, then the categories PSh(%’) and PSh(%°P) have all limits and
colimits (index by % -small categories).

We now explain how to see limits and colimits as objects representing functors from % or 6P
to Set.

Let .# be a (% -small) category. Consider the functor S lm Func(.#,¢) — PSh(%) E|
sending F' : ¢ — % to the limit in PSh(%’) of the functor hy o F'. In other words :

(1) If F: .4 — % is a functor, then S @F : €°P — Set is the presheaf sending an object

X of € to
Slim F(X) = {(w) € ][] Home (X, F(i)) |Va:i—j, Fa)ou = u;}
i€Ob(.7)
= lim Homg (X, F(i))

i€Ob(.7)
= @Honm;(X, )o F,

and a morphism f : X — Y of ¥ to the map (u;) — (u; o f).

2 If v : F — G is a morphism of functors from ¢ to %, then, for ev-
ery X € Ob(%), Slmuv(X) is the restriction to Slim F(X) of the map
(ui) — (v(i) o w;) € licons) Home (X, G(i)). Itis easy to check that, if the fam-
ily (u;) is in Sl'&nF(X), then the family (v(¢) o w;) is in S@G(X).

Proposition 1.5.3.2. Let F' : .¥ — € be a functor. Then F' has a limit if and only if the presheaf
S gn F'is representable, and a limit of F' is the same as a pair representing this presheaf.

Proof. Indeed, if the pair (X, (u;)) represents S lim F", then it is a cone over F' with apex X, and,
for every cone (Y, (v;)) over F' with apex Y, i.e. for every Y € Ob(%) and (v;) € Slim F(Y),
there is a unique morphism f : Y — X such that (v;) = SlglF(f)((uz)) = (u; o j{Tthat is,
there exists a unique morphism of cones from (Y, (v;)) to (X, (u;)). So (X, (u;)) is a final object
in the category of cones over F'.

Conversely, suppose that (X, (u;)) is a final object in the category of cones over F. Let
Y € Ob(%). Then, for every cone (Y, (v;)) with apex Y over F, there exists a unique morphism

5“Stupid limit”, for lack of a better name.
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of cones from (Y, (v;)) to (X, (u;)), that is, there exists a unique morphism f : Y — X in ¢ such
that v; = w; o f for every ¢ € Ob(.#). In other words, the map Hom¢ (Y, X) — Sl&lF(Y),
f +—— (u; o f)is bijective. This shows that the couple (X, (u;)) represents the presheaf S lim F.

]

There is another way to state the result of Proposition (when % has all limits indexed
by .#). Consider the functor ¢ : ¥ — Func(.#,%) that sends X € Ob(%) to the “constant”
functor ¢(X) : & — € defined by ¢(X)(i) = X for every i € Ob(.#) and ¢(X)(«a) = idx
for every morphism « of .#, and that sends a morphism f : X — Y of & to the morphism of
functors ¢(F') : ¢(X) — ¢(Y') defined by ¢(f)(:) = f for every i € Ob(.¥).

If F: .# — € is a functor, giving a morphism of ¢(X) — F is the same as giving a cone over
F with apex X, or, as we have seen above, an element of S projlim F'(X). So we get :

Corollary 1.5.3.3. If every functor ' : % — € has a limit, then the functor
lim : Func(%’, &) — € of Proposition is right adjoint to ¢ : € — Func(¥, 7).

In other words, for every X € Ob(%’) and every F' € Func(.#, %), we have an isomorphism
Horr@(X,l'&nF) ~ Hompune(.s ¢y (c(X), F) = lﬁn Homy (X, F (7)),
i€Ob(.#)

and this isomorphism is an isomorphism of functors from €°? x Func(.#, %) to Set.

All these results have a dual version for colimits. We will give the statements, the proofs are
similar.

We consider the functor S lin : Func(.#,%) — PSh(%°P) sending F' : .# — € to the limit
of ks o F in PSh(%°P). [[| In other words :

() If F: .# — ¥ is a functor, then S hﬂ F : € — Set is the functor sending an object X of
€ to

Slim F(X) = {(w;) € ] Homy(F(i), X) |Va:i—j, ui = u;o0 F(a)}
i€Ob(.#)

= lim Home (F (i), X)
i€Ob(.7op)

:I'LnHomcg(-,X)oF,
and a morphism f : X — Y of % to the map (u;) — (f o w;).

2 If v : F — G is a morphism of functors from ¢ to %, then, for ev-
ery X € Ob(%), Slimuv(X) is the restriction to S@F(X) of the map
(4, u) — (uow(i)) € HieOb(ﬂ) Homg (G (i), X).

6 We are taking the limit and not the colimit, because the functor k< is a contravariant functor from % to PSh(%°P),
so it reverses the direction of arrows.
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L5 Limits
Proposition 1.5.3.4. Let ' : .9 — € be a functor. Then F has a colimit if and only if the functor
S hﬂ F'is representable, and a colimit of F' is the same as a pair representing this functor.
Corollary 1.5.3.5. If every functor F' : % — € has a colimit, then the functor
limy Func(¥, ) — € of Proposition is left adjoint to ¢ : € — Func(¥, .9).

In other words, for every X € Ob(%) and every F' € Func(.#, %), we have an isomorphism

H0m<g<hgrl F, X) >~ HOHlFunC(yqu) (F, C(X)) = 1&1 H0m<g<F(i), X),
1€O0b(7°P)

and this isomorphism of functors from Func(.#,€)°? x % to Set.

1.5.4 General properties of limits and colimits
1.5.4.1 Limits of limits

Let ./, # and ¥ be categories. We have an equivalence of categories
Func(£ x _#,€¢) = Func(.#, Func(_#, €¢)) sending a bifunctor F' : .# x _# — € to the func-
tor Fy 1 i — (F(i,-) : # — %) (its quasi-inverse sends a functor G : .¢ — Func(_¢,%)
to the bifunctor (i,7) ~—— G(i)(j)). Similarly, we have an equivalence of categories
Func(.# x ¢ ,€) = Func(_#,Func(.#, €)), which we denote by ' — F ,.

Let F' : . x ¢Z — %. Then, if all the limits appearing in the formulas exist, we have
isomorphisms

fm F o~ Jim lim /7y o lim lim 'y,

which we also write

lim ~ lm lim F(,j)~ lim lim F(j).
(4,/)€0Ob(F)xOb(_#)  j€Ob(_#)icOb(#) i€Ob(.#) jE€Ob( #)

Similary, if all the colimits appearing in the formulas exist, we have isomorphisms
lim [ =~ lim ling Fy =~ lim limy F*
which we also write

limy ~ il F(,5) >~ lim lim o F(G, ).
(4,7)€0b(£)xOb(_#)  jeOb(_#)icOb(.#) i€Ob(.#) jeOb(_7)

1.5.4.2 Limits and functors

Let .7, ¢ and €’ be categories, and let F' : € — ¢’ and o : .4 — € be functors.
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If the functors o and F' o « have limits, then, by the definition of limits as terminal cones, we
have a morphism of cones over F' o « :

F(lim o) — m(F o o).

Similarly, if the functors o and F'o o have colimits, then, by the definition of colimits as initial
cones, we have a morphism of cones under /' o « :

lim (£ o a) — F(ligoz).
Definition 1.5.4.1. Let .# be a category and F' : ¥ — %" be a functor.

(1). Suppose that € and %’ admits all limits indexed by .#. We say that ' commutes with
limits indexed by .7 if, for every a € Func(.#, %), the morphism F(l&l a) = lgl(F o)
defined above is an isomorphism.

We say that /' commutes with products (resp. kernels, resp. finite limits, resp. finite
products) if it commutes with all limits indexed by discrete categories (resp. the category
# of Example|[.5.1.3(2), resp. all finite categories, resp. all finite discrete categories).

(ii). Suppose that ¥ and %’ admits all colimits indexed by .#. We say that F' com-
mutes with colimits indexed by % if, for every a € Func(#,%), the morphism
lim (F o ar) — F(lim cv) defined above is an isomorphism.

We say that F' commutes with coproducts (resp. cokernels, resp. finite colimits, resp.
finite coproducts) if it commutes with all colimits indexed by discrete categories (resp.
the category .# of Example [[.5.1.3|2), resp. all finite categories, resp. all finite discrete
categories).

Example 1.5.4.2. The Yoneda embedding hy : € — PSh(%) commutes with limits indexed by
any (7 -small) category. On the other hand, it doesn’t always commute with colimits. |Z]

The main result about these notions is that right adjoint functors commute with limits and left
adjoint functors commute with colimits.

Proposition 1.5.4.3. Let .7 be a category and I : € — € be a functor.

(i). Suppose that € and €' admits all limits indexed by .. If F admits a left adjoint, then it
commutes with all limits indexed by .¥.

(ii). Suppose that € and €' admits all colimits indexed by .. If F admits a right adjoint, then
it commutes with all colimits indexed by .7 .

Proof. We prove (i) (the proof of (ii) is similar). Let G be a left adjoint of F', and letav : . — &
be a functor. To check that the morphism F’ (l&n a) — 1&1(]7 o «v), it suffices to check that its

7See PS 2.
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image by the Yoneda embedding h¢~ is an isomorphism. So let Y € Ob(%”). The morphism
Homy/ (Y, F (l&n «)) — Homg (Y, lgl(F o «)) is equal to the composition

Homy (Y, F(l&rl a)) ~ Homg(G(Y), @a)
~ @ Homg (G(Y), a(i))
i€Ob(.7)
~ @ Home (F(X), F(a(i)))
ieOb(.7)
~ HOID%J/ (}/, m(F o a))a

hence it is an isomorphism.

1.5.5 Limits and colimits in other categories

We explain some of the constructions of limits and colimits in other categories. As in the category
of sets, if we can construct products and kernels (resp. coproducts and cokernels), then we can
get all limits (resp. colimits).

1.5.5.1 Some common categories
Topological spaces

Limits If [ is a set and (X;),c; is a family of topological spaces, then the prod-
uct [[..;X; in the category Top is the product of the X; as sets with the product
topology. In general, if ' : # — Top is a functor, then lim F' is the subset
{(z:) € [Ticonn F'(@) | YVa @ = j, Fla)(z:) = z;} of [[,con(s) F'(1) with the subspace
topology.

Colimits If I is a set and (X;);c; is a family of topological spaces, then the coproduct [ [, X;
in the category Top is the disjoint union of the X; (i.e. the coproduct in the category of sets),
with the topology such that U C [,., X; is open if and only U N X;; is open for every i € /. In
general, if /' : .# — Top is a functor, then lim F' is the same quotient of ]_[ZEOb( ) F(i) as in
the construction of colimits of sets, with the quotient topology.

In particular, the forgetful functor Top — Set commutes with all limits and all colimits.
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Groups

Let F': .# — Grp be a functor. Then [ ], £'(¢) has a natural group structure (multiplying
entry by entry), and the subset {(2;) € [[iconr) F'(1) | Yo 1 i — j, Fla)(z;) = x;} of
[Ticons) F'(@) is a subgroup of this group. This is the limit of F.

Colimits also exist in Grp, but they are harder to construct, and the forgetful functor
Grp — Top does not commute with colimits. Coproducts in Grp are called free products.
If f,g : G — H are two morphisms of groups, then Coker(f — g) is the quotient of H by the
normal subgroup of H generated by the subset { f(z)g(x)~!, = € G}.

R-modules

We look at the category plMod, the case of Modp, is similar. (If only because a right R-module
is a left module over the opposite ring of R.)

Limits If / is a set and ()M;);c; is a family of left R-modules, then the product [ ], , M; has a
natural structure of left R-module (if « € R and (m;) € [],.; M;, take a - (m;) = (am;)), and it
is the product in the category pMod. In general, if F' : .# — Top is a functor, then the subset
{(z:) € [Liconir) F'(0) | Va i i — j, Fla)(zi) = 2;} of [[;con(s) F(2) is a R-submodule, and
this is @ F.

Colimits 1If [ is a set and (M;);c; is a family of left R-modules, then the coproduct of (M, );c;

in pMod is the direct sum €, ; M;. (Indeed, the direct sum has the correct universal property.)

Let ' : .# — Top be a functor, let M = B, ¢, F(i) and M’ = D cptor( ) F(0()) (we
are using the notation of Remark [.5.2.4)), and consider the two maps f, g : M’ — M defined by

- for every a € Mor(.#), if v € F(o(«)), then f(x)
- forevery o € Mor(.#), if v € F(o(w)), then g(z) = F(a)(x).
Then limy  F" = Coker(f —¢g) = M/Im(f — g).

T,

In particular, the forgetful functor pkMod — Set commutes with limits, but not with colimits
in general. This also holds for the inclusion functor Ab — Grp; for example, the coproduct of
the family (Z, Z) is the free group on two generators in Grp, but itis Z & Z in Ab.

Rings

Just as in the cases of groups and R-modules, if F' : .# — Ring is a functor, then the limit in
Set of its composition with the forgetful functor Ring — Set has a natural structure of ring,
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1.5 Limits

and this gives the limit of F'.

All colimits exist in Ring, but, as in Grp, they are harder to construct, and the forgetful
functor Ring — Set does not commute with colimits. For example, if f,g : R — S are two
morphisms of rings, then Coker( f, g) is the quotient of S by the two-sided ideal of S generated
by the subset { f(r) — g(r), r € R}.

Commutative rings

If F: .# — CRing is a functor, then the limit of F" as a functor .# — Ring is a commutative
ring, and this gives the limit of F'. So the forgetful functor Ring — Set commutes with limits.

We can construct all colimits if we know how to construct cokernels and coproducts. If
f,g : R — S are two morphisms of commutative rings, then Coker(f,g) is the quotient of
S by the ideal of S generated by the subset {f(r) — g(r), r € R}. The coproduct of a family
(R;i)ier of commutative rings is the tensor product J),.; ;. Note that, once again, colimits don’t
commute with the forgetful functors from CRing to Ring, Ab or Set.

1.5.5.2 Limits as kernels between products

Let € be a category, and let F' : .# — % be a functor. For every morphism o : ¢ — j in .#, we
write i = o(a) and j = 7(a). Let Mor(#) = [1; jcon(r) Homs (4, j).

Suppose that the products A = [[;c oy, £/(4) and B = [ [, cnor(r) F'(7(@)) exists. We define
two morphisms f, g : A — B in the following way :

- for every o € Mor(.#), the composition of f with the projection on the av component of
[Loeror(s) F(7()) is the projection A — F(7(a));

- for every « € Mor(.¢#), the composition of g with the projection on the o component
of [Toemor(r) F(7(@0)) is the the compositon of F'() and of the canonical projection
A — F(o(a)).

Suppose that Ker(f, g) exists, and, for every i € Ob(.#), let u; : Ker(f,g) — F(i) be the
composition of the projection A — F'(7) and of the canonical morphism Ker(f, g) — A.

Then (Ker(f,g), (4;)icob(.s)) is a limit of F.

Proof. We first check that (Ker(f, g), (u;)icon(.#)) is a cone over F. For every a € Mor(.%),
let po, : B — F(7(«)) be the canonical projection. By definition of the morphisms f and g,
for every morphism « : ¢ — j in ., we have p; = p, o f and F(a) o p; = p, o g, hence
uj = F(a) ou,.

Let (C, (vi)icob(s)) be a cone over F'. The family (v;) defines a morphism v : C' — A. The
compatibility condition on the v; says that, for every morphism « : ¢ — j in .#, the morphisms
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Pa© fov=wjandp, 0 gov=F(«a)o v are equal. So v factors uniquely through Ker(f, g).
0

There is a similar construction for colimits once we have coproducts and cokernels, see Re-

mark

I.5.6 Filtrant colimits

Definition 1.5.6.1. A category .7 is called filtrant if:
(a) . is nonempty;
(b) forany i, j € Ob(.¥), there exists a k € Ob(.#) and morphisms ¢ — k and j — k;

(c) if f,g : © — j are morphisms in .#, there exists a morphism h : j — k such that
hof=hog.

This generalizes the definition of a (nonempty) directed poset.

Colimits indexed by filtrant categories are called filtrant colimits. They are usually easier to
calculate. For example :

Proposition 1.5.6.2. Let .7 be a filtrant category, and let F : . — Set be a functor. Consider
the following relation ~ on HieOb(j) F(i): (i,z) ~ (j,y) if and only if there exists k € Ob(.¥)
and morphisms « =i — k, f : j — k such that F(a))(x) = F(B)(y). Then ~ is an equivalence
relation, lim F' = [Ticonir / ~

Proof. If ~ is an equivalence relation, then it is clearly the equivalence relation generated
by the relation R of Theorem So it suffices to show that ~ is an equivalence re-
lation; as it is clearly reflexive and symmetric, it suffices to show that it is transitive. Let
(41, 21), (i2, %2), (i3, %3) € [l;con(s F'(0) such that (i1, 1) ~ (iz,22) and (ia, z2) ~ (i3,73).
Then there exists morphisms oy : 47 — j, g : 4o — J, B2 : io — kand §3 : i3 — kin &
such that F'(ay)(z1) = F(ag)(z2) and F(Bs)(x2) = F(53)(x3). By condition (b) of Definition
there exist morphisms v : j — [ and § : j — [. By condition (c) of Definition [.5.6.1]
there exists a morphism € : [ — I’ such that e o y o g = € 0 § 0 3,. Then we get

F(eoya)(x1) = F(eoy)(F(ar)(x1)) = F(eon)(Flax)(x2)) = F(eoyoas)(xs)
€000 [3y)(x)
€0 6)(F(f2)(x2))
€00)(F(fs)(x3))
€00 o f33)(x3),

B(
F(
F(
B(

SO (il,l’l) ~ (ig,l’g).
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Corollary 1.5.6.3. Let R be a ring and let For : RkMod — Set be the forgetful functor. Then
For commutes with filtrant colimits.

We have a similar statement for right R-modules. Note that this is false without the hypothesis
that .# is filtrant. For example, coproducts in zpMod are direct sums and coproducts in Set are
disjoint unions.

Proof. See problem
]

Let F': ¥ x ¢ — % be a functor. By the universal properties of limits and colimits, there is
always a canonical morphism

*) lim — lim F(i,5) = lm  lim F(4, 7).
i€Ob(F) jEOD( #) JEOb(_#) icOb(.7)

(If all limits and colimits in this formula exist.) This is not an isomorphism in general. However,
we have the following result :

Proposition 1.5.6.4. Let F' : .7 x Z — Set be a functor. Suppose that the category % is
filtrant and that the category ¢ is finite. Then the morphism (*) is an isomorphism.

In other words, for every filtrant category .#, the functor ling - Func(.#, Set) — Set com-
mutes with finite limits.

Proof. It suffices to show that lim : Func(.#, Set) — Set commutes with finite products and
with kernels.

Kernels: Let F,G : .# — Set be two functors, and let u,v : F' — G be two morphisms of
functors. Let H : .# — Set be the functor i € Ob(.¥) to Ker(u(z),v(i) : F'(i) — G(i)), and a
morphism « : i — j to the map induced by F'(«). Let Y = Ker(ligl u, hgv  lim F* — th)
We have a natural map ¢ : hg H — Y, and we want to show that it is a bijection.

We first prove that ¢ is surjective. Let y € Y. Then there exists ¢ € Ob(.#) and
x € F(i) such that y is the image of (i,x) by the canonical map [[,cop (i) — Z.
As h£>1u(y) = @v(y), the images of u;(x) and v;(x) in lim G are equal, so there exists
a : 1 — jsuch that G(a)(u;(z)) = G(a)(vi(x)). Let 2’ = F(a)(x) € F(j). Then
uj(2') = G(a)(ui(z)) = Gla)(vi(x)) = v;(2'), so 2’ € H(j). Also, (i,x) and (j, 2") have
the same image in lim H, so ¢ the image of (7,2') in lim 1 to y.

We now show that ¢ is injective. Leti,j € Ob(.¥), x € H(i) and 2’ € H(j) such that
the images of (¢, z) and (j,2') in li%ﬂH have the same image by ¢. This means that (¢, z) and

(7,2") have the same image in lim £, so there exists o : @ — k and § : j — k such that
F(a)(x) = F(B)(«'). But then (i, z) and (j, 2’) also have the same image in limy /7, as desired.
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Finite products: Let Fy,..., F, : .# — Set be functors, and let G = F; x ... x F,,. We want
to show that the canonical map A : lim G' — (hﬂ Fi) x ... X (hg F,) is bijective.

We show that A is injective. Let z,y €€ lim G such that A(z) = A(y). We represent x (resp.
y) by (i, 21,...,2,) (resp. (j,y1,-.-,Yn) Withi € Ob(#) and z,,, € F,,(3) (resp. j € Ob(.#)
and y,, € F,,(j)). The assumption that A\(z) = \(y) says that, for every m € {1,...,m},
(i, ) and (7, ¥, ) have the same image in @ F,,, so there exist morphisms «,, : i — k,, and
Bm : J — ky in Z such that F,, (o) () = Fiu(Bm)(ym). By condition (b) of Definition
we can find [ € Ob(.#) and morphisms v; : ky — [, ..., v, : k, — [. By condition (c)

of the same definition, we can find a morphism ¢ : [ — [’ suchthat joy, 0y = ... = doy, 0,
anddoy,00; =...=007,00,. Then G(doyi0aq)(x1,...,2,) = G(dov1061) (Y15 -+ Yn)s
so T =y.

We show that A is surjective. Let (z1,...,2,) € (imFy) x ... x (lim F;,). For every
m € {1,...,n}, we choose i,, € Ob(#) and z,,, € F,,(i,,) such that (i,,,x,,) represents
Zm. By condition (b) of Definition[[.5.6.1] we can find j € Ob(.#) and morphisms o : i; — 7,
.oy @y iy = j. Let z be the image in im G of (j, Fi(an)(x1), ..., Fu(owm)(2,)). Then
AMz)= (21, 2n).

[]

Corollary 1.5.6.5. Let R be a ring and % be a filtrant category. Then the functor
liny : Func(.#, RMod) — rMod commutes with finite limits.
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Il Additive and abelian categories

Il.1 Additive categories

I.1.1 Preadditive categories

Definition IL.1.1.1.  (i). A preadditive category is a category ¢ with the additional data of an
abelian group structure on Homg (X, Y'), forall X, Y € Ob(%), such that the composition
maps are Z-bilinear. More generally, if £ is a commutative ring, a k-linear category is
a category ¢ with the additional data of a k-module structure on Home (X, Y), for all
X,Y € Ob(%), such that the composition maps are k-bilinear.

(i1). Let ¥ and & be preadditive (resp. k-linear) categories. A functor F' : ¢ — %
is called additive (resp.  k-linear) if, for all X,Y € Ob(¥), the map
F : Homg(X,Y) — Homgy(F(X), F(Y)) is a morphism of groups (resp. of k-modules).

Notation I1.1.1.2. If ¢ and & are two preadditive categories, the full subcategory of Func(¢’, )
whose objects are additive functors is denoted by Func,qq(%, 2).

Note that a preadditive category is just a Z-linear category, and an additive functor is a Z-linear
functor. If ¥ is an additive category and X,Y € Ob(%), we denote by 0 : X — Y the unit
element of the abelian group structure on Homg (X, Y') and call it the zero morphism from X to
Y. We will see in Proposition that, if 4" has a zero object, then this notation agrees with
the one introduced in Definition

Remark 11.1.1.3. If € is a preadditive category, then, for every X € Ob(%), the set End(X)
has a natural ring structure, whose addition is given by the abelian group structure of End¢ (X)
and whose multiplication is given by composition. Similarly, if € is a k-linear category, then
End¢(X) is a k-algebra for every X € Ob(%).

Example I1.1.1.4. (1) If R is a k-algebra, then the categories pQMod and Modpy, are k-linear,
as are the full subcategories of finitely generated (resp. initely presented, torsion, torsion-
free) objects.

(2) Consider the category Z[Set| defined by :
(a) Ob(Z[Set]) = Ob(Set);
(b) forall sets X and Y, Homyset) (X, Y') is the free abelian group on Homget (X, Y');
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II Additive and abelian categories

(c) the composition law is the unique Z-bilinear extension of the composition law of Set.
Then Z[Set] is a preadditive category.

(3) If Z is a preadditive category, then, for every category %, the category Func(%’, Z) is
preadditive, with the following addition on its Hom sets : if F.G : € — & are func-
tors, if u,v : F — G are morphisms of functors, we define v + v : F — G by
(u+v)(X) =u(X)+v(X) € Homy(F(X),G(X)), for every X € Ob(%).

If € is preadditive, this also makes the subcategory Func,qq(%, Z) into a preadditive

category.

(4) If R is a ring, then the category € with one object * and such that Endy (%) = R is a
preadditive category.

(5) If € is a preadditive (resp. k-linear) category, then 4°P has a natural structure of preaddi-
tive (resp. k-linear) category.

(6) If € and " are preadditive categories, then ¥ x %" has a natural structure of preadditive

category.

Example II.1.1.5. If ¥ is a preadditive category, then we can see the functor Hom (-, -) as a
functor from °P x % to Ab, and it is an additive functor.

Proposition I1.1.1.6. Let € be a preadditive category, and let X1, . .., X,, be objects of €. Then
the following assertions are equivalent :

(i) the family (X1, ..., X,) has a product in €;
(ii) the family (X4, ..., X,) has a coproduct in €;
(iii) there exists an object Z of € and morphisms i, : X, — Z, p, : Z — X,, for1 <r <mn,
such that :
(a) p.oi, =idx, foreveryr € {1,...,n};
(b) ifr,s€{l,...,n}andr # s, then ps o i, = 0;
(c) i1op1 + ...+ ix0py =idy.

If these conditions holds, then (Z,(i,)i<r<n) is a coproduct of (Xi,...,X,), and
(Z, (pr)1<r<n) is a product of (X1, ..., X,,). In particular, we get a canonical isomorphism be-
tween [['_, X, and | [|_, X, and we usually denote both the product and coproduct by @'_, X,
and call it the biproduct of (X1, ..., X,).

Proof. We prove that (i) implies (iii). Let Z = []["_, X,, and let p, : Z — X, be the canon-
ical morphisms, for 1 < r < n. For every r € {1,...,n}, the pair (X,, (us)1<s<p) With
u, = idx, and u; = 0 if s # r is a cone over (Xi,...,X,), hence there is a morphism
ir © X, — Z such that ps o i, = u, for every s € {1,...,n}. This gives Z and mor-
phisms ¢, and p, satusfying conditions (a) and (b) of (iii). We need to check condition (c)
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II.1 Additive categories

of (iii). Letu = 43 0py + ... +in,0op, : Z — Z. Forevery r € {1,...,n}, we have
prou=7y_ (p.ois)ops=idx, op, = p,. Sothe morphism u is a morphism of cones over
(Xy,...,X,) from (Z, (p,)1<r<n) to itself. By the universal property of the product, © must be
equal to id.

We prove that (iii) implies (i). In fact, we will prove that (Z, (p,)1<,<n) i a product of the

family (X1, ..., X,,). This pair is clearly a cone over (X1, ..., X,,); we show that it is a terminal
cone. Let (Y, (u,)1<,<n) be acone over (Xy,...,X,). Let f =dj0uy+...+i,0u,: Y — Z.
For every r € {1,...,n}, wehave p, o f = >"_ (p, 0is) o us = u,, so f is a morphism of

cones. Suppose that g : Y — Z is another morphism of cones. Then

n n

g:idZOg:ZiTOpTOg:Zirour :f
r=1 r=1
This shows that Z is indeed a terminal object in the category of cones over (X,...,X,), i.e. a

product of (X7,..., X,,).

To prove that (i) and (iii) are equivalent, and the fact that a pair (Z, (i,)) as in (iii) is a
coproduct of (X1, ..., X,), it suffices to apply what we already proved to € °P.

]

Matrix notation for morphisms : Let 4 be a preadditive category, let X1,...,X,,,Y:,...,Y,
be objects of ¢, and let f., : X, — Y, be morphisms of & for every r € {1,...,n} and
s€{l,...,m}. Wedenoteby i, : X, - X;®...® X, andps : V1®...DY,, = Y, the
canonical morphisms, for 1 < r» < nand 1 < s < m. Then there exists a unique morphism
F: Xi®..0X,>Y1®...®Y,suchthatp, o Foi, = f.sforeveryr € {1,...,n} and
se{l,...,m}.

We write this morphism F' as the m x n matrix (fr.s)1<sm,1<r<n. SO We never have to write the
previous paragraph again. The convention is chosen so that matrix multiplication corresponds to
composition of morphisms in .

Notation I1.1.1.7. More generally, if (X;);c; is a family of objects in a preadditive category, and
if the coproduct of this family exists, then we denote this coproduct by €. _; X; and we call it
the direct sum of the family (X;);c;.

el

I.1.2 Additive categories

Definition I1.1.2.1. An additive category (resp. k-linear additive category) is a preadditive (resp.
k-linear) category that has all finite products.

By Proposition [II.1.1.6] it is equivalent to require that % has all finite coproducts, and the

product and coproduct of a finite family of objects in an additive category are canonically equiv-
alent.
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II Additive and abelian categories

Remark 11.1.2.2. In particular, an additive category has a zero object (see Definition[[.2.1.9)), that
is, an object 0 that is both initial and terminal. Indeed, such an object is the biproduct of the
empty family of objects.

Example I1.1.2.3. (1) In Example|ll.1.1.4] the categories in (1) are additive, and the category
in (3) (resp. (5), resp. (6)) is additive if Z (resp. €, resp. € and %) is; but the categories
in (2) and (4) are not additive.

(2) The category of Banach spaces over R (resp. C) is R-linear additive (resp. C-linear addi-
tive).

Proposition I1.1.2.4. Let € be an additive category, and let X, Y € Ob(€). Then :

(i). The zero morphism from X to'Y is the composition X — 0 — Y, where the morphisms
X — 0and 0 — Y are the unique morphisms.

(ii). Let f,a € Homg (X, Y). Consider the morphisms
F = (idx,f) € Homg(X,X @& Y) = Homg(X,X) x Homg(X,Y) and
G = (g,idy) € Homg(X @ Y,Y) = Homg (X, Y) x Homg(Y,Y). Then f +g = Go F.

In particular, this proposition says that the group law on Hom (X, Y') is uniquely determined
by the category . (It is not actually an extra structure.) In fact, we can show that, if € is a
category in which all finite biproducts exist (i.e. objects that are both products and coproducts),
then the formulas of the proposition define a structure of commutative monoid on Homy (X, Y")
for all X,Y € Ob(%), such that the composition law is biadditive.

Proof. Note that (i) follows from (ii) and from the fact that X & 0 (resp. Y & 0) is canonically
isomorphic to X (resp. Y'), by Subsection|.5.4.1

We prove (ii). Leti; : X - X BY, i : X - XBY,p1: XY - Xandpy, : XBY =YV
be the morphisms of Proposition |II.1.1.6(iii). By definition of F' and GG, we have p; o F' = idy,
peoF = f,Goi; =gand Goiy =idy. So

GoF=GoidygyoF=Go(ijop;+igopy)oF =goidy +idy o f =g+ f.

O

Corollary I1.1.2.5. Let € and & be additive categories, and let F' : € — & be a functor. Then
the following assertions are equivalent :

(i) F'is an additive functor;

(ii) F' commutes with finite products.
Proof. The fact that (i1) implies (i) follows immediately from Proposition [[I.1.2.4] The fact that
(1) implies (ii) follows from the characterization of finite products in Proposition |lI.1.1.6

]

!See problem set 3 maybe ?
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II.1 Additive categories

11.1.3 Kernels and cokernels

Definition II.1.3.1. Let % be a category.

(). Let f,g : X — Y be two morphisms. If (f, g) has a kernel, the morphism Ker(f, g) — X
is called a kernel morphism; if (f, g) has a cokernel, the morphism Y — Coker(f, g) is
called a cokernel morphism.

(ii). Suppose that € is a preadditive category. If f is a morphism of ¢, we write Ker(f) and
Coker(f) for Ker(f,0) and Coker(f,0) and call them the kernel and cokernel of f.

Definition II.1.3.2. Let % be a preadditive category, and f : X — Y be a morphism of &

(i). Suppose that f has a kernel. A coimage of f is a cokernel of the kernel morphism
Ker(f) — X; we denote it by X — Coim(f) (if it exists).

(ii). Suppose that f has a cokernel. An image of f is a kernel of the cokernel morphism
Y — Coker(f); we denote it by Im(f) — Y (if it exists).

Lemma I1.1.3.3. Let € be a category.

(i). Every kernel morphism in € is a monomorphism, and every cokernel morphism in € is an
epimorphism.

(ii). Suppose that € is an additive category, and let f : X — Y be a morphism of € that
admits a kernel (resp. a cokernel). Then the following assertions are equivalent :

a) f is a monomorphism (resp. an epimorphism);
b) Ker f = 0 (resp. Coker f = 0);
c) the kernel morphism Ker f — X (resp. the cokernel morphism'Y — Coker f) is 0;

d) the coimage (resp. image) of f exists, and the canonical morphism X — Coim(f))
(resp. Im(f) — Y) is an isomorphism;

e) the coimage (resp. image) of f exists, and the canonical morphism X — Coim(f))
(resp. Im(f) — Y') is a monomorphism (resp. an epimorphism).

Proof. We only prove the assertions about kernels (then we apply them to €°P to get the asser-
tions about cokernels).

(i). Let k be a kernel morphism in ¢’; we write k : Ker(f,g) — X, where f,g : X — Y
are two morphisms of . Let hy,hy : Z — Ker(f,g) be two morphisms such that
ko hy = ko hy, and write k' = k o hy. We have f o k' = g o K/, so, by the universal
property of the kernel, there exists a unique h : Z — Ker(f, g) such that &’ = k o h. As
both hy and h, satisfy that property, we have h; = hs.

(ii). Let K = Ker(f) and k£ : K — X be the kernel morphism.
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II Additive and abelian categories

We have fok = fo0 = 0, so, if f is a monormophism, then £ = 0. This shows that
(a) implies (c). Suppose that K = 0, and let hy, hy : Z — X be two morphisms such that
fohy = fohs Then fo(hy —hy) = fo0 =0, so there exists a unique morphism
u : 4 — K such that h; — hy = ko u; as K = 0, this means that h; — hy, = 0, i.e. that
hy = ho. This shows that (b) implies (a).

We show that (c) implies (b). As k = 0, we have koidyx = ko0, so idx = 0. This implies
that the composition X — 0 — K (where the morphisms are the unique morphisms) is
the identity of K, so the unique morphism K — 0 is an isomorphism, i.e. K = 0.

Suppose that (b) holds. Then the coimage of f (if it exists) is the cokernel of the unique

morphism z : 0 — X. We claim that X Y X is a cokernel of this morphism. Indeed, we
have idy o 2 = 0. Let u : X — Y be any morphism such that v o z = 0; then there exists
aunique v : X — Y such that v o idx = u, which is v = u. This proves (d).

It is clear that (d) implies (e), so it remains to show that (e) implies (c). Let
v : X — Coim(f) and v : Ker(f) — X be the canonical morphisms. Then
vou =0 =wvo0;as vis a monomorphism by assumption, this implies that © = 0.

O

Lemma I1.1.34. Let f : X — Y be a morphism in a preadditive category €. Suppose that
f has a kernel, a cokernel, an image and a coimage. Then there exists a unique morphism
u: Coim(f) — Im(f) making the following diagram commute (where the unmarked arrows are
canonical morphisms) :

Ker f X Y Coker(f)

.

Coim(f) - - » Im(f)

Proof. The uniqueness of u follows from the fact that the kernel morphism & : Im(f) — Y is a
monomorphism and the cokernel morphism ¢ : X — Coim(f) is an epimorphism (by Lemma
I1.1.3.3)); indeed, if we have u,«’ : Coim(f) — Im(f) satisfying the conditions of the lemma,
then kouoc=kou oc,souoc=u"oc,sou=1'.

For the existence, note that f composed with the kernel morphism g : Ker(f) — X is 0; so, by
definition of the cokernel of g, there exists a morphism h : Coker(g) = Coim(f) — Y such that
hoc= f.Letl:Y — Coker(f) be the canonical morphism. Thenlohoc=1o f=0=0o0c¢;
as c is an epimorphism, this implies that [ o h = 0. By the universal property of the kernel of
[, this implies that there exists a morphism u : Coim(f) — Im(f) such that k o v = h. Then
kowuoc=hoc= f,asdesired.
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Ker f—L— X

[]

Proposition I1.1.3.5. Let € be an additive category in which every morphism has a kernel and

a cokernelf| Let f : X — Y be a morphism in €.
idy

(i).Letz'z(id :Y%Y@Y,F:(f):X%Y@Yand
Y

f

c:Y®Y =Y @x Y := Coker(F) be the canonical morphism. Then there is a unique

morphism u : Im(f) — Ker(c o i) such that the triangle Ker(coi)——Y commutes

|

Im(f)

(where the unmarked arrows are the canonical maps), and it is an isomorphism.

(ii). Let p = (idX idx) : X XX = X & X — X be the sum of the two projections from

XxXtoX, f1,fo: X XX =Y be the composition of f with these two projections, and
k: X xy X = Ker(fy — fo) = X x X be the canonical morphism. Then there exists
a unique morphism v : Coker(k) — Coim(f) such that the triangle X —— Coker(k)

Nt
Coim(f)

commutes (where the unmarked arrows are the canonical maps), and it is an isomorphism.

Remark 11.1.3.6. This proposition gives an alternative definition of the image and the coimage
of f that makes sense in any category admitting finite limits and finite colimits (after a small

modification). See Definition 5.1.1 of [8]].

Proof of Proposition Note that (ii) is just (i) in the opposite category. So we just prove
(i). The uniqueness of u follows from the fact that Ker(c o i) — Y is a monomorphism (by

Lemmalll.1.3.3). Now consider the commutative diagram :

YavY
Ker( c oz\‘ /Y%X Y
Ker(q) Coker(f)

%In fact, we only need the kernels and the cokernels that actually appear in the statement to exist.
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As (coi)o f =coF =0, there exists a unique morphism % : Coker(f) — Y @x Y such that
h o q = coi. This implies that (co7) o k = ho go k = 0, so there exists a unique morphism
w: Im(f) — Ker(c o) such that j o u = k.

To show that « is an isomorphism, it suffices to construct a morphism v : Ker(co i) — Im(f)
such that k ov = j. Indeed, we will then have j o (uov) = j = j 0 idker(coi)» SO %0V = idKer(cos)
because j is a monomorphism, and similarly k o (v o u) = k, so v o u = idpw(s) because
k is a monomorphism. To show the existence of v, it suffices to prove that g o 7 = 0. Let
p1:Y @Y =Y XY — Y be the first projection.

Xt vyaoy—<svyayY

|
P1 I B
\l +

Y ——— Coker(f)
Then p; o ¢ = idy, so pr o F = f, so g o pp o FF = 0, so there exists a
unique morphism A : Y @©x Y — Coker(f) such that A" o ¢ = ¢ o p;. So

goj=gqoidyoj=(gop)oioj="no(coijoj=hno0=0.
0

1.2 Abelian categories

I1.2.1 Definition

Definition I1.2.1.1. Let % be an additive category. We say that & is an abelian category if :
(a) Every morphism of % has a kernel and a cokernel.

(b) For every morphism f of &, the morphism Coim(f) — Im(f) of Lemma [II.1.3.4is an
isomorphism.

Remark 11.2.1.2. Let € be an additive category. Then % is an abelian category if and only if P
is an abelian category.

Example I1.2.1.3. (1) If R is a ring, the categories pQMod and Modpy are abelian. If R is
commutative and Noetherian, then the category of finitely generated R-modules is also
abelian, but this is not true if R is not Noetherian. More generally, we say that a com-
mutative ring R is coherent if the category of finitely presented R-modules is abelian.
Noetherian rings are coherent, but the converse is not true; for example, if R is Noethe-
rian, then any polynomial ring over RF' is coherent (even a polynomial ring in an infinite
number of indeterminates).

(2) If &7 is an abelian category and € is any category, then the additive category Func (%, <)
is abelian. If F;G : ¥ — & are two functors and v : F — G is a morphism
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I1.2 Abelian categories

of functors, then Keru is the functor X +—— Ker(u(X)) and Cokeru is the functor
X — Coker(u(X)).

In particular, for a category %, the category Func(%°P, Ab) of presheaves in abelian
groups over % is an abelian category.

The additive category Ban of Banach spaces over R (or over C) has all kernels and cok-
ernels, but it is not abelian. Note that kernels in this category are kernels in the category of

vector spaces, but the cokernel in Ban of a morphism f : £ — F'is E/f(F).

For example, the inclusion L?([0,1]) € L'([0,1]) (where we use Lebesgue measure to
define these spaces) is C-linear continuous with dense image, so it has kernel and cokernel
equal to 0, but it is not an isomorphism of Banach.

Similarly, the category of topological abelian groups is an additive category that has all
kernels and cokernels but is not abelian.

Let R be a ring. A filtered left R-module is a left R-module M together with a family
Fil,M = (Fil,M),ez of R-submodules of M such that Fil,M C Fil, ;M for every
n € Z.[F| A morphism of filtered R-modules from (M, Fil, M) to (N, Fil,N) is a R-linear
map [ : M — N such that f(Fil, M) C Fil, N for every n € Z. The category of filtered
R-modules is additive and has all kernels and cokernels, but it is not abelian.

0 ifn<0
For example, take R = Z, take M = N = Z?* with Fil, M = Z®0 ifn=1 and
72 ifn>2
) 0 ifn <0 ) ) . .
Fil,N = 72 ifn>1- Then the identity from M to NN is a morphism of filtered

Z-modules, it has kernel and cokernel 0, but it is not an isomorphism.

If R is a commutative ring, the category of torsionfree R-modules is additive and has all
kernels and cokernels, but it is not abelian in general. For example, take R = Z, and take
f:7Z — 7Z,a+— 2a. Then Ker(f) = 0 and Coker(f) = 0, but f is not an isomorphism.

Remark 11.2.1.4. Examples (3), (4) and (5) are examples of what are called quasi-abelian cat-
egories. It is still possible to define derived functors and derievd categories in the setting of
quasi-abelian categories, but it takes more work.

Proposition I1.2.1.5. An abelian category has all finite limits and colimits.

Proof. This follows from Subsection |[.5.5.2

The following proposition is easy but very useful.

3Technically, this is a Z-filtered R-module. We can use any poset instead of Z, or even any category.
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Proposition I11.2.1.6. Let € be an abelian category, and let f be a morphism of €. Then f is an
isomorphism if and only if Ker(f) = 0 and Coker(f) = 0.

Proof. If f is an isomorphism, then it is a monomorphism and an epimorphism, so Ker(f) = 0

and Coker(f) = 0 by Lemmal|II.1.3.3(i).

Conversely, suppose that Ker(f) = 0 and Coker(f) = 0. By LemmallI.1.3.3(ii), the canonical
morphisms X — Coim(f) and Im(f) — Y are isomorphisms. By Lemma [II.1.3.4| and the
definition of an abelian category, the morphism X — Y is an isomorphism.

]

Until the end of this subsection, we fix an abelian category <7

Remark 12.1.7. Let X 5 v % Z be two morphisms of &/ such that g o f = 0. If

1 : Kerg — Y is the canonical morphism, the fact that g o f = 0 implies that there exists a
unique u : X — Kergsuchthatiowu = f. Let j : Ker f — X be the canonical morphism.
Thenio (hoj) = fof =0, so, as ¢ is a monomorphism, we get h o j = 0, so there ex-
ists a unique morphism v : Coker(j) = Coim(f) — Ker(g) such that i o v 0 ¢ = f, where
q : X — Coim(f) is the canonical morphism. Composing this with the inverse of the canonical
morphism Coim(f) = Im(f), we get a morphism w : Im(f) — Ker(g).

Ker(f) —2—»x —71 v 9 .z

~N
q ~ 7
~
N

Coim(f) - + + Ker(g)

Definition I1.2.1.8. Let X, Wy 1 N Xo—...> X, g X,+1 be a sequence of composable
morphisms of .o7. We say that this sequence is a complex if d; od; 1 = 0 for 1 < i < n, and that
it is an exact sequence if it is a complex and if the canonical morphism Im(d;_,) — Ker(d;) of
Remark [[1.2.1.7]is an isomorphism for 1 < i < n.

A short exact sequence is an exact sequence of the form 0 — X — X' — X" — 0.

Remark 11.2.1.9. (1) Let f : X — Y be a morphism in 2/. Then the sequence 0 — X Ly

is exact if and only if f is a monomorphism, and the sequence X LV = 0is exact if and
only if f is a epimorphism. Indeed, saying that the first (resp. second sequence) is exact is
equivalent to saying that Ker(f) = 0 (resp. that the canonical morphism Im(f) — Y is an
isomorphism), and we can apply Lemma|ll.1.3.

(2) Let 0 — X LX" % X" bea complex in /. Then we have a unique morphism
X % Ker(g) such that the composition of Ker(g) — X’ and of u is equal to f, and
the complex is exact if and only if w is an isomorphism. (In other words, the complex is
exact if and only if the morphism X — Ker(g) induced by f is an isomorphism.) Indeed,
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I1.2 Abelian categories

u decomposes as X — Im(f) — Ker(g) as in Remark if the complex is exact,
then X — Im(f) is an isomorphism by Lemma [[L.1.3.3{(ii) and Im( f) — Ker(g) is an iso-
morphism by assumption; if « is an isomorphism, then X — Im(f) is a monomorphism so
Ker f = 0.and X — Im(f) is an isomorphism by Lemma [.1.3.3{ii), and then we deduce
that Im(f) — Ker(g) is also an isomorphism.

Similarly, a complex X BoX' % X" 5 0 s exact if and only if the morphism

Coker f — X" induced by g is an isomorphism.

Lemma I1.2.1.10. Let f : X — Y be a morphism in <7. Then the following two sequences are
exact :
0 — Ker f = X — Coim(f) = Im(f) — 0

and
0 — Im(f) - Y — Coker(f) — 0.

Proof. 1t suffices to prove that the first sequence is exact. (The second is its analogue in .o7°P.)
As Coim( f) is the cokernel of the morphism Ker(f) — X, it suffices to prove that,if g : A — B

is a monomorphism in <7, then the sequence 0 — A % B N Coker(g) — 0 is exact. By the
remark above, the exactness on the left follows from the fact that g is a monomorphism, and the
exactness on the left follows from the fact that h is an epimorphism (because it is a cokernel
morphism). Also, the fact that h o g = 0 follows from the definition of the cokernel. So we just
have to check that the canonical morphism Im(g) — Ker(h) is an isomorphism; but this is true
by definition of Im(g).

]

Proposition I1.2.1.11. Ler 0 — X L X" % X" = 0 be a short exact sequence in /. Then the
following assertions are equivalent :

(a) there exists h : X" — X' such that g o h = idxn;
(b) there exists k : X' — X such that ko f = idx;,

(c) there exists p = (];) X' s> XeX"and ) = (f h) : X X" — X' that are mutually
inverse isomorphisms;

(d) there exist morphisms k : X' — X and h : X" — X' such that idx = ko f,
idX:fOk’—i-hogandidX,/:goh;

0 x-L.ox 92, xn 0
x| S| ]
idx dyr d e

0 X X' X 0

“In other words, the complex 0 — X — X’ — X" — 0 is homotopic to 0.
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II Additive and abelian categories

(e) there exists a commutative diagram

0—sx—1 x99 . xv__ .0

idxl Sol idX”J/

O—>X—Z,>X@X”T>X”—>O

where 1 = <1%X> and 0 = (0 idX//).
Proof. We show that (a) implies (c). Take ¢ = (f h) XX > X'. Asg=gohoy,
we have g o (idx» — h o g) = 0, so there exists £’ : X’ — Ker(g) such that idy, — h o g is
the composition of the canonical morphism Ker(g) — X’ and of £’. Composing this with the
inverse of X = Im(f) = Ker(g), we get k : X’ — X such that f o k = idx: — h o g. We have
fokoh=h—hogoh=h—h=0,hence koh = 0 because f is a monomorphism. Similary,
fokof=f—hogof=/f,sokof=idx.

Let ¢ = (I;) X' 5 X @ X" Then pop = fok+ hog = idy, and
_(kof koh\ .
@O¢—(gof goh>—ldX@X//.
The proof that (b) implies (c) is similar (it is the proof that (a) implies (c) in .7°P).

The fact that (c) implies (a), (b) and (e) is clear, and (d) is just another way to write (c). Finally,
(e) implies (b), by taking for k& : X’ — X the first component of (.

]

Definition II.2.1.12. If a short exact sequence satisfies the equivalent conditions of Proposition
[1.2.1.11} we say that it is split.

We say that the abelian category o7 is semisimple if every short exact sequence in .o/ is split.

Example I1.2.1.13. (1) The category Ab is not semisimple. More generally, if R is a ring,
the catgeory pMod is not semisimple in general. In fact, zpMod is semisimple if and only
the ring R is semisimple, which, by the Artin-Wedderburn structure theorem, is equivalent
to the fact that R is a finite direct product of matrix rings over division algebras.

(2) If k is a field, the category of k-vector spaces is semisimple.

(3) Let GG be a finite group and k be a field. Then the category of representations of GG on a
finite-dimensional k-vector spaces is semisimple if and only if char(k) does not divide the
order of G.

Remark 11.2.1.14. Let F : &/ — 2 be an additive functor, with &/ and %4 abelian cat-
egories. if 0 - X — X' — X" — 0 is a split exact sequence in <7, then the se-
quence 0 — F(X) — F(X') — F(X”) — 0 is exact. Indeed, the split exact sequence
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I1.2 Abelian categories

0 —- X — X' — X" — 0is isomorphism to the sequence 0 — X — X & X" — X" — 0,
where the morphism are the obvious ones, so the sequence 0 — F(X) — F(X') — F(X") —» 0
is isomorphic to 0 — F(X) — F(X) ® F(X") — F(X") — 0, which is exact.

The following result is proved in problem set 4.
Proposition I1.2.1.15. Consider a commutative square

A——B

| |

C——D

in of . Then the following statements are equivalent :
(i) The canonical morphism A — B X p C'is an epimorphism.
(ii) The canonical morphism B U, C' — D is a monomorphism.

In particular, if the morphism A — B & C'is a monomorphism and the morphism B&®C — D
is an epimorphism, then A = B xp Cifand only if B, C = D.

Consider a commutative square as in the proposition. If A = B x ;, C, we say that the square
is cartesian or a pullback square. 1f B11y C = D, we say that the square is cocartesian or a
pushout square.

Corollary I1.2.1.16. Consider a commutative square

A—>B

s
C v
in .
(i). Suppose that the square is cocartesian and that f is injective. Then g is injective.

(ii). Suppose that the square is cartesian and that g is surjective. Then f is surjective.

Proof. 1t suffices to prove (i). If f is injective, then the morphism A — B x ('is also injective,
so the square is cartesian by Proposition [I.2.1.15] Let h : Z — B be a morphism such that

goh =0.Then goh = v o0, so the morphism <h) : Z — B ® C factors through k : 7 — A,

0
that is, we have f ok = 0 and uo k = h. As f is injective, this implies that £ = 0, and so h = 0.
This shows that g is injective.

]

61



II Additive and abelian categories

11.2.2 Subobjects and quotients

We start with some useful conventions. Let f : X — Y be a morphism. If Ker(f) = 0, we say
that f is injective (this is also equivalent to f being a monomorphism). If Coker(f) = 0, we say
that f is surjective (this is also equivalent to f being an epimorphism).

Definition I1.2.2.1. Let X be an object of <7

(i). The set of objects of X is the quotient set {(Y, f) with Y — X injective}/ ~, where
(Y1, f1) ~ (Y3, fo) if there exists an isomorphism ¢ : Y7 — Y5 such that f; = f; 0. (This
is clearly an equivalence relation.)

(ii). The set of quotients of X is the quotient set {(Y, f) with X — Y surjective}/ ~, where
(Y1, f1) ~ (Ya, fo) if there exists an isomorphism ¢ : Y7 — Y5 such that fo = o fi. (This
is clearly an equivalence relation.)

(iii). If0 - X — X’ — X” — 0is a short exact sequence, we say that X’ is an extension of
X by X”.

We often write a subobject (resp. quotient) of X as Y C X(resp. X — Y); the fact that we
took the quotient by the equivalence relation ~ are implicit.

Lemma I1.2.2.2. The map sending an injective morphism f : Y — X to the canonical morphism
X — Coker(f) induces a bijection from the set of subobjects of X to the set of quotients of X,
whose inverse comes from the map sending a surjective morphism [’ : X — Y’ to the canonical
morphism Ker(f') — X.

If Y C X is a subobject of X, we denote its image by this bijection by X — X/Y.

Lemma I1.2.23. (i). If f : Y1 — X and f, : Yo — X are two injective morphisms, and if
P YT Xx Yo = Yy and py 0 Yy Xx Yo — Y5 are the two canonical projections, then
g = fi10op1 = fy0psisalso an injective morphism.

(ii) If f : X = Yyand f : X — Y5 are two surjective morphisms, and if 1 : Y1 — Y, ®x Ys
and qy : Yo — Y| @©x Ys are the canonical morphisms, then g = g1 o p1 = @2 o fo is also
surjective.

Proof. We prove (i). For every object Z of &, the morphism
Hom/ (Z,g) : Homy(Z,Y; xx Y3) — Hom (Z, X) is the composition

Hom(ﬁ?f(Z7}/1 X x }/2) =~ Hom(?f(Z7}/1) ><Hon’lgg(Z,Xv) Hom!?/(Z7)/2) — HOIH(%(Z,X),

where the second map is u — f; ou = f5 ou, so it is injective; this shows that g is a monomor-
phism.

]
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We have just shown that, if Y7 C X and Y5 C X are subobjects of X, then Y; X x Y5 is also
a subobject of X'; we denote this subobject by Y; N Y5. E] We also denote the image of the map
(i f2):Yi®Yo— XbyYi+Y:CX.

Notation I11.2.24. If f; : Y7 — X and f, : Y5 — X are subobjects of X, we write Y; C Y5 if
there exists a morphism from Y] to Y5 in the category o/ /X (if f; : Y7 — X and f : Y5 — X
are the injective morphisms, this means that there exists g : Y7 — Y5 such that f; = f5 o g).

Note that there is at most one morphism ¢ : Y7 — Y5 such that f; = f; o g, and that such a
morphism g : Y7 — Y5 is automatically injective. (Both statements follow from the injectivity of

f2and f1.)

Lemma I1.2.2.5. The relation “Y, C Y5” is a partial order on the set of subobjects of X. This
partially ordered set is a lattice, with max(Y, Ys) = Y] + Yo and min(Y3,Ys) = Y1 N Ya.

Proof. The relation of the lemma is clearly transitive and reflexive. We show that it is antisym-
metric. Suppose that f; : Y7 — X and f5 : Y5 — X are subobjects of X such that Y; C Y5
and Y5 C Yy, andletg : Yy, — Yo and h @ Yo — Y] be morphisms such that f; = f; o g and
fo = fioh. Then fo = fy 0 (goh)and f, is a monomorphism, so g o h = idy,; similarly, we
get that h o g = idy,. So (Y7, f1) and (Y5, f2) define the same subobject of X .

We show the second statement. Let Y] and Y5 be as before. We clearly have Y; N'Y; C Y; and
Y1 N'Y; C Ys; indeed, the two projections p; and ps from Y; N'Y5 to Y7 and Y5 are morphisms in
o /X If f: Z — X isasubobject of X suchthat Z C Y] and Z C Y3, then we have morphisms
g1 : Z — Yyand g3 : Z — Ys such that f; o g3 = f3 o g9; by the universal property of the fiber
product, there is a unique morphism h : Z — Y; N Y5 such that g; = p; o h and g, = py o h; in
particular, A is a morphism in ./ /X, s0 Z C Y1 N Y.

For the upper bound, let7; : Y7 — Y1 @ Y5 and i5 : Yy — Y] @ Y5 be the canonical morphisms,
andletp: Y ® Y, — Y] 4+ Y5 be the canonical surjection. Then p o, and p o iy are morphisms in
A/X,s0Y] CYi+YeandY, C Y1+ Y5 Let f : Z — X be a subobject of X suchthatY; C Z
and Y5 C Z. This means that we have two morphisms Y; — Z and Y — Z in &/ /X, which
induce a morphismh : Y, &Y, - Zin//X. Leti : Kerp - Y1 ®Yoand j: Y1+ Y, — X be
the canonical injections. We have f o h = jop,so fohoi = 0;as f is injective, this implies
that h o 7 = 0, so there exists a unique morphism k : Y; + Y5 — Z such that h = k o p. This
morphism is a morphism of .27/ X, and so we have Y] + Y, C Z.

O
Lemma I1.2.2.6. If Y, and Y5 are subobjects of X, then the square

inY,——Y

L]

Yo —— Y1+ Y5

> There is no special notation for the pushout of two quotients of X.
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II Additive and abelian categories

is cartesian and cocartesian.

Proof. This follows immediately from the definition of Y; N Y5 and from Proposition [I1.2.1.1
[]

In particular, if Y] and Y5 are two subobjects of X and u : Y; — Z and v : Y5 — Z are two
morphisms, then there exists a morphism w : Y; + Y5 — Z such that wyy; = v and wyy, = v if
and only if wyy;ny, = Wyy;nys-

Let I be a family of subobjects of X; in particular, I is a poset, so we can think of it as a
category. We can lift this family to a functor / — o/// X in the following way : For each i € I,
choose a representative f; : Y; — X of 7. If 7 and j are elements of [ such that ¢ < j, then there
exists a unique morphism u;; : Y; — Yj such that f; = f; o u;;; thanks to this uniqueness, if &
is another element of I such that j < k, then u;; = wj; o u;;. This defines a functor ® from /
to .o/ / X; also, if we choose different representatives for the elements of / and construct another
¢’ : I — o/ / X as before, there is a unique isomorphism from ® to ®’. In particular, the colimit
of @ is well-defined up to unique isomorphism if it exists. Now suppose that [ is filtrant (for
example totally ordered) and that lim ¢ exists. If we assume that filtrant colimits are exact in
</ (which we often will), then the canonical morphism lim ® — X is injective; in other words,
lim @ is also a subobject of X', and we will denote it by Ui Vi

Here is some more useful notation : Let g : X — X’ be a morphism. If f : ¥ — X isa
subobject of X, we often write gy : Y — X' instead of g o f and g(Y’) instead of Im(gy) (this
is a subobject of X”). Also, if Y’ C X’ is a subobject of X', we write g~!(Y’) — X for the
second projection Y’ X x» X — X; this is a monomorphism (the proof is the same as in Lemma
.2.2.3[i)), so g~}(Y”) is a subobject of X. Moreover, we have Kerg = ¢~1(0) C ¢~ '(Y");
indeed, g71(0) = 0 xy+ Y = Ker(g,0) = Ker(g).

11.2.3 Exact functors

In this subsection, .27 and & are abelian categories.

Definition I1.2.3.1. Let I : &/ — % be an additive functor. We say that F'is :
(1). left exact if it commutes with finite limits;
(i1). right exact if it commutes with finite colimits;

(ii1). exact if it is both left and right exact.

Lemma I1.2.3.2. Let F' : of — A be an additive functor.
(i). The following assertions are equivalent :

a) F'is left exact;
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b) F commutes with kernels, that is, for every morphism f : X — Y is o, the canonical
morphism F (Ker(f)) — Ker(F(f)) is an isomorphism;

c) for any exact sequence 0 — X — X' — X" in o, the sequence
0— F(X)— F(X') —» F(X") is exact in B;

d) for any exact sequence 0 — X — X' — X" — 0 in &, the sequence
0— F(X) = F(X') — F(X") is exact in B.

(ii). The following assertions are equivalent :
a) Fis right exact;

b) F commutes with cokernels, that is, for every morphism f : X — Y is of, the
canonical morphism Coker(F(f)) — F(Coker(f)) is an isomorphism;

c) for any exact sequence X — X' — X" — 0 in <, the sequence
F(X)— F(X') = F(X") — 0is exact in B;

d) for any exact sequence 0 — X — X' — X" — 0 in &, the sequence
F(X)— F(X') — F(X") — 0 is exact in B.

(iii). The following assertions are equivalent :
a) Fis exact;

b) for any exact sequence X — X'  — X" in o, the sequence
F(X)— F(X') — F(X") is exact in B;

c) for any exact sequence 0 — X — X' — X" — 0 in o/, the sequence
0— F(X)— F(X') —» F(X") — 0is exact in A.

Proof. Point (i1) is point (1) for the opposite categories. We prove (i1). As additive func-
tors commute with finite products by Corollary the equivalence of (a) and (b) fol-
lows from Subsection |[[.5.5.2) It is clear that (c) implies (d), and the fact that (b) implies (c)
follows from Remark [[1.2.1.9(2). It remains to show that (d) implies (b). Suppose that (d)
holds, and let f : X — Y be a morphism. If f is a monomorphism, then the sequence

0-XLy > Coker(f) — 0 is exact, so the sequence 0 — F'(X) P F(Y) — F(Coker f)
is also exact, which means that F'(f) is a monomorphism. In general, we have a short exact
sequence 0 — Ker(f) - X — Im(f) — 0, so we get a commutative diagram

0 —>F(I§ir(f)) — F(HX) —>F(1H£<f))
0—s KerEF(f)) —— F(X) — > F(Y)

where both rows are exact. As Im(f) — Y is a monomorphism, so is 7; so the com-
position Ker(F(f)) — F(X) — F(Im(f)) is 0, and so we get a unique morphism
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v @ Ker(F(f)) — F(Ker(f)) making the diagram commute. As F(Ker f) — F(X) and
Ker(F(f)) — F(X) are monomorphisms, this forces u o v and v o u to be the identity mor-
phisms, so we see that u : F'(ker f) — Ker(F(f)) is indeed an isomorphism.

Now we prove (iii). The equivalence of (iii)(a) and (iii)(c) follows from the equivalence of (a)
and (d) in points (i) and (ii), and (iii)(b) obviously implies (iii)(c). Also, by (i) and (ii), if F'is ex-
act, then, for every morphism f : X — Y/, the canonical morphisms F'(Ker f) — Ker(F(f))and
Coker(F(f)) — F(Coker f) are isomorphisms, and so we get morphisms F'(Im f) — Im F'(f)
and Coim(F'(f)) — F(Coim f), which are also isomorphisms. So (a) implies (b).

]

Proposition 11.2.3.3. Let F' : &7 — B and G : BB — <f be additive functors, and suppose that
(F, G) is a pair of adjoint functors. Then F is right exact and G is left exact.

Proof. This follows from the definition of left and right exact functors and from Proposition

[]

Corollary I1.2.3.4.  (i). For every X € Ob(«), the functors Hom,(X,-) : &/ — Ab and
Hom/ (-, X) : @/°° — Ab are left exact.

(ii). Let .9 be a category, and suppose that < has all limits (resp. colimits) indexed by .¥.
Then the functor lim Func(.#, &) — o (resp. limy. - Func(.#, o) — &) is left exact
(resp. right exact).

(iii). Let R be a ring and I be a set. Then the functor [[; : Func(I, RpMod) — rMod and
D, : Func(/, pkMod) — grMod are exact.

(iv). Let R be a ring and % be a (filtrant category. Then the functor
lim Func(.#, RMod) — rMod is exact.

(v). Let R be a ring, M be a left R-module and N be a right R-module. Then the functors
M ®g (-) : RMod — Ab and (-) ®z N : Modr — Ab are right exact. If R is
commutative, the functor M Qg (-) : RMod — rMod is right exact.

Proof. Points (i), (ii) and (v) follow from Proposition [I1.2.3.3| In fact, point (i) also follows from
the definitions and Propositions[.5.3.2]and [[.5.3.4]

Point (iv) follows from (ii) and Proposition

We prove (iii). We already know that []; is left exact and €P; is right exact by (ii). To
show that []; is exact, it suffices to show that it preserves kernels, which is clear on the explicit
description of kernels in the category zkMod. The proof that &, is right exact is similar.

]
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Remark 11.2.3.5. Points (iii) and (iv) don’t hold in a general abelian category, even if we suppose
that (co)products indexed by I or colimits indexed by .# exist.

Example 11.2.3.6. Here are examples showing that Hom and ® are not always exact. We take
o/ = Ab.

The canonical projection f : Z — Z/27 is surjective, but there is no morphism g : Z /27 — 7
such that f o g = idz/2z; so Homyz(Z/2Z, f) is not surjective.

Consider the morphism g : Z — Z, v —— 2x. Then g is injective, but the morphism
7 ®47/27 — 7 &z 7/27 induced by g is the zero morphism; so g ®z Z/27Z is not injec-
tive. Also, there is no morphism h : Z — Z such that h o g = idz; so Homgz(g,Z) is not
surjective.

Example I1.2.3.7. Let 4 be a category, and let A be an object of 4. The functor
Func(é°?, Ab) — Ab, F —— F(A) is exact. In other words, the functor from the category
of presheaves of abelian groups on % to Ab sending a presheaf to its group of sections on A is
exact.

In particular, if % is the category of open subsets of a topological space X, then the global
sections functor is exact on the category PSh(X, Ab) of presheaves of abelian groups on X. On
the other, here is a non-exact functor. Let Z = (U;);c; be an open cover of X. If F'is a presheaf
on X, we write

H(%, F) = {(si)ic1 € HF(UZ) | Vi,j € 1, siviru; = Sjjuinu; }-
iel
Then F +— H°(% , F) defines a left exact functor from PSh(X, Ab) to Ab; this functor is not
exact in general.

Example I1.2.3.8. Let .# be a category, and suppose that all limits indexed by .# exist in 7.
Then the left exact functor M : Func(.#, &7) — </ is not exact in general.

For example, take .¥# = N° and &/ = Mody, where k is a field. Let J be the ideal ()
in k[z]; for every n € N, we have J" = (2"). Consider the functor F' : .# — </ sending
n € N to the quotient k[z]/J", and sending a morphism n — m in N to the canonical quotient
morphism k[z]/J™ — k[z]/J". Then Jm F? = k[[z]]. On the other hand, consider the functor
G : 4 — Mod, sending n € N to J”, and sending a morphism n — m in N to the inclusion
J™ C J". Then lim G = N,>0J" = {0}. Finally, let H : .#/ — Modj, be the constant functor
n — k[x]. For every n € N, we have an exact sequence 0 — J" — k[z] — k[z]/J" — 0.
The morphisms in this exact sequence define morphisms of functors G — H and H — F, so
we get an exact sequence 0 - G — H — F — 0 in Func(.#,Mody). But the sequence
0=1lmG —lImH = lmF —0is0—0— k[x] — k[[z]] — 0, which is not exact.

Il.2.4 Injective and projective objects

In this subsection, <7 is an abelian category.
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Definition I1.2.4.1. (i). An object [ of o/ is called injective if the left exact functor
Homy (-, I) : &/°P — Ab is exact.

(ii). An object P of <7 is called projective if the left exact functor Homy (P, -) : &/ — Abis
exact.

(iii). We say that <7 has enough injectives (resp. enough projectives) if, for every X € Ob(/),
there exists a monomorphism A — [ with [ injective (resp. there exists an epimorphism
P — A with P projective).

Proposition 11.2.4.2.  (i). Let I be an object of </. Then I is injective if and only if, for any
X,Y € Ob(«), any monomorphism f : X — Y and any morphism u : X — I, there
existsv : Y — I such thatv o f = u.

(ii). Let P be an object of <. Then P is projective if and only if, for any X, Y € Ob(&/), any
epimorphism f : X — Y and any morphism v : P — Y, there exists v : P — X such
that u = f ow.

Proof. We prove (i). (Point (ii) is (i) in the opposite category.)

Assume that [ is injective. Applying Hom,(-,I) to the exact se-

quence 0 — X — Y Jy Coker f — 0, we get an exact sequence

0 — Homg(Coker f,I) — Homy(Y,I) — Homy(X,I) — 0. In particular, the map
Hom, (Y, 1) — Hom, (X, I), v — v o f is surjective, which is what we wanted.

Conversely, assume that the map Hom, (Y, I) — Hom, (X, ), v — v o f is surjective for

any monomorphism f : X — Y. Let0 — X Jy X" % X" — 0 be a short exact sequence.
Then we know that the sequence 0 — Hom,, (X", 1) — Hom (X', I) — Hom,, (X, I) is exact
because Hom,, (-, I) is left exact, and that the map Hom,, (X', I) — Hom,, (X, I) is surjective
by assumption. So the sequence 0 — Hom,, (X", I) — Hom, (X', I) — Hom, (X, 1) — 0 s
exact. By Lemma([ll.2.3.2] the functor Hom,, (-, I) is exact, which means that [ is injective.

]
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Lemma I1.2.4.3. Let (X;);c; be a family of objects of <7, and suppose that its product (resp.
coproduct) exists. Then [, X; is injective (resp. @, ; X is projective) if and only if all the X;
are.

i€l

Proof. We have isomorphisms of functors Hom, (][;,c; Xi,) ~ [[;c; Hom,(X;,-) and
Hom (-, @,;c; Xi) ~ [];c; Homy (-, X;), and, in Ab, a product of sequences is exact if and
only if each of the sequences is exact.

]

Here is a related result.

Lemma I1.2.44. Let (F : of — B,G : B — ) be a pair of additive adjoint functors between
abelian categories.

(i). If G is exact, then F' sends projective objects to projective objects.

(ii). If F'is exact, then G sends injective objects to injective objects.

Proof. As usual, it suffices to prove (i). Let P be a projective object of <. Then the functor
Homg(F(P),-) : 8 — Ab is isomorphic to the exact functor Hom,, (P, G(+)), so it is exact.

]

Corollary 11.2.4.5. Let 0 — X L X% X" 5 0 be a short exact sequence in <. If X is
injective (resp. if X" is projective), then this sequence splits.

Proof. Suppose that X is injective. By Proposition [I1.2.4.2} there exists v : X’ — X such that
v o f = idy, so the sequence splits. To get the second assertion, apply this to .a7°P.

[]

Applying Lemma [[1.2.4.3] we immediately get the following corollary.

Corollary I1.2.4.6. Let 0 — X — X' — X" — 0 be a short exact sequence in 7. If X and X'
are injective, then X" is also injective. If X' and X" are projective, then X is also projective.

Example I1.2.4.7. (1) Let R be a ring. We claim that projective objects in plMod (resp.
Modp) are exactly direct summands of free R-modules, and finitely generated projec-
tive R-modules are direct summands of finitely generated free R-modules. In particular,
the catgeories pMod and Mody have enough projectives.

Indeed, notice first that R itself (with its obvious structure of left /2-module) is projec-
tive, because we have an isomorphism of functors from Hompg(R, -) to id,moa given by
Homp(R, M) — M, u — u(1). By Lemma|[1.2.4.3] every free R-module is projective.
By the same lemma, every direct summand of a free R-module is projective.
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Now let P be a projective R-module. Then there exists a free R-module F' and a sur-
jective R-linear map f : F© — P. (Take X a set of generators of P, for example
P itself, take F' equal to the free R-module on the set X, and f sending the gener-
ator corresponding to x € X to z.) By Corollary the short exact sequence

0 — Ker(f) - F Hs P 0 split, so P is a direct factor of F. Note that, if P is
finitely generated, we can choose F' to be finitely generated.

(2) If R 1s a principal ideal domain, projective R-modules are the same as free [2-modules.
For finitely generated projective R-modules, this is a consequence of the structure theorem
for finitely generated 2-modules.

Example 11.2.4.8. If o/ = pMod, then an object of &7 is injective if and only if it satisfies
the condition of Proposition [I1.2.4.2(i) for f the injection of a left ideal of R into R. This is an
immediate corollary of Proposition [II.3.2.3) as pMod admits colimits and R is a generator of
RMOd.

In particular, if R is a principal ideal domain, then a R-module I is injective if and only if it
is divisible (we say that [ is divisible if, for every a € R — {0}, the map [ — I, z —— ax is
surjective.)

1.3 Generators and cogenerators

11.3.1 Morita’s theorem

Definition I1.3.1.1. Let € be a category. We say that an object X of ¢ is a generator (resp.
a cogenerator) if the functor Homy (X, ) : € — Set (resp. Homy (-, X) : €°P — Set) is
conservative.

Example I1.3.1.2. (1) A singleton is a generator in Set.
(2) The left R-module R is a projective generator in pkMod.
(3) The abelian group QQ/Z is an injective cogenerator in Ab.

(4) Let % be a universe, € be a % -small category and Ab = Aby, . For every X € Ob(%),
we denote by Z(*) the presheaf in Func(%°P, Ab) sending Y € Ob(%) to the free abelian
group on Homy (Y, X); we call ZX) the free presheaf of abelian groups on the presheaf
hx = Homg (-, X). Then @ xcope ZX) = D xcon () Home (-, X) is a projective gen-
erator in Func,qq(%°?, Ab). ﬁ Indeed, for every object F' of Func(4°P, Ab), the Yoneda
lemma and the universal property of free abelian groups and of the direct sum gives an

The restriction on the size of ¥ is just there to make sure this direct sum exists.
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isomorphism
HOmF‘unC(Cgop7Ab)( @ Z(X), F) —) H HOInFunC(gop Set hx, —) H F
XeOb(%) X€Ob(%) XeOb(%
which is easily seen to be an isomorphism of abelian groups. So the functor
Hompune(zor, ab) (D xeon(e) ZX) ) is faithful, and it is exact because products preserve
exact sequences in Ab.
We fix a universe %/ and an abelian % -category <7
Proposition 11.3.1.3.  (i). Let QQ be a generator of <7. Then :
a) The functor Hom(Q,-) : &/ — Ab is faithful.
b) If X € Ob(), then X ~ 0 if and only if Hom,,(Q, X ) = {0}.
c) A morphism f : X — Y is of of injective if and only if Hom(Q, f) is.

d) Let f : X — Y be a morphism of <. If Homy(Q, f) is surjective, then f is
surjective.

e) Suppose that </ admits all direct sums indexed by sets [ € % . For any X € Ob(</),
consider the morphism @Homd(Q X) @ — X whose composition with the injection
corresponding to f € Hom, (Q, X) is f; then this morphism is surjective.

f) For every object X of <7, the set of subobjects of X and the set of quotients of X are
isomorphic to elements of % .

(ii). Let J be a cogenerator of <. Then :
a) The functor Hom, (-, J) : &/°? — Ab is faithful.
b) If X € Ob(), then X ~ 0 if and only if Hom, (X, J) = {0}.
c) A morphism f : X — Y is of of surjective if and only if Hom,(f, J) is injective.
d) Let f : X — Y be amorphism of <. If Hom,(f, J) is surjective, then f is injective.

e) Suppose that <of admits all direct project indexed by sets I € %/. For any
X € Ob(&), consider the morphism X — [y, (x,s) J whose composition with

the projection on the factor corresponding to f € Hom,, (X, J) is f; then this mor-
phism is injective.

f) For every object X of <7, the set of subobjects of X and the set of quotients of X are
elements of % .
Proof. We only prove (i) (point (ii) follows by applying (i) to .o7°P).

Let f : X — Y be a morphism of &/ such that Hom,(Q,f) = 0. Let
u : Ker(f) — X be the kernel of f. As the functor Hom,(Q,-) is left exact,
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II Additive and abelian categories

the canonical morphism Hom, (Q,Ker f) — Ker(Homg(Q, f)) is an isomorphism, so
Hom, (Q,u) : Homg(Q,Ker f) — Hom, (Q, X) is an isomorphism. As () is a generator,
this implies that « is an isomorphism, hence that f = 0. So Hom,/(Q), -) is conservative. This
proves (a)

Let X € Ob(«). If X ~ 0, then obviously Hom,(Q,X) = {0}. Conversely, if
Hom,, (@, X') = {0}, then the zero map in End,(X) induces an isomorphism of Hom,, (@, X),
so it is an isomorphism, so X =~ (. This proves (b).

Let f : X — Y be a morphism. As Hom,(Q,-) is left exact, we have
Hom,, (Q, Ker f) ~ Ker(Hom, (Q, f)), so, by (b), we get that Ker(Hom,,(Q, f)) ~ 0 if and
only if Ker f ~ 0; this shows that f is injective if and only if Hom (Q), f) is injective. This
proves (c). Now assume that Hom,, (Q, f) is surjective, and let p : Y — Coker f be the canoni-
cal morphism. For every g : () — Y, the hypothesis says that there exists h : () — X such that
g= foh,sopog=po foh =0.Inother words, we have Hom,(Q,p) = 0. By (a), this
implies that p = 0, hence that f is surjective. This proves (d).

Let X € Ob(#), and let g : Dyyp,0x)@ — X be the morphism of (e). The map
Hom(Q, 9) : @uom,, (0.x) Homw (@, Q) — Hom (Q, X) is the map whose composition with
the injection Hom (@, Q) = Diom,, (0, x) Homw (@, Q) corresponding to f € Hom (Q, X)
sends © € Hom,(Q,Q) to f ou. Any f € Hom,(Q, X) is clearly in the image of this map
(because f = f oidg), so g is surjective by (d). This proves (e).

We finally prove (f). Let X € Ob(g/). As the set of subobjects and the set of quo-
tients of X are in bijection, it suffices to prove the statement about the set of subobjects. Let
) = Hom,(Q, X), and consider the map spending a couple (Y, f : ¥ — X) to the subset
foHom, (@, Y") of Q. This induces a map from the set of subobjects of X to (£2), and it suffices
to show that this map is injective. Let f; : Y7 — X and f5 : Y5 — X be two injective morphisms,
and suppose that f; o Hom,(Q,Y1) = fo o Hom,(Q,Y2). Letp; : YINYs =Y, xx Yo = V)
and p : Y1 NY; — Y5 be the canonical projections. As Hom,, (@, ) is left exact, we have
Hom, (Q,Y1 xx Y3) = Homy(Q, Y1) Xtom,, (,x) Hom,(Q,Y>2), so the hypothesis implies
that Hom,, (@, p1) and Hom,, (@, p2) are bijections. As Hom,, (@, -) is conservative, this shows
that p; and p, are isomorphisms, so (Y7, f1) and (Y2, fo) represent the same subobject of X.

]

Proposition I1.3.1.4.  (i). Suppose that o/ admits all direct sums indexed by sets I € %, and
let () be an object of <. Then the following are equivalent :

a) Q) is a generator;
b) the functor Hom(Q,-) : &/ — Ab is faithful;

c) for any object X of o/, there exist a set I € % and a surjective morphism

P, Q — X.

(ii). Suppose that </ admits all direct products indexed by sets [ € %, and let J be an object
of <. Then the following are equivalent :
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a) J is a cogenerator;
b) the functor Hom, (-, J) : &/°° — Ab is faithful;

c) for any object X of </, there exist a set I €  and an injective morphism
X =TI, J.

Proof. We only prove (i) (point (ii) follows by applying (i) to .27°P). The fact (a) implies (b) and
(c) 1s part of Proposition|I1.3.1.3

We prove that (b) implies (a). Suppose that (b) holds. Let f : X — Y be a morphism in .27,
and assume that Hom,, (Q, f) is a bijection. Let i : Ker f — X and p : Y — Coker f be the
canonical morphisms. We have Hom,, (@, f) o Hom(Q, ) = 0, so Hom,(Q,i) = 0,s0i = 0,
so Ker f ~ 0. Similarly, we have Hom_,(Q, p) o Hom,(Q, f) = 0, so Hom,(Q,p) = 0, so
p =0, so Coker f ~ 0. By Proposition [[I.2.1.6] this implies that f is an isomorphism.

Finally, we prove that (c) implies (b). Suppose that (c) holds. Let f : X — Y be a mor-
phism such that Hom,(Q, f) = 0. By (c), there exists a set [ € %/ and a surjective morphism
u: @, Q — X; as Homy, (D, @, X) ~ Hom,(Q, X)!, we can write u as a family (u;);c; of
elements of Hom,, (@, X). By the hypothesis on f, we then have f o u = 0, which implies that
f = 0 because u is surjective.

]

Corollary IL.3.1.5.  (i). Suppose that o/ admits all direct sums indexed by sets in %, and let
P be an object of <7. Then the following are equivalent :

a) P is a projective generator;
b) the functor Hom (P, -) : &/ — Ab is exact and faithful;

c¢) P is projective, and for every nonzero X € Ob(%), there exists a nonzero morphism
from P to X.

Moreover, if &/ has a projective generator, then it has enough projective objects.

(ii). Suppose that </ admits all direct products indexed by sets in %/, and let I be an object of
. Then the following are equivalent :

a) P is an injective cogenerator;
b) the functor Hom (-, I) : &/°® — Ab is exact and faithful;

c) I is injective, and for every nonzero X € Ob(%), there exists a nonzero morphism
from X to 1.

Moreover, if & has a injective cogenerator, then it has enough injective objects.

Proof. We only prove (i) (point (ii) follows by applying (i) to .o7°P).
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We prove that (a) implies (b). Suppose that P is a projective generator. As P is projective, the
functor Hom,, (P, -) is exact. The fact that it is faithful follows from Proposition [[1.3.1.3

We show that (b) implies (c) and (a). Suppose that the functor Hom,, (P, -) is exact and faithful.
Then P is projective (by definition of “projective”). Let X be a nonzero object of &7/. As
Hom,, (P, -) is faithful, we have Hom (P, idx) # 0, which means that there exists g : P — X
such that g = idx o g # 0. Also, the fact that P is a generator follows from Proposition[[L.3.1.4]

Finally, we show that (c) implies (b). Suppose that (c) holds. As P is projective, the functor
Hom,, (P, -) is exact. Let f : X — Y be a morphism, and suppose that f # 0. We want to show
that Hom,, (P, f) # 0. Write f = i o p, where p : X — Coim(f) = Im(f) is the canonical
surjection and ¢ : Im(f) — Y is the canonical injection. As f # 0, the object Im( f) is not zero,
so there exists a nonzero morphism u : P — Im(f). As P is projective and p is surjective, there
exists v : P — X such thatu = pow. Then fov =iopowv =1iou # 0, because u # 0 and 7 is
injective. So Hom,, (P, f) is not the zero map.

]

We come to our main reason for introducing generators. Let PP be an object of .<7, and let R be
the ring End,,(P). If X is any object of <7, we can make R act on Hom, (P, X) by : ifr € R
and f € Hom (P, X), then rf = f or. This makes Hom, (P, X) into a right R-module. It
is easy to see that the functor Hom,, (P, -) factors through the forgetful functor Modr — Ab
(this just follows from the associativity of composition); we will still denote the resulting functor
o/ — Modpg by Hom, (P, -).

Theorem I1.3.1.6 (Morita’s theorem). Suppose that </ has all direct sums indexed by sets in
% and that P is a projective generator of </ such that Hom, (P, -) commutes with direct sums
(indexed by sets in % ). (Such a P is sometimes called a progenerator of <7.) Let R = End ., (P).
Then the functor Hom, (P, -) : o/ — Modg, is an equivalence of categories.

Moreover, if S is a ring and G : o — Modg is an equivalence of categories, then there exists
a projective generator P’ of of such that F ~ Hom,,(P’, ).

Proof. Let G = Hom (P, -) : &/ — Modpg. We already know that G is exact and faithful. For
every set X € %, we write PX) for the colimit of the constant functor X — o7 sending every
element of X to P. As G = Hom,,/ (P, -) commutes with direct sums, the canonical morphism
RX) = G(P)X) — G(PY)) is an isomorphism for every X € %/ . (Remember that RX) is the
free R-module with basis X.)

We claim that, if X and Y are sets, then the map
G : Hom,(PX) PY)) — Hompg(G(P™X),G(PY))) ~ Homg(RX RM) is an iso-
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morphism. Indeed, we have a commutative diagram

Hom,, (P, PY)) — Hompg(RYX), RY))

(Dl lu')

[T Hom, (P, P®)) —— [[y Homg(R, RY))

(2)T T(?’)

[Ix ©y Hom, (P, P) W [Ix @y Homg(R, R)

where all the horizontal maps are induced by (G, maps (1) and (1’) are the isomorphisms given
by the universal property of the direct product, and maps (2) and (2’) are the canonical maps of
Subsection We know that (2) is an isomorphism by the assumption on P, and (2’) is an
isomorphism because the functor Hompg (R, ) : Modr — Modp is isomorphic to idniody.
hence commutes with direct sums. Also, the map (3) is an isomorphism because the map
R = Hom (P, P) 4 Homp(G(P),G(P)) = Hompg(R, R) is an isomorphism. (Indeed, if
f € R = Homg (P, P), then the map G(f) = Hom (P, f) : Hom, (P, P) — Hom (P, P)
sends g € Hom (P, P) to f o g; in other words, G(f) : R — R is left multiplication by f.
But we know that every right R-module endomorphism of R is of that type, because R is a free
R-moduleon 1 € R.)

We now prove prove that G admits a left adjoint functor FF : Modrp — &,
and that the unit of this adjunction is an isomorphism. By Proposition it suf-
fices to show that, for every right R-module M, the functor ®,, : & — Set,

A +—— Hompg(M,G(A)) is representable; then a couple representing this functor is
(F(M),n(M)), where n(M) € @y (F(M)) = Hompg(M,G(F(M))) is the value at M of
the unit of the adjunction. If A/ = R with X a set, then ®,; is canonically isomorphic to
the functor [, Homp(R, G(+)) ~ [[x G(-) =~ [[x Homy (P, ) ~ Hom,, (P, ), so it is rep-
resentable by P(*). Note also that 75, : R — G(PX) is the inverse of the isomorphism
RX) — G(P™) of the first paragraph of the proof. In general, we have an exact sequence
RX % RY) — M — 0, with X and Y sets. By the previous paragraph, there exists a
unique morphism f : P — P®) in o7 such that G(f) = u. Let B = Coker f; by Sub-
section there is a canonical morphism M = Coker G(f) — G(Coker f) = G(B),
which is an isomorphism because G is exact. This isomorphism induces a morphism of functors
Hom (B, ) 5 Hompz(G(B),G(+)) = Hompg(M,G(-)) = ®,;. We show that this morphism is
an isomorphism. For every A € Ob(</), we have a commutative diagram with exact columns
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(in the category of abelian groups) :

0 0

Hompg(M,G(A)) SO Hom, (B, A)

(2)

Hompg(RY), G(A)) —— Hom,, (PY), A)

Homp(RX), G(A)) 2L Hom,, (PX), A)

We have already shown that maps (2) and (3) are isomorphisms. So we can deduce that (1)
is an isomorphism. So @), is representable by B, and we have also shown that the morphism
Ny M — G(B) is an isomorphism.

Lete : F'o G — id,, be the counit of the adjunction. We claim that ¢ is also an isomorphism;
this implies that GG is an equivalence of categories, with quasi-inverse F'.

Let A € Ob(«). By Proposition [L.4.6| the composition

n(G(A)) G(e(A))
) —— —

G(A G(F(G(A))) G(A)
is equal to id(4). We have already shown that 7(G/(A)) is an isomorphism, so this implies that

G(g(A)) is an isomorphism. As G is conservative, we deduce that £(A) is an isomorphism.

We finally prove the last statement. Let G : &/ — Modg be an equivalence of categories,
and let ' : Mods — . be a quasi-inverse of G. In particular, for every right S-module
M, the functor &/ — Set, A — Hom, (M,G(A)) is representable by F'(M), so G ad-
mits a left adjoint that is isomorphic to F’. In other words, we may choose a quasi-inverse
F of G such that (F,G) is a pair of adjoint functors. Also, the functors F' and G preserve
finite limits and finite colimits (because they are equivalences of categories), so they are ad-
ditive and exact functors (by Corollary [1.1.2.5). Let Q@ = F(S). As S is a progenerator
of Modg, the object @) is a progenerator of /. Also, we have an isomorphism of functors
G(-) ~ Homg(S,G(+)) ~ Hom (F(5),-) = Hom,(Q, -). This finishes the proof.

]

1.3.2 Grothendieck abelian categories

Definition I1.3.2.1. Let % be a universe. A Grothendieck abelian category is an abelian % -
category <7 such that :

- colimits indexed by % -small categories exist in .7
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- if Jis a % -small filtrant category, the functor liny : Func(.#, o) — < is exact;

- o/ has a generator.

Example I1.3.2.2. (1) For any ring R, the categories pMod and Modpy are Grothendieck
abelian categories.

(2) If o7 is a Grothendieck abelian category and %’ is a %/ -small category, then Func(¢°P, &)
is a Grothendieck abelian category.

One advantage of Grothendieck abelian categories is that there is a simpler way to characterize
injective objects in them. This generalizes the criterion for R-modules, and the proof is almost
the same.

Proposition 11.3.2.3. Suppose that </ is a Grothendieck abelian category, and let () be a gener-
ator of &/. Then an object I of <7 is injective if and only if, for every monomorphism f : A — @Q
and any morphism v : A — I, there exists v : () — [ such thatv o f = w.

0—A-150

Proof. 1t is obvious that an injective object satisfies the condition of the proposition. We prove
the converse. Let I be an object of <7, and suppose that any morphism from a subobject of () to
I extends to ().

Let f : A — B be an injective morphism and u : A — I be a morphism. We consider the set
X of pairs (A’, u'), where A’ is a subobject of B suchthat A C A" and ' : A" — I is a morphism
such that uj, = u. If 21 = (A}, u}) and x5 = (A), uy) are two elements of X, we write 71 < x5
if A} C A and uy = uj a3 1t s easy to see that this is an order relation on X.

We want to apply Zorn’s lemma to show that X has s maximal element. We already know that
X is not empty (because (A, u) € X), so it suffices to check that every totally ordered subset of
X has an upper bound. Let Y C X be a totally ordered subset. For every y € Y, we denote
the corresponding pair by (A;,u,). Then {A], y € Y} is a totally ordered set of subobjects of
B; by Proposition [[1.3.1.3(i)(f), it is in bijection with an element of %/, so its colimit A’ exists in
o/, and, as <7 is a Grothendieck abelian category, this colimit is also a subobject of B. Also, the
colimit of the family of morphisms (u;),ey is a morphism v’ : A" — I such that u| A, = u,, for
every y € Y, and in particular u{, = u. So (A’,v’) € X, and it is clearly an upper bound of Y.

We now apply Zorn’s lemma to get a maximal element = of X. Let (A’, «") be the correspond-
ing pair. We claim that the canonical morphism A" — B is an isomorphism, which finishes
the proof (take v equal to u’ times the inverse of this isomorphism). To prove the claim, we
assume that A’ — B is not an isomorphism. As () is a generator of 7, there exists a morphism
1 : Q — B that does not factor through A’. Let N = A’ N Im+ (a subobject of B), and let
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M = ¢~Y(N) (a subobject of Q); we still denote by ¢ : M — N the morphism induced by ).

Let g : M — I be the composition M AN A ST , where N — A’ is the canonical injec-
tion. By the hypothesis on I, there exists a morphism h : () — I extending g. As Ker¢y C M,
we have Ker ¢ C Ker g C Ker h, so h induces a morphism £ : Im ¢ — I. By definition of g, the
composition of v’ and of k with the canonical injections of NV in A" and Im ) are equal, so u’ and
k define a morphism " from A” = A" + Im to I extending v'. As A" C A”, this contradicts
the maximality of x.

O

The main result of this subsection is the following :

Theorem 11.3.2.4. Let of be a Grothendieck abelian category. Then there exists an additive
endofunctor I of </ and a morphism of functors v : id,; — I such that, for every A € Ob(«),
the object I(A) of < is injective and the morphism 1(A) : A — I1(A) is a monomorphism.

In particular, the abelian category </ has enough injective objects.

Proof. Let () be a generator of 7. For every A € Ob(</), we denote by ®(A) a pushout of the
following diagram :

F
@Mc@ @feHomd(M,A) M—A

@MCQ @fGHomd(M,A) Q

where ¢ is the direct of the injections M C () and F is the unique morphism whose composition

with the injection My C @ ;o D fertom,, (ar.4) M corresponding to fo : Mo — Ais f. Note
that the direct sums exist by Proposition [II.3.1.3|i)(f), and that we have a canonical morphism

A — ®(A), which is injective by Corollary [I[1.2.1.16(1).

The diagram defining ®(A) is functorial in A, so we can extend ¢ to an endofunctor of .o
such that the morphisms A — ®(A) define a morphism of functors ¢¢; : id,, — .

Using transfinite induction, we now define a family ®, of endofunctors of <7 indexed by the
ordinals o € %, together with morphisms of functors t,5 : ®, — P for o < S, such that
tap(A) is injective for every A € Ob(7), that 1, = idg, and that ¢, = 1,0 tegifa < 5 <.
(In other words, we define a functor from the ordered set of ordinals o € % to the category of
endofunctors of .o7.)

(1) We take ¢y = id,,, &1 = P and ¢(; the morphism defined above.

(2) Suppose that « is a successor ordinal, so that « = o’ + 1 for some ordinal o (uniquely
determined by «). We take ®, = ® o &, and 1/ (A) = 101 (P (A)). If f < o, we take
tpa(A) = tars(A) © o (A).
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(3) If o is a limit ordinal, we take ®,, = lim < ® 3 (with the transition maps g : Pg — g,
for § < /3’ < «. For every ordinal 5 < «, we have a canonical morphism &3 — @, and
we take this to be ¢4,; the morphism ¢, (A) is injective for every A € Ob(.<7) because it
is equal to %ﬂ <prca LBF (A) and because filtrant inductive limits are exact in <7

Let ¢ be the cardinality of the set of subobjects of ). By Proposition [[1.3.1.3(i)(f), we have
¢ € %, so we can choose an ordinal & € % whose cofinality is striclty greater than c. (See
Definition [[1.3.2.5] and Lemma [[1.3.2.6]) We take I = ®, and ¢ = 1p,. Let A € Ob(«/). We
want to show that /(A) is an injective object of .2, which will finish the proof. Let M C ) be a
subobject and u : N — I(A) be a morphism. Thanks to Proposition [I[.3.2.3] it suffices to show
that u extends to a morphism Q — I(A). By Lemma the morphism u : M — I(A)

factors as M 5 Ds(A) el (A), for some 3 < a. By construction of ®, the morphism
u : M — ®g(A) extends to a morphism v' : ) — ®(Pg(A)) = Psi1(A). Composing with
tgr1,a(A) : Pgyi(A) = I(A), we get a morphism v : @ — I(A) such that vjy; = u.

]

Definition I1.3.2.5. Let / be an ordered set. A subset J of [ is called cofinal if, for every ¢ € I,
there exists j € J such that ¢« < j. The cofinality of I the least of the cardinalities of the cofinal
subsets of 1.

Lemma I1.3.2.6. Let % be a universe and ¢ € % be a cardinal. There exists an ordinal o« € U
whose cofinality is strictly greater than c.

Proof. If ¢ is finite, we can take @ = w (whose cofinality is w). Suppose that ¢ is finite. Let
a be the smalles ordinal in %7 whose cardinality is striclty greater than ¢. (Such ordinals exist,
for example card(2¢).) If there were another ordinal 3 such that & = 5 + 1, we would have
card(f) = card(a) > ¢, contradicting the minimality of «; so « is a limit ordinal. Suppose
that there exists a cofinal subset J C « such that card(J) < ¢. For every 5 € J, we have
card() < card(«) (because « is a limit ordinal), so card() < ¢ by minimality of «. On the
other hand, as .J is cofinal, we have o = Uﬁe ;3,80 card(a) < ¢2 = ¢. This is a contradiction,
so the cofinality of a is > «.

[
Lemma 11.3.2.7. Let o/ be an abelian % -category in which colimits indexed by filtrant U -
small categories exist and are exact, let A be an object of <7, let ¢ be the cardinality of the set

of subobjects of A and F : o — </ be a functor, where o € % is an ordinal whose cofinality is
> ¢. We also suppose that all the morphisms ug, : F(3) — F(v), for B < v in «, are injective.

Then any morphism A — %ﬂ F factors through one of the F'(3).

Proof. Let B = th and let f : A — B be a morphism. For every § € a, the canonical
morphism F(#) — B is equal to hﬂwﬂ ugy, SO it is injective; so we can see F'([3) as a subobject

of B, and define a subobject Az of A by Ag = f~'(F(B)). For every 8 € «, the morphism

79



II Additive and abelian categories

f + A — B factors through F'(3) if and only if Az = A. So it suffices to find § € « such that
A= Ag.

As filtrant colimits are exact in .27, we have

Jas=U ' Ee)=r"(JF®)=r"(B)=A

BEa BEa Bea

On the other hand, as the cardinality of the set of subobjects of A is ¢, there exists a subset .S of
« of cardinality < ¢ such that, for every 3 € a, there exists 3’ € S such that Az = Agz. As o has
cofinality > ¢, the subset S' is not cofinal in «, so there exists S € a such that v < [ for every
v € S. By the property of S, we have A, C Ag for every v € a, so0 Ag D U’)/Ecx A, = A, that s,
Ag = A.

]

Corollary I11.3.2.8. Let o be a Grothendeick abelian category. Then </ has an injective cogen-
erator.

Proof. By corollary [I1.3.1.5] it suffices to construct an injective object I of .o/ such that every
nonzero object has a nonzero morphism to /.

Let @) be a generator of 7. By Proposition the direct sum N := @, -, Q/M exists
in o7/. Choose an injection N — I, with [ an injective object. Let A be a nonzero object of .7
As @ is a generator, there exists (by Proposition [II.3.1.3) a nonzero morphism v : @) — A. If
M = Ker u, the morphism u induces an injective morphism v : Q) /M — A. We have a canonical
injective morphism () /M — N, hence an injective morphism ¢)/M — I. As I is injective, this
extends to a morphism A — [, which is nonzero because @) /M # 0.

]

Corollary 11.3.2.9. Let R be a ring. Then the categories pMod and Mod i have enough injec-
tive and projective objects.

Proof. As Modgi = reoMod, it suffices to treat the case of plMod. We have seen in Example
[.2.4.7(1) that any free R-module is projective; as every R-module is a quotient of a free R-
module, the category zpMod has enough projective objects. On the other hand, the category
rMod has all limits and colimits (see Subsection [[.5.5.1)), and filtrant colimits in pkMod are
exact by Corollary[[.5.6.5] Also, the R-module R is a projective generator of pMod. So pkMod
is a Grothendieck abelian category, hence it has enough injective objects by Theorem

]
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In this chapter, we will define sheaves and use them to illustrate some of the methods and con-
structions that we have defined so far. Sheaves also give important examples of Grothendieck
abelian categories.

lll.1 Sheaves on a topological space

We quickly review the classical theory of sheaves on topological spaces.

Let X be a topological space. We denote by PSh(X) (resp. PSh(X, R) if R is a ring)
the category of presheaves of sets (resp. left R-modules) on X. If Open(X) is the category
of open subsets of X, we can think of PSh(X) (resp. PSh(X, R)) as the functor categories
Func(Open(X)°P, Set) (resp. Func(Open(X)°P, pkMod).) If F' is a presheafon X and V C U
are open subsets of X, we often denote the map F'(U) — F'(V) by s — sjy.

Definition II1.1.1. A sheaf /' on X is called a sheaf if, for every open subset U of X and every
open cover (U;);e; of U, the two following conditions hold :

(a) themap F'(U) — [[.c; F(Us), s — (s, )ier is injective;

(b) the map of (a) identifies F(U) to the kernel of the two maps
f,g : Hie] F(UZ) — Hi,je[ F(Ul N Uj> defined by f((S,L)) = (Si\UiﬂU]-)i,jGI and
J((s:)) = (8j1z:n0, )i,jer (in other words, if (s;) € [[,.; F'(U;), there exists s € F'(U) such
that (s;) is the family (sy,) if and only, for all ¢, j € I, we have s;jy,nu;, = Sjjv:nU;)-

If the presheaf F' satisfies condition (a) for every open cover of an open subset of X, we say
that it is a separated presheaf.

Definition ITI.1.2. We denote by Sh(X) (resp. Sh(X, R)) the full subcategory of PSh(.X) (resp.
PSh(X, R)) whose objects are sheaves, and call it the category of sheaves of sets (resp. of left
R-modules) on X.

Definition III.1.3. Let U be an open subset of X. The category of open covers of U 1is the
category .#;; whose objects are open covers (U;);cs, and in which a morphism from (U;);c; to
(Vj)jesisamap o : I — J such that, for every ¢ € I, we have U; C V(i)

In particular, if 77,7 € Ob(.%y) are open covers of U, there exists a morphism % — ¥ if
and only if % refines 7. Note that there can be more than one morphism from % to 7.
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Let F be a presheaf on X, U be an open subset of X and % = (U;);c; be an open cover of U.
We set
H(%,F) ={(s;) € [[F(U:) modVi,j €I, sy, = sjv,nv, }-
i€l
Remark 111.1.4. By definition of sheaves, the presheaf F'is a sheaf (resp. a separated presheaf) if

and only if, for every open subset U of X and every open cover % of U, the canonical morphism
F(U) — H°(% , F) induced by restriction is an isomorphism (resp. an injection).

Now suppose that we are given two open covers % = (U,)icr and ¥ = (V});es of
an open subset U of X and a morphism o« : % — 7 in #;. We define a map
a* : HY(¥,F) — H(%, F) in the following way : if (s;) € [[,o, F(V;) is an element of
HO(7, F), we set a*((s7)jes) = (Sai)u; )ics- It is clear that this makes % +—— H°(%, F) into a
functor from .#7" to Set.

Lemma IIL.1.5. Let F' be a presheaf on X, U an open subset of X, % = (U;)ic; and
vV = (V;)jes two open covers of U and o, 3 : % — V two morphisms in 9. Then we
have o = * : H)(¥ | F) — HY (%, F).

Proof. Let s = (s;)jes € HY(¥, F), and let (t;)ic; = a*(s) and (t);e; = B*(s). Leti € I. We
have t; = s, v, and tz|,8( )IU We want to show that t; = ;. As U; C V) N Vi), it suffices to

show that () [Vagy Wy = SBI)Vagsy Va5 but this follows from the fact that s € HO(% V).

)
[

Corollary IIL1.6. Let .70 be the category such that Ob(.#}) = Ob(.%y) and such that
Hom 4o (% ,7) is empty if Hom 5, (%,V') is empty, and a singleton if Hom z, (%, V) is
nonempty. There is a unique way to define the composition, and we have an obvious functor
Iy — I. Then the functor F' — H°(% , F) factors through (I)° — (#2)°P, and induces
a functor (F9)°? — Set.

Remark 111.1.7. Note that .#) is just the category associated to the preordered set of open covers
of U, preordered by refinement; this is not an ordered set, because we have can two open covers
of the same U who are refinements of each other. Also, as two open covers of U always have
a common refinement (taking intersections of the sets in these two covers, for example), the
category (.#0)°P is filtrant.

Definition ITI.1.8. We construct an endofunctor F' — FT of the category PSh(X) in the
following way : For every presheaf F' on X, for every open subset U of X, we set

FHrU)= lim H(%.F)
% €Ob((F7)°P)

The set F+(U) is also denoted by H°(U, F), and called the 0th Cech cohomology of F on U.
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III.1 Sheaves on a topological space

If U C V are open subsets of X, then we have a functor .#? — . sending an open cover
¥V = (V;)ies of V to the open cover U N ji/ = (U N V;);es. The restriction maps give, for every
open cover ¥ of V,amap H*(¥, F) — H(U N ¥, F), so we get a map

Fr(V)= lim H(Y,F)— lm H@UNY,F)— lm  H(%Z,F)=FU)
¥ €0b((F2)°P) ¥ €0b((F2)°P) % €Ob((I9)°P)

This makes F'* into a presheaf on X. Also, the canonical maps F'(U) — H%(%, F') (for % an
open cover of U) induce a morphism of presheaves (o(F') : F — F'; it is easy to see that this is
actually a morphism of functors on PSh(X).

Remark T1.1.9. As (#0)°P is a filtrant category, the set F'*(U) is the set of families
(5:)ier € H((Uy)ier, F), for (U;)ics an open cover of U, modulo the following equivalence
relation : if 24 and %, are open covers of U and s; € ﬂo(%l, F), sy € FIO(%Q, F'), then s; and
s are equivalent if and only if there exists an open cover ¥ of U refining both %4 and %, and
refinements oy : ¥ — % and oy : ¥ — % such that o (s;) = aj(sy) in H(¥, F).

Proposition II1.1.10. Let F' be a presheaf on X.
(i). The presheaf F'* is separated.
(ii). If F is a separated presheaf, then 1o(F') : F — F is injective.
(iii). If I is a separated presheaf, then F'" is a sheaf.
(iv). The presheaf F* is a sheaf.
(v). If F is a sheaf, then the morphism 1o(F) : F — F* is an isomorphism.
(vi). If G is a sheaf and uw : F' — G is a morphism of presheaves, then there exists a unique

morphism of presheaves u' : F*T — G such that u = v’ o 1o(F*) o 1o(F) :

F—5G

| A

P+t

In particular, the functor ' — F** can be seen as a functor PSh(X) — Sh(X); this is
called the sheafification functor and denote by .# —— .Z". We have a morphism of functors
v 2 idpgng) — (+) given by o(F) = 1o(EF) o 1o(F).

Proof.  (i). Let U be an open subset of X and % = (U;);c; be an open cover of U. Let
s,t € F*(U) such that s);, = t|y, for every i € I. We choose an open cover ¥ = (V) e
of U and elements (s;)jcs, (t;)jes of H'(7, F) representing s and ¢. After replacing ¥
and %/ by a common refinement, we may assume that #" refines 7. Let j € J. Then V;
is contained in some U;, and so the fact that s, = t|y, in F'*(U;) implies that s; and t;
define the same element of F'*(V); by Remark this means that there exists an open
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(ii).
(iii).

@iv).
).
(vi).

cover (W )rek; of Vj such that sjjw,, = tjw,, in F'(Wj) for every k € J;. Consider the
open cover #' = (Wj)jesres, of U. Then # refines ¥, and the images of (s;) and ()
in HY(#', F) are equal, so (s;) and (¢,) define the same element of F*(U).

This follows immediately from Remarks [[T[.1.4] and [[TL.1.9}

Let U be an open subset of X, % = (U;);c; be an open cover of U and (s;) € [[,c; F*(U;)
such that s;y,ny, = $ju,nu; for all 4,5 € I. For every ¢« € I, choose an open
cover % = (Uij)jes, of U; and an element (s;;);ecr, of I[IO(@/Z-,F) representing s;. Let
¥ = (Uij)icr,jes,; this is an open cover of U. We claim that the family (s;;)ics jes;
is an element of I:IO(”I/,F). Let i,i € I, j € J; and j/ € Jy; we need to show
that Sij|Uiiji/]'/ = Silj/|Uiiji/j/ in F(UZ] N Ui’j’)- We know that Silu;nU, = SiuinU, in
F+(UZ N Uy); as Uij N Ui/j/ C Ul N Ui/, this 1mphes that Sij\UijﬂUi/j/ and Si’j'\UijﬁUi/j/ define
the same element of F'*(U;;NU;;/), and, by (ii), we get that they are equal in F'(U;;NUy /).
Now let s’ be the element of [ (U) defined by the family (s;;)icr jcs, € HO(¥, F). Tt
remains to show that s{;; = s; in F'*(U;) forevery i € I. Leti € I. Then s, € F(U;)
is represented by the family (s;;);es, € H(%;, F), so it is equal to s;.

This follows immediately from (i) and (iii).
This follows immediately from Remark [[II.1.4

We have a commutative square
F——F*T

| e

G—— Gt

where the horizontal morphisms are given by two applications of ¢y. By (v), the morphism
G — G is an isomorphism, so we get the desired v’ : F** — G by composing the
inverse of this isomorphism and u*.

Suppose that we have another morphism u” : F™+ — G such that u = u” o1o(F 1) 0uo(F).
Let U be an open subset of X, let s € F*7(U). We want to show that u/(s) = u"(s).
By Remark (applied twice), we can find an open cover (U;);c; of U and sections
s; € F(U;) such that s, is equal to the image of s; in F'**(Uj;) for every i € I. By the
condition on u’ and u”, we have, for every i € I, v/(s)y, = u(s;) = u"(s)jy,- As G isa
sheaf, this implies that u'(s) = u”(s).

]

.2 Grothendieck pretopologies

In this section, we study a generalization of topological spaces called Grothendieck pretopolo-
gies, and the associated category of sheaves.
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We fix a category %, and we always assume that fibered products exist in €.

ll.2.1 Pretopologies and sheaves

Definition II1.2.1.1. A Grothendieck pretopology 7 on % is the data, for every object X of ¥,
of a set of families of morphisms (u; : X; — X);cy, called covering families, and satisfying the
following axioms :

(CF1) If Y — X is a morphism and (X; — X);c; is a covering family, then the family
(X; Xx Y — Y);e is a covering family.

(CF2) If (u; : X; — X);er is a covering, and if, for every i € I, (v;; : Xij = Xi)jey, is a
covering family, then the family (u; o v;; : X;; = X)ier jey, is a covering family.

(CF3) If u : X’ — X is an isomorphism, then (u : X’ — X) is a covering family.

A category % (having fiber products) with a Grothendieck pretopology is called a site. If 7
and .7 are two pretopologies on %', we say that .7 is coarser than .7’ (or that .7 is finer than
) if every covering family for .7 is also covering for .7'.

Remark 111.2.1.2. Obligatory set-theoretical remark : if %/ is the ambient universe (that, we use
the category Sety, as coefficients for the presheaves), then the indexing set I of covering families
is also assumed to be an element of % .

Remark 111.2.1.3. There is a more general notion of Grothendieck topology that makes sense
for categories % that don’t necessarily have fiber products. It is formulated using sieves on
X € Ob(%), which are by definition subpresheaves of the representable presheaf Home (-, X).
Instead of covering families, we have to give for each object X of ¥ the data of a collection
of covering sieves, satisfying conditions similar to (CF1)-(CF3). The connection with covering
families is the following : Any family of morphisms (u; : X; — X)) defines a sieve I on X, by
taking F'(Y') to be the set of morphisms Y — X that factor through one of the u;; we call this
sieve the sieve generated by the family. A sieve is called covering if it is generated by a covering
family.

For a category that has fiber products, the two notions turn out to be equivalent, so we chose to
only consider Grothendieck pretopologies in these notes, because they are closer to the geometric
intuition. See for example Chapter 16 of [8] for more about Grothendieck topologies.

Example I11.2.1.4. (0) The trivial topology on ¥ is the topology for which the covering fam-
ilies are exactly the isomorphisms.

(1) Let X be a topological space, and ¥ = Open(X) be the category of its open subsets. Then
% has fiber products : if U — V and W — V are two morphisms of %, this just means
that U C Vand W C V, and it si easy to see that U xy W = UNW. We say that a family
of morphisms (U; — U )¢y is covering if U = | J,.; U;. This defines a pretopology on %,
which we will call the usual pretopology.
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2)

3)

“4)

®)

(6)

Let = Open(Q). We say that a family of morphisms (U; — U);¢; is covering if (U;);er
is an admissible open cover of U in the sense of Problem[A.3.5] This defines a pretopology
on %, which is weaker than the usual one.

Let <7 be an abelian category. We define a pretopology on o7 by taking the admissible
coverings of X to be the epimorphisms Y — X. The topology that this defines is called
the canonical topology on <7'; see Remark [I11.2.1.8| for an explanation of the name.

Let GG be a topological group. A G-set is a set X with an action of GG such that the action
map G x X — X is continuous if we put the discrete topology on X. A morphism of
G-sets is a G-equivariant map. We get a category G — Set, called the category of G-sets.
This category has fiber products, given by the usual fiber product of sets with the product
action of (G, and a final object, which is a singleton with the trivial action of G. We put
a Grothendieck pretopology on GG — Set by taking covering families to be the families
(UZ‘ X — X)Z‘GI such that X = UiEI UZ(XZ)

A topological space X is called profinite if it is homeomorphic to lim F', where
F : . — Top is a functor from a % -small category .# such that F(i) is a finite dis-
crete space for every i € Ob(.#). It is equivalent to ask that X be a compact Hausdorff
totally disconnected topological space. We denote by *,.¢ the full subcategory of Top
whose objects are profinite sets, equipped with the Grothendieck pretopology for which
covering families are finite families (u; : X; — X )1<;<, such that X = J" | u;(X;).

Let CRing be the category of commutative rings, and let ¥ = CRing°?. (This is the
category of affine schemes.) Note that ¢ has fiber product : if A — B and A — C are
morphisms of commutative rings, their fiber product in ¢ is B ® 4 C. There are many
useful pretopologies on %’. We will define two here :

e the fpgc topology E] is the pretopology for which covering families are morphisms of
commutative rings that are faithfully flat;

e the fppf topology||is the pretopology for which covering families are morphisms of
commutative rings that are faithfully flat and of finite presentation.

Definition II1.2.1.5. Let .7 be a Grothendieck pretopology on 4. A presheaf F' € PSh(%)

(resp.
(resp.

Func(é°?, Ab), resp. Func(€°?, pkMod), resp. Func(%°?, Modg)) is called a sheaf
sheaf of abelian groups, sheaf of left R-modules, sheaf of right R-modules) if, for every

covering family (u; : X; — X);es, the two following conditions hold :

(a)
(b)

the map F'(X) — [[,c; F(Xi), s — (u;(s))ies is injective;

the map of (a) identifies F(X) to the kernel of the two maps
frg 0 TLer F(Xi) — Tlijer F(Xi xx X;) defined by f((si)) = (pj;;8i)ijer and
f((Sl)) = (p:jd‘sj)i,jg[, where Diji - Xz Xx Xj — Xl and Dijj - Xz Xx Xj — Xj are the
two projections.

'Fpgc means “fidélement plat quasi-compact”, which is French for “faithfully flat quasi-compact”.
2Fppf means “fidelement plat de présentation finie”, which is French for “faithfully flat of finite presentation”.
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If the presheaf F' satisfies condition (a) for every covering family of an object X of %', we say
that it is a separated presheaf.

Remark 111.2.1.6. If X is an object of 4" such that the empty family is a covering family of X
and if .% is a sheaf (resp. a sheaf of left or right R-modules) on %, then .7 (X) is a singleton
(resp. . (X) = 0). Indeed, the empty product in the category Set (resp. RMod or Modp) is a
terminal object, that is, a singleton (resp. 0).

Definition ITL.2.1.7. We denote by Sh(%’7) (resp. Sh(%#, R)) the full subcategory of PSh(%)
(resp. PSh(%, R) := Func(%°?, RMod)) whose objects are sheaves, and call it the category of
sheaves of sets (resp. of left R-modules) on €. If Z = R, we also call objects of PSh(%,7Z)
(resp. Sh(€7,Z) abelian presheaves (resp. abelian sheaves).

The category Sh(%7) is also called the fopos associated to the site (¢, .7).

Remark 111.2.1.8. We say that a Grothendieck (pre)topology is subcanonical if every repre-
sentable presheaf is a sheaf. There always existsa finest subcanonical topology on a categorys; it
is called the canonical topology. E]

Example I11.2.1.9. (0) The sheaves for the trivial topology on % are the presheaves.

(1) The sheaves for the topology of Example [[11.2.1.4(1) on the category of open subsets of a
topological space X are the sheaves on X in the usual sense.

(3) The sheaves of abelian groups on an abelian category .o/ with its canonical topology are
the left exact functors &7/°? — Ab. (See problem )

(5) The sheaves on *,..¢ (see Example|lIl.2.1.4(5)) are called condensed sets.

l11.2.2 Sheafification

Let ¢ be a category admitting fibered products, and let .7 be a Grothendieck pretopology on %

Definition II1.2.2.1. Let f : X — Y be a morphism of &, let 2" = (u; : X; — X);cr be a
covering family of X and % = (v; : Y; — Y');c; be a covering family of Y. A morphism of
covering families from 2 to % over the morphism f is the data of a map o : I — J and, for
every i € I, of amorphism f; : X; — Y, ;) such that the following diagram commutes :

uzl lva(i)

If f: X ->Yandg:Y — Z are morphisms of €, Z° = (X,)ier, ¥ (Yj)jes and
% = (Zk)rex are covering families of X, Y and Z and u = (o, (f;)) : £ — % and

3See for example Exercise 17.6 of [8].
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v = (6,(vy) : ¥ — Z are morphisms of coverings over f and g, then we get a morphism
of coveringsvowu: & — Z over g o f by taking the map S o« : I — K and, forevery i € I,
the morphism g,y o fi 1 Xi = Zg(a(i)-

In this way, we get a category Cov(%,.7) of covering families of %, with a functor
Cov(¥,.7) — € sending a covering family to the object it covers.

Definition I1L1.2.2.2. The category of coverings of an object X of ¥ is the category .Zx
whose objects are covering families of X and whose morphisms are morphisms of covering
families over idy. [| We also denote by .#¢ the category such that Ob(.#Y) = Ob(Zx)
and Hom 4 (27, Z”') is empty if Hom s, (2, Z”') is and a singleton if Hom s, (2, Z”') is
nonempty (with the only possible composition law). We have an obvious functor .%x — #7.

Remark 111.2.2.3. The category .#7 is the category associated to a preordered set.

Definition I11.2.2.4. Let .% be a presheaf on %. If X is an object of ¢ and 2" = (X;);es is a
covering family of X, we set

(2, F) = {(s;) € [[ # (X)) |Vi.j € I, p};;si =} s}

iel
where p;;; + X; xx X; — X and p;;; + X; xx X; — X are the two projections.
Note that the map sending s € .7 (X) to the family (u;(s))icr € [[,c;-#(X;) induces a map
F(X) = H(Z,.9).

Suppose that u = («, (f;)) : & — % = (Y});es is a morphism of coverings over a morphism
f: X — Y. We define a map v* : H (% ,.%) — H°(Z,.%) in the following way : Let
(t;)jes € HY(Z,F). Then w*((t;)jes) = (f;(taw))ics. This element of [[,., .7 (U;) is in
H°(2°, %) because the following two diagrams commute :

Y; sy ¥Y; ——Y; Yi xy ¥; ——Y,
l J{fi l lfj
Xi Xij—>XZ‘ Xz Xij—>Xj

By construction of u*, the following diagram commutes:

H(% | 7)< HY( 2, .F)

T |

9(Y)T>9(X)

In this way, we get a functor 2" — H°(2",.%) on the category Cov(%’, 7 )°P.

“This is called the fiber of the functor Cov(%’, 7) — € over X.
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Remark 111.2.2.5. By definition of sheaves, the presheaf . is a sheaf (resp. a separated presheaf)
if and only if, for every object X of % and every covering family 2~ of X, the canonical mor-
phism % (X) — H(2", %) is an isomorphism (resp. an injection).

From now on, we assume the following :

we have fixed a universe %/ ;

the category % is a % -category;
- Set = Sety, Ab = Aby, RkMod = fpMody, Modr = Modgy;

for every object X of ¢, the category .7y is essentially %/ -small, that is, equivalent to
a 7/ -small category.

The last condition will allow us to take colimits indexed by f;}p in Set (or Ab, RpMod,
Modpr). Note that we can always ensure that this conditions holds by replacing %/ with a bigger
universe. However, the sheafification functor can then depend on the universe, see Waterhouse’s
article [14] for an example in the case of the fpqc topology.

Definition III1.2.2.6. Let .% be a presheaf on %. If X is an object of &, we set

(X, 7)=7%(X)= lm H(2,7)
2 €0Ob(IP)

This is called 0th Cech cohomology of F on X.

If f: X — Y is amorphism of %, then we have a functor f* : .#y — .y sending a covering
family % = (Y;),c; of Y to the covering family f*(%#) = (Y; Xy X),e; of X the identity
J — J and the first projections give a canonical morphism of coverings u : f*(#') — % over
f, so we get a commutative diagram:

Y, F) 1), F)

o
T T
FV)———— F(X

)

Going to the colimit over .#,", we get a morphism

FrH(Y)= lm B%.Z)- lm  H(f(%)7F)
% cOb((Hy )oP) Z€0b((Hy)P)
- lim HY(Z,.7) = FHX),
2 €0b((7x)°P)

This makes .#* into a presheaf on ¢. Also, the canonical maps .7 (X) — H°(2",.%) (for
2 a covering family of X') induce a morphism of presheaves 1o(F) : .% — Z*. Finally, the
formation of .% * is clearly functorial in .%, and it is easy to see that ¢ is actually a morphism of
functors.
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Lemma II1.2.2.7. (i). Let ¥ be a presheaf on ¢, [ : X — Y be a morphism of €
and u,v - X — % be a morphism of covering families above f. Then the maps
HU(@/ F) — N2, F) and v : QY% ,.F) — 02, F) are equal.

In particular, if X is an object of €, the functor & +—— H(Z,.F) on I factors
through (#Y)°P.

(ii). For every object X of €, the category (Z2)°P is filtrant.

Proof. (). Write &~ = (fi + Xi = X)ier, ¥ = (95 Y, — Yjes,
u = (Oé, (Uz : )V(Z — Ya(i))ié]) and v = (6, (Ui X, — Yﬁ(z))zé]) Let
s = (sj)jes € HY¥,.F). We want to show that, for every i € I, we have

u; (Sa@)) = U (Sp()). As the diagrams

Xz' L) Ya(z) Xz L Yﬁ(z)
le lgaﬁ) le lgﬁ(i)

commute by definition of a morphism of covering families, we have a unique morphism
h : X; — Ya4) Xy Yp) whose composition with the first (resp. second) projection p;
(resp. po) is equal to u; (resp. v;). So

i (Sa(i)) = h'pi(sam) = h'p3(spw) = vi (s50:))
(where p%(sq(i)) = P3(ssa:)) because s is in HO(%/, F)).

(i). Let 27 = (X; — X)icy and 27" = (X} — X);cs be two covering families of X.
We claim that the family 2™ = (X; xx X; — X)(j)erxs is covering and that it
has morphisms to both 2" and Z”. Indeed, by (CF1), for every i € I, the family
(Xi xx X} — Xj)jey is a covering family of X;. Then (CF2) implies that 2™ is a cover-
ing family of X. Moreover, we have a morphism 2" — 2" given by the first projection

I x J — I and by the first projections X; X x X — X;. We have a similar morphism
A A

]

Remark 11.2.2.8. As (£%)°P is a filtrant category, the set .Z 7 (X) is the set of families
(Si)ier € IZIO((XZ-)Z-e 1, %), for (X;);cr a covering family of X, modulo the following equivalence
relation : if 27 and .25 are covering families of X and s, € H°(.27,.%), s, € H°(23, %), then
s1 and sy are equivalent if and only if there exists a covering family 2" of X and morphisms
uy: X — A, uy 0 X — X (over idy) such that ui(s;) = uj(sy) in HO(Z", F).

Remark 111.2.2.9. Suppose that .# is a presheaf of left R-modules on %’. As the forgetful functor
rMod — Set commutes with filtrant colimits, we can form the presheaf X —— H°(X,.%) by
taking the colimits in the category plMod, and we will get the same result (up to unique isomor-
phism). Same remark for right R-modules. So .7 * is also a presheaf of R-modules, and in fact
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F — F* defines an endofunctor PSh(%’, R). Note also that the morphism ¢o(%) : F — F+
is a morphism of presheaves of R-modules, because it is defined using restriction maps for .%,
which are R-linear.

Proposition I11.2.2.10. Let .% be a presheaf on €.

(i).
(ii).
(iii).
(iv).
(v).
(vi).

The presheaf F* is separated.

If F is a separated presheaf, then 1o(.F ) : F — F 7 is injective.

If F is a separated presheaf, then F ™ is a shedaf.

The presheaf F 7 is a sheaf.

If F is a sheaf, then the morphism 1o(F) : F — F* is an isomorphism.

If 9 is a sheaf and v : F — 9 is a morphism of presheaves, then there exists a unique

morphism of presheaves u' : 1T — & such that u = u' o 1o(F ) 0 1o(F) :

F— 9

If moreover F is a presheaf of R-modules and ¢ is a sheaf of R-modules, then u is a
morphism of presheaves of R-modules if and only if u’ is.

In particular, the functor % +—— Z*1 can be seen as a functor from the category of
presheaves to the category of sheaves; this is called the shedfification functor and denote by
F — F0 1f we see F — .F°1 as an endofunctor PSh(%), we have a morphism of functors
v idpsnig) — ()" given by «(F) = 1o(FT) 0 1o(F). If .F is a presheaf of R-modules, then
t(.F) is clearly a morphism of presheaves of B-modules (see Remark [[I.2.2.9).

Proof.

(i). Let X be an object of € and 2"~ = (f; : Xi — X);es be a covering family.
Let s,t € F7(X) such that f*(s) = f*(t) for every i« € I. We choose a cover-
ing family # = (g; : Y; — X)jcs and elements (s;);cs, (t;)jes of HY(%,.F) rep-
resenting s and ¢. By Lemma [[II.2.2.7(ii), we may assume that there is a morphism
u=(a,(u;)): % — 2 in Fx. Let j € J. Then we have u; : Y; — X,;), and so the fact
that f(s) = f7(t) in Z 7 (X;) implies that s; and ¢; define the same element of .7 *(Y});
by Remark [[11.2.2.8] this means that there exists a covering family (h;i. : Zj, — Y))rex,
such that h}, g5 (s) = hj,g;(t) inin F (Z,,) for every k € J;. Consider the covering family
Z = (gjohjk: Zjr = X)jesney, (thisis covering by (CF2)). Then we have a morphism
v: ¥ — % (given by the hj;,), and the images of the families (s;) and (¢;) in H°(2, F)
are equal, so (s;) and (¢;) define the same element of .7 ™ (X).

(ii). This follows immediately from Remarks [[11.2.2.5|and [IT1.2.2.8]
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(iii).

@iv).
).
(vi).

92

Let X be an object of 2", 2 = (f; : X; — X)icsr be a covering family
and (s;) € [l;e;F"(Xi) such that p;,i(s;) = pi,;(s;) for all i,j € I, where
Diij + Xi Xx X; — X and p;,;; © X; Xxx X; — Xj are the projections. For every
i € I, choose a covering family 2; = (gi; : Xij — X;)jes, and an element (s;5)jer, of
H°(2;, .7) representing s;. Let # = (f; o Gij + Xij)iel jes;; this is a covering family by
(CF2). We claim that the family (s;;)ics je., is an element of HO(% | .%). Leti,i’ € I,
j € Jiand j' € Jy; we need to show that ¢;(s;;) = ¢;(sij») in F(X;; X x Xij), where
Q1 @ Xij Xxx Xyy — X5 and qp + Xj; xx Xy — Xy are the two projections. We
know that p; ;. (si) = pj v (s¢) in FF(X; xx Xy); as the morphism X5 x x Xy — X
factors through X; xx Xy — X (take the morphism X;; xx Xy — X; xx Xy in-
duced by (g;;, gij)), this implies that ¢j(s;;) and ¢}(s;;») define the same element of
F1(Xij xx Xijr), and, by (ii), we get that they are equal in .# (X;; X x Xyjr).

Now let s’ be the element of .Z#*(X) defined by the family (s;;)icsjes, € HY(#, F).
It remains to show that f/(s') = s; in F7(X;) for every i € I. Leti € I. Then
fr(si) € FT(X;) is represented by the family (s;;);es, € H(Z:, ), so it is equal to
Si.

This follows immediately from (i) and (iii).
This follows immediately from Remark
We have a commutative square

, T+

F
ul lu++

G —— G+t

where the horizontal morphisms are given by two applications of ¢y. By (v), the morphism
G — ¢*" is an isomorphism, so we get the desired v/ : F*T — ¥ by composing
the inverse of this isomorphism and u™*. As (o(4#) is a morphism of presheaves of
R-modules for every presheaf of R-modules 77, and as 5 —— " also induces an
endofunctor of PSh(%, R), we see that u is a morphism of presheaves of R-modules if u
is.

Suppose that we have another morphism of sheaves u” : ZF*t — & such that
u = u" o(FT)o(F). Let X be an object of ¥, let s € FTT(X). We want to
show that u/(s) = u”(s). By Remark (applied twice), we can find a covering
family (f; : X; — X);er and sections s; € % (X;) such that f(s) is equal to the image of
s; in F1T1(X;) for every i € I. By the condition on v’ and u”, we have, for every i € I,
fE W/ (s)) = u(s;) = ff(u"(s)). As ¥ is a sheaf, this implies that u/(s) = u”(s). The same
kind of proof shows that, if .% is a presheaf of R-modules, ¢ is a sheaf of R-modules and
' FTT — 4 is a morphism of presheaves of R-modules, then v : % — & also respects
the R-module structures on sections.
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III.2 Grothendieck pretopologies

Corollary IIL.2.2.11. The functor F —— " from PSh(€’) to Sh(¥) is right adjoint to the
inclusion Sh(%€) — PSh(%).

We have a similar result for presheaves of R-modules : the functor F +—— F" from
PSh(%, R) to Sh(€¢, R) is right adjoint to the inclusion Sh(¢', R) — PSh(%, R).

Proof. Let % be a presheaf on ¥ and ¢ be a sheaf on 4. We have a map
Homgp ) (F*", %) — Hompgy)(F, %) sending a morphism of sheaves f : .F* — ¢ to
fouF): F — 9. This clearly defines a morphism of functors (from PSh(%)°? x Sh(%) to
Set), and point (vi) of Proposition [III.2.2.10]says that it is an isomorphism.

The second sentence follows from the last part of Proposition [[IL.2.2.10(vi).
[

Example I11.2.2.12. If ¥ is any category and S is a set, the constant presheaf on ¢ with value
S is the functor €°® — Set sending any object to S and any morphism to idg. If (¢,.7) is a
site, the constant sheaf on ¢’z with value S, often denoted by S, or just S, is the sheafification
of the constant presheaf on ¢ with value S.

Corollary I11.2.2.13. The category Sh(%') has all % -small limits and colimits, the inclu-
sion functor Sh(€¢) — PSh(€) commutes with % -small limits, and the sheafification functor
PSh(%) — Sh(%) commutes with all % -small colimits and with finite limits.

We have similar results for presheaves and sheaves of R-modules.

Moreover, the forgetful functors PSh(%¢', R) — PSh(%) and Sh(€¢, R) — Sh(¥€’) commute
with limits and with filtrant colimits.

Proof. We prove the existence of limits and colimits (and the commutation properties of the in-
clusion and sheafification functors) for presheaves and sheaves of sets. The proofs for presheaves
and sheaves of R-modules are similar.

If .# is a presheaf, then .# is a sheaf if and only if, for every object X of 4 and every covering
family 2" of X, the canonical morphism . (X) — H°(%",.%) is an isomorphism. The functor
F —> I:IO(% ,F ) is constructed from functors that commute with limits (taken sections of .7
on objects of ¢, products, kernels), so it commutes with limits.

This shows that, if we have a functor « : .¢# — Sh(%), with .# a %/ -small category, then its
limit in the category of presheaves (that is, the limit of its composition with the inclusion functor
Sh(%) — PSh(%)) is a sheaf. So limits exist in Sh(%’), and the inclusion Sh(%) — PSh(%)
commutes with limits.

Now let « be a functor from .# to PSh(%’), and let # = hgq a. Then we have an isomorphism
of functors Sh(%) — Set:

Homgy)(F™, -) = Hompsye) (F, ) = lim  Hompsu)(a(i),-) = lim  Homgyee(a (i)™, ).
i€Ob(.7) i€Ob(.7)
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If each «(7) is a sheaf, that is, if « is actually a functor from .# to Sh(‘f) this shows that .7
is the colimit of this functor in (Sh(%’)). In general it shows that (.)*" commutes with colimits
(which would also follow from the fact that (.)*" is a left adjoint and Proposition L. | once we
know that colimits exist in Sh(%)).

We show that the sheafification functor commutes with finite limits. In fact, the functor
F +—— Z1 commutes with finite limits. Indeed, thanks to the way limits are calculate in
PSh(%) and Sh(%), it suffices to show that, for every X € Ob(%’), the functor PSh(%’) — Set,
F — HY(X,.Z) commutes with finite limits. We know that .# +—— H°(.2",.%) commutes
with %/ -small limits for every covering family 2" of X, and H°(X, ) is a filtrant colimit of
these functors, so the result follows from the fact that filtrant colimits commute with finite limits

(Proposition [[.5.6.4).

The fact that the forgetful functor PSh(%’, R) — PSh(%’) commutes with % -small limits
and 7% -small filtrant colimits follows from the way these limits and colimits are calculated
in categories of presheaves (Proposition [I.5.3.1) and from the fact that the forgetful functor
rMod — Set commutes with %/ -small limits and % -small filtrant colimits (Subsection[[.5.3.1]
and Corollary [.5.6.3). This implies immediately that the forgetful functor Sh(¢’, R) — Sh(%)
commutes with %/-small limits, and we get the commutation with %/-small filtrant colimits in
the same way, thanks to Remark [[11.2.2.9]

]

Corollary 1I1.2.2.14. The category Sh(%,R) is abelian, the inclusion functor
Sh(%, R) — PSh(¥, R) is left exact, and the shedfification functor PSh(%¢, R) — Sh(%) is

exact.

Proof. Everything follows immediately from Corollary except for the fact that the
canonical morphism Coim(f) — Im(f) is an isomorphism for every morphism f of Sh(%, R).
Let f : F — ¢ be a morphism of Sh(%’, R), and let f; be f, seen as a morphism in PSh(%’, R).
We have Ker(f) = Ker(fy), so Coim(f) = Coker(Ker(f) — .#) = Coim(fo)™. Similar,
Coker(f) = Coker(fy)*", so

Im(f) = Ker(4 — Coker(fy)™) = Ker(4*" — Coker(fy)™) = Im(fy)*",

by the exactness of the sheaﬁﬁcation functor. Let ug : Coim(fy) — Im(fy) be the canonical
morphism. Then u = u§* : Coim(f) — Im(f) makes the following diagram commute:

g1 g

s

Coim(fo) — Im( fy)
L(COim(fo))l l (Im(fo))

Coim(f) ——Im(f)
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so it is equal to the canonical morphism Coim(f) — Im(f). But ug is an isomorphism because
PSh(%, R) is an abelian category, so u is also an isomorphism.

]

Corollary II1.2.2.15. Suppose that € is a % -small category (and not just a % -category ).E] The
categories PSh(%, R) and Sh(¥, R) are Grothendieck abelian categories.

Proof. By the assumption on %, the categories PSh(%’, R) and Sh(%, R) are % -categories.
We already know that they have all %/-small colimits, and that %/-small filtrant colimits are
exact in PSh(%, R) (because of Proposition[[.5.3.1]and Corollary [.5.6.5)). Also, all colimits are
right exact in Sh(%, R) (because colimits commutes with colimits, see Subsection [[.5.4.1), so it
suffices to show that filtrant colimits are left exact in Sh(%’, R); but they are obtained by applying
the forgetful functor Sh(%’, R) — PSh(%, R), which is left exact, taking the filtrant colimits
in PSh(%’, R), which we have just seen is an exact operation, and applying the sheafification
functor, which is exact.

To finish the proof, we need to give generators of PSh(%,R) and Sh(%¢,R). Let
2 = Dxcone) RX), where R is the presheaf sending Y € Ob(%) to the free R-module
on Homg (Y, X). We saw in Example [I[1.3.1.2(4) that 2 is a projective generator of PSh(¢, R),
because, for every presheaf of R-modules .% of %, we have a canonical isomorphism

Hompshe,n)(2,.7) ~ [ Z(X).
XeOb(%)

So, if .7 is a sheaf of R-modules, we have a canonical isomorphism

Homgne p)(2",.7) ~ [ Z(X).
XeOb(%)

This shows that the functor HomSh(%R)(QSh, -) is conservative, so 2" is a generator of
Sh(%, R).[]

[]

.3 The Freyd-Mitchell embedding theorem

In this section, we put a lot of previous results together to prove the following theorem, know as
the Freyd-Mitchell embedding theorem.

Theorem I11.3.1. Let % be a universe and </ be a % -small abelian category. Then there exists a
ring R whose underlying set is an element of %/ and a fully faithul exact functor o/ — rpMody,.

SWe can always make this true by replacing % with a bigger universe.
®But it is not projective in general, because the functors Sh(%’, R) — gpMod, . —— % (X) are not exact.
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Proof. Let = Sh(an, Aby,) be the category of sheaves of abelian groups on <7 equipped
with its canonical topology (see problem[A.3.6). We know by question (c) of problem[A.3.1] that
the Yoneda functor A — Hom,, (-, A) factors through %, the Yoneda lemma (Theorem |[.3.2.2))
says that this functor is fully faithul, and we know by problem that this functor is exact.
So we get an exact and fully faithful functor h : &7 — 2.

Next, Corollary implies that % is a Grothendieck abelian category, so it has an
injective cogenerator by Corollary We also know that % has all %/ -small limits by
Corollary So the opposite category Z°P (which is also abelian) has all % -small limits
and a projective generator. By problem d) and the fact that h(<7) is % -small, there exists a
fully faithful exact functor h(.%7)°® — Modg = geeMod, where S is the ring of endomorphisms
of an object of Z°P; in particular, the underlying set of S is an element of %/. So we get a fully
faithful exact functor &/°? — pMod, where R = S°P.

Applying this construction to the %/ -small abelian category .o/ °P, we get the desired result.
[]
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IV.1 Complexes in additive categories

IV.1.1 Definitions

Let ¥ be an additive category. (For many of the definitions, we only need % to be preadditive.)

Definition IV.1.1.1. A a functor from Z to % is also called a differential object in . We usually
denote it by (X*®,d%), where X" € Ob(%) is the image of n € Z and d% : X" — X"t
is the image of the unique morphism n — n + 1 of Z. (We can deduce the images of all the
other morphisms from this information.) The morphisms d’ are called the differentials of the
differential object; sometimes we just write X *® if the differential are clear from the context.

A differential object (X, d%) is called a complex (or cohomological complex, or cochain
complex) of objects of € if dy' o d% = 0 for every n € Z.

The category Func(Z, %) is additive, and complexes form a full additive subcategory of
Func(Z, €), that we denote by C(%).

Remark 1V.1.1.2. Homological complexes (or chain complexes) of objects of ¢ are defined sim-
ilarly, using contravariant functors Z — ¢. As 7Z ~ 7Z°P, we get an isomorphic category, and the
choice between cohomological and homological complex is mostly a matter of taste and habit.
We will stick to cohomological complexes in these notes and just call them complexes.

If X : Z*> — € is a functor, we can similarly write X as a triple (X™™, d\"Y', dy\ )n.mez.
where X™™ = X((n,m)) is an object of € and dy’y’ : X™™ — X"hm di o X are
morphisms such that, for all n, m € Z, the following diagram commutes:

amm
X nm Lx xntlm

n,m n,m+1
dQ,XJ/ J/dQ,X

Xn,m+1 Xn+1,m+1
i

Definition IV.1.1.3. We say that a functor (X", d}"Y, dy’\')n.mez from Z? to € is a double
complex if, for all n, m € Z, we have dg‘:;?“ o d;;? =0 and d’f}l’m o d’f;{” =0.

Double complexes form a full additive subcategory of Func(Z?, €), that we denote by C?(%).
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We have two isomorphisms of categories Fy, Fir : C*(¢) — C(C(%)) that send a double
complex X to the complex whose objects are the rows (resp. the columns) of X.

Definition IV.1.1.4. We say that a complex (X°, d%) is bounded above (resp. bounded below,
resp. bounded) if X™ = 0 forn >> 0 (resp. n << 0, resp. |n| >> 0).

We denote by CT (%) (resp. C~ (%), resp. C*(%)) the full additive subcategory of C(%’) whose
objects are bounded below complexes (resp. bounded above complexes, resp. bounded com-
plexes).

More generally, we say that a complex X is concentrated in degrees betwen a and b if X" = 0
for n ¢ [a, b], and we denote by Cl*Y(%) the full subcategory of these complexes. We also write
CZ%(%) and C=Y(%) for Cl*T>|(¥’) and CI=(¥).

Remark IV.1.1.5. There is a fully faithful additive functor 4 — C(%) sending A € Ob(%’) to
the complex (X*, d%) defined by X° = A, X" = 0 for n # 0 and d% = 0 for every n € Z. We
often use this to identity % to a full subcategory of C(%) (that we call the category of complexes
concentrated in degree 0).

We define two basic operations on complexes: the shift and the mapping cone.

Definition IV.1.1.6. Let X = (X*,d%) be a complex and n € Z. We define a complex X [n] by

- (X[n])F = Xt
- dyp = (1) -

If f : X — Y is a morphism of complexes, we define f[n| : X[n] — Y][n] by
()" = 4% (XTal)t = X7 > (VIal)* = Y5

We get an endofunctor X — X [n] of the category C(%’), which is an automorphism with in-
verse X — X [—n]. Note that this functor preserves the subcategories C*(%), for x € {+, —, b}.

Definition IV.1.1.7. Let f : X — Y be a morphism of C(%). The mapping cone of f is the
differential object Mc( f) defined by :

M) = (X[ @Y™ = X oy

o A 0 _ (—dx™" 0 .
Mec(f) fn+1 d? fn+1 d?/

It is easy to check that Mc(f) is actually a complex. ~We have two morphisms

of) Y — Me(f) and B(f) : Me(f) — X][1] defined by a(f)" — (id?m) and
B = (ian+1 O).
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Note that 3(f) o a(f) = 0, and that all the constructions of the definition are functorial in f;
that is, if we have a commutative diagram

Xli)Yi

o]

X2—>Yé
P

in C(¥), then we get a morphism Mc(g,h) : Mec(f;
w_ (90 . g[1]
Mc(g, h)" = 0 A (or, in other words, Mc(g, h) = 0

diagram commutes:

) —  Mc(fs2), given by
0 ), such that the following

}/1 a(f1) MC<f1> B(f1) Xl[l]

hl MC(g,h)l 9[1@

Yy Melfa) 59 Xoll]

Remark 1V.1.1.8. Although Mc(f)" = X[1]* @ Y™ for every n € Z, we don’t have
Mc(f) ~ X[1] @Y in C(%) in general. For example, if f = idx, then Mc(f) is homotopic
to 0, and X & X [1] might not be (just take X nonzero and concentrated in degre 0).

Remark TV.1.1.9. If X and Y are in C*(%) (with * € {+, —, b}), then the mapping cone of any
morphism X — Y is also in C*(%).

IV.1.2 Homotopy

Definition IV.1.2.1.  (i). Two morphisms f,g : X — Y in C(%) are called homotopic if there
exist morphism s" : X" — Y"1 for every n € Z, such that

fn . gn — Sn—l—l OdSL( 4 d;—l o s™.
The maps s™ are shown on the following non-commutative diagram:

m—1 n
Xn—l dx Xn % Xn+1

At

Yn—l — yn - Yn+1
dy— Y

The family (s™) is called a homotopy between f and g.

(ii). A complex X € Ob(C(%)) is called homotopic to 0 if id x is homotopic to 0.

(iii). We say that a morphism f : X — Y in C(%) is a homotopy equivalence if there exists
g 1Y — X such that g o f is homotopic to idx and f o g is homotopic to idy-.
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Example 1V.1.2.2. If <7 is an abelian category and 0 -+ A — B — C' — 0 is a short exact
sequence of objects of .27 seen as a complex (for example with A in degree 0, it doesn’t matter),
then this complex is homotopic to O if and only if the short exact sequence is split. Indeed, the
existence of the homotopy is exactly condition (d) of Proposition|I[[.2.1.11

Definition IV.1.2.3. Forall X,Y € C(%). We denote by Ht(X,Y') the set of morphisms X — Y
that are homotopic to 0.

The following lemma follows immediately from the definition.

Lemma IV.1.24. (i). For all X,Y € Ob(C(%¥)), the set Ht(X,Y) is a subgroup of
Homc(gg) (X, Y)

(ii). Let f : X' — X and g : Y — Y’ be morphisms in C(€¢). If u : X — Y is homotopic
t0 0, so are u o f and g o u. More precisely, if (s") is a homotopy between u and 0, then
(s™ o f™) (resp. (g™ o s™)) is a homotopy between u o f (resp. g o u) and 0.

IV.1.3 Quotient of preadditive categories

The construction in this subsection is a generalization of the construction of the quotient of a ring
by a two-sided ideal.

Let & be a preadditive category.

Definition IV.1.3.1. An ideal .¥ in 2 is the data, for all objects A, B € Ob(2), of a subgroup
I4 p of Homg (A, B), such that the following condition hold : for all morphisms f : A" — A
andg: B — B'in Z and forevery u € I, g, wehaveuo f € [y pand gou € I4 pr.

The quotient of & by the ideal . is the preadditive category & /. given by :
- Ob(2/.7) = Ob(2);
- forall A, B € Ob(2), Homgy, (A, B) = Homg(A, B)/14,5;
- the composition law is induced by that of .

The functor ¥ — 2/.# that is the identity on objects and the quotient map on morphisms is
called the canonical quotient functor. It is an additive functor.

The condition in the definition of an ideal is exactly what we needed to ensure that the com-
position law of & would go to the quotient and define a bilinear composition law in /.7

The quotient category has the following obvious universal property: for every additive functor
F : 92 — ' into another preadditive category, if F'(f) = 0 for every f € 14 p, then there exists
a unique functor F' : /. — 2’ such that ' = F o q, where q is the canonical quotient functor;
this functor F is automatically additive.
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Lemma IV.1.3.2. If & is an additive category, then its quotient by an ideal is also an additive
category.

Proof. This follows easily from Proposition [II.1.1.6, Indeed, if A;,..., A, are objects of Z,
then their product satisfy condition (iii) of that proposition, and then the image of this product in
the quotient category also satisfies condition (iii).

O

IV.1.4 The homotopy category

We come back to complexes. Let ¢ be an additive category.

Definition IV.1.4.1. Let x € {&, +, — b}. Then the subsets Ht(X,Y') define an ideal in C*(%’)
by Lemma|IV.1.2.4, We denote the quotient category by K *(%) and call it the homotopy category
of C*(%). It is an additive category.

If + € {+, —, b}, we have an obvious functor K*(%¢) — K (%), which is fully faithful.
Remark 1V.1.4.2. Composing the fully faithful functor additive ¢ — C(¢’) of Remark [[V.1.1.5]
with the quotient functor C(¢") — K (%), we get a fully faithful additive functor ¢ — K(%).

Remark IV.1.4.3. A complex X in C(%) is homotopic to 0 if and only if its image in K (%) is
isomorphic to 0, and a morphism of C(%’) is a homotopy equivalence if and only if its image in
K (%) is an isomorphism.

Remark IV.1.4.4. The shift endofunctors [p] of C(%¢) (for p € Z) defines an endofunctor of
K (%), that we will still denote by [p].

Remark 1V.1.4.5. Let F' : € — %’ be an additive functor. It induces an additive functor
C(¢) — C(¥") that we will denote by F. If f,g : X — Y are homotopic morphisms in
C(%), then F(f) and F(g) are homotopic morphisms in C(%”) (indeed, if (s") is a homotopy
between f and g, then (F'(s")) is a homotopy betweem F'(f) and F'(g)). So we get a functor
K(F): K(¢) — K(¢").

IV.1.5 The case of abelian categories
Let .o be an abelian category. Then the category Func(Z, <7) of differential objects of <7 is an

abelian subcategory, and so are its full subcategories C (<), C* (<), C~ (/) and C°(«/) (because
they are stable by kernels and cokernels in Func(Z, <7)).

Cohomology

Definition IV.1.5.1. Let n € Z. We define additive functors Z", B"H" : C(«/) — & in the
following way:
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(1) If X is a complex of objects of .o/, we set
Z"(X) = Ker(dy) Cc X",

B"(X) =Im(d5") € Z"(X),
H"(X) = Z"(X)/B"(X).

(2) If f : X — Y is a morphism of complexes, then f"™! o d% = d% o f", so f" in-
duces a morphism from Z"(X) to Z™(Y'), and we take Z"( f) to be this morphism. Also,
frodyt =dyto it so fA(Im(dy ")) C Im(dy!), and we take B"(f) to be the
morphism induced by f™. Finally, we take H"(f) to be the morphism H"(X) — H"(Y")
induced by Z™(f).

The object H"(X) is called the nth cohomology object of the complex X.

Remark 1IV.1.5.2. If p € Z, we have Z"(X[p]) = Z"P(X), B"(X[p]) = B""?(X) and
H"(X[p]) = H"™P(X).

Proposition IV.1.5.3. Let f, g : X — Y be two morphisms in C(</). If f and g are homotopic,
then H"(f) = H"(g) for every n € Z.

In other words, the functor H" : C(</) — &/ factor through functors K (<) — <7, that we
will still denote by H™.

Proof. Let (s"),cz be an homotopy between f and ¢g. Let n € Z. We have
fr—g" = s"ody +dy os, so the restriction of f* — g™ to Z™(X) is equal to the restriction
of di ! o s™. As the composition of the morphism Z"(X) — Z™(Y) induced by d~ ' o s™ with
the quotient morphism Z"(Y') — H"™(Y") is zero, we get that H*(f) = H"(g).

]

Definition IV.1.54. Let f : X — Y be a morphism of C(«/). We say that f is a quasi-
isomorphism (qis for short) if H"(f) is an isomorphism for every n € Z.

If there exists a third complex Z and quasi-isomorphisms Z — X and Z — Y, we say that X
and Y are quasi—isomorphic[]

Remark IV.1.5.5. A complex X is quasi-isomorphic to 0 if and only H"(X) = 0 forevery n € Z;
if this holds, we say that the complex X is exact or acyclic. This generalizes Definition|lI.2.1.8

Note that a complex that is homotopic to 0 is quasi-isomorphic to 0, but that the converse is
not true. For example, if X is the complex 0 - A — B — C — 0 (concentrated in degrees
0,1,2), then X is quasi-isomorphic to 0 if and only if it is an exact sequence, and homotopic to
0 if and only if this exact sequence is split.

'We will see later (add reference) why we are taking this slightly strange definition.
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In fact, the property for complexes of being homotopic to 0 is preserved if we apply an additive
functor, but not the property of being quasi-isomorphic to 0. This is a generalization of Remark
[1.2.1.14] and is the reason we have derived functors.

Remark IV.1.5.6. If X and Y are quasi-isomorphic complexes, then H"(X') ~ H"(Y") for every
n € Z. The converse is absolutely not true.

IV.1.6 Total complex of a double complex

Let % be an additive category.

Definition IV.1.6.1. Let X = (X™"™, dy", d5"\ )nmez be a double complex of objects of € (see
Definition [[V.1.1.3)). We suppose that all (small) coproducts exist in ¢ or that, for every n € Z,
the set of p € Z such that XP"P = () is finite.

The total complex of X is the complex Tot(X') such that, for every n € Z:
(@) Tot(X)" = P,cp X7

(b) difyy(x) is equal on the component X7~ to d" " + (—1)Pdy" "
For every n € 7Z, the morphism d%jtl( x)© d’%ot( x) on the component XP1=P of Tot(X)™ is equal
to:
gy © (A7 " + (=1)Pd5 ™)
+1,n— n— +1,n— n— n—p+1 n— n—p+1 n—
= dllj,X Po d]f,X P (_1)p+1d§,x Podi™ P + (_1)2pd§,x o dg,X g (_1)pd113,x "o dg,x P
= (PR o T + T o i)

=0.

This shows that Tot(X) is a complex.

Remark IV.1.6.2. Suppose that F' : € x €' — Z is an additive bifunctor. Then F' defines a func-
tor F : C(¢) x C(¢') — C*(2) in the following way: if X € Ob(C(%)) and Y € Ob(C(2)),

then F(X,Y)"" = F(X",Y™), d\'} v vy = F(d, idy+) and dy' ) = F(idye, d3).

Example IV.1.6.3. (1) Take ¥ = Modg, ¢’ = pMod and F = () ® (1) : € x €' — Ab.
If X and Y are objects of C(Modg) and C(grkMod) respectively, we write X ® Y for the
double complex F(X,Y).

(2) Let F = Homg(+,-) : €°°P x € — Ab, where we see the factor % as the first variable. We
denote by Hom$* the resulting functor from C(€°?) x C(%) to C*(¥).

A complex of objects of €°P is a family (X "),z of objects of ¢ together with morphisms
d% . X" — X" such that d% ' o d% = 0 for every n € Z. We get a complex Y of

2See problem set 5 or 6.
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objects of ¢ by setting Y™ = X ™ and d} = (—1)"dy""". This defines an isomorphism
of categories C(€°P) = C(%), so we can see Hom$* as a functor from C(¢) x C(€) to
C*(?).
With this convention (and with the convention about the covariant variable being the first
one), for all X, Y € Ob(C(%¥)), we have
Hom?*(X,Y)™™ = Homg (X ™, Y"),
the first differential is d"" = Home(idx-m,d}y), and the second differential is
dy™ = Homeg ((—1)™d™ 1, idyn).
Definition IV.1.6.4. If X € Ob(C" (%)) and Y € Ob(C (%)), we set
Homg (X, Y) = Tot(Homg* (X,Y)).

The total complex exists because, if n € Z, then X? = 0 for p >> 0 and Y"? = 0 for
p << 0, so Homg (X?, Y™ P) is nonzero for only a finite number of p € Z.

By definition of the total complex (and using the convention of Example|IV.1.6.3(2)), we have
Hom (X, Y)" = @5 Home (XP, Y™P),
PEZL
and the differential d* :  Homgy) (X,Y)"  —  Homg (X, Y)”JF'1 sends
f=20en I € @y Homg (XP, Y™ P) t0 37 9P € D,y Home (XP, Y H1HP), with
g' = dy' o fr 4 (1) o dl
Proposition IV.1.6.5. If X € Ob(CT (%)) andY € Ob(C~(¥)), we have
ZO(Homc(g) (X,Y)) = Home) (X, Y),
B°(Home (X, Y)) = Ht(X,Y)

and
H(Home ) (X,Y)) = Homg ) (X, Y).

Proof. We have Home (X, Y)? = @, ., Homg (X", Y"). As X" = 0forn << 0andY" =0
for n >> 0, a morphism f : X — Y must have f* = 0 for |[n| >> 0, so we have a natural
inclusion Home4)(X,Y) € Homp) (X, Y)°. If f =37 ) f* € Home (X, Y)", then d°(f)
is the element >~ _, ¢" € @, ., Homy (X", Y1) given by g" = df o f* — f**1 o d%. So
d’(f) = 0if and only if d} o f* = f™*! o d% for every n € Z, that is, if and only if f is a
morphism of complexes.

Let ZneZ s" € @nEZ HOIH(@”(X”? Yn—l) = I—IO—mC(%) (X7 Y)_l' Then d_l(sn) = ZnEZ gn’
with g" = df o s" + s""tod% : X™ — Y™ So f isin the image of d~! if and only if it is
homotopic to 0.

The last statement follows immediately from the definition of the homotopy category.
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IV.2 Diagram chasing lemmas
IV.2 Diagram chasing lemmas

We fix an abelian category 7.

IV.2.1 The salamander lemma
The main reference for the material in this subsection is Bergman’s article [2]. Anton
Geraschenko’s exposition in [3] is also a good source.

Consider a double complex in .«/. We concentrate on what happens around one of the ob-
jects of this double complex and give names to this object and the morphisms having it as a
source or target (the diagonal morphisms are by definition the composition of both sides of the
corresponding squares, which are equal):

We set:
o _A = Kerb/Ima (the horizontal cohomology);
o Al =Kerd / Im ¢ (the vertical cohomology);
e An = Ker f/(Ima + Im¢) (the donor);
e “A = (KerbnKerd)/Ime (the receptor).

Lemma IV.2.1.1. We have four canonical morphisms induced by id 4, called intramural mor-
phisms and forming a commutative square

04— Al

|

:A—>A[|

If B is the target of the morphism b or d, we also have a canonical morphism, called an
extramural morphism, from Ag to ©B.

All these morphisms are natural in the double complex.

Proof. The naturality will be clear on the construction (all the morphisms are induced from
identity morphisms or from a differntial of the complex).
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The first intramural morphism is induced by the inclusion Kerb N Kerd C Kerd (and the
fact that Ime C Imc), the second from the inclusion Kerd C Ker f, the third from the inclu-
sion Kerb N Kerd C Kerd (and the fact that Ime C Ima) and the fourth from the inclusion
Kerb C Ker f.

For the extramural morphism, we treat the case where B is the target of b (the other case is
similar). We give names to a few more morphisms:

R
A

a

dl bj .

We have Ag = Ker f/(Ima + Imc) and "B = (Keru N Kerv)/Imw. We have

b(Ker f) C Keru because uw o b = 0, and b(Ker f) C Kerv because f = v o b. Also,
b(Ima+Imc) =Im(boa)+Im(boc) =Im(boc) = Im(w) (because boa = 0 and bo ¢ = w).
So b induces a morphism (5A) — B.

O
Remark IV.2.1.2. Suppose that the double complex locally looks like:
h
®e——— 0
N
AN b
o2 A" e
hNE
d T
|
[ ] —) o
If d and u are injective, then Al =54 = 0and _A — Ay is an isomorphism, because

Ker f = Kerband Ima + Imc = Ima (as Imc C Kerd = 0) If b and v are injective, then
_A=YA=0and Al - Agisan isomorphism, because Ker f = Kerdand Ima+Imc = Imc
(as Ima C Kerb = 0).

Dually: If ¢ and ¢ are surjective, then Al = A5 = A and _A — PA is an isomorphism,
because Kerb N Kerd = Kerb (as Kerd D Imc¢ = A) and Im(e) = Im(a o g) = Im(a) (as g
is surjective). If a and h are surjective, then —_A = A = A and Al — P A is an isomorphism,
because Ker b N Kerd = Kerd (as Kerb D Ima = A) and Im(e) = Im(co h) = Im(c) (as h is
surjective).

The salamander lemma is the following theorem.

Theorem 1V.2.1.3. We fix a double complex X of objects of <7 .
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(i). If we have a fragment of X of the following form

C
A——B
D
then we get a six-term exact sequence called the salamander sequence

cp W _A@ A, ¥ogpY _plop

where (1) is the composition of the extramural morphism Co — S A and of the intramural
morphism YA — _A, (2) is an intramural morphism, (3) is an extramural morphism,
(4) is an intramural morphisms, and (5) is the composition of the intramural morphism
_B — Bn and of the extramural morphism Bn — S D.

(ii). If we have a fragment of X of the following form

C——A

|

B——D

then we get a six-term exact sequence called the salamander sequence
O WAl 4y oW I ®op

where (1) is the composition of the extramural morphism Co — S A and of the intramural
morphism ®A — Al (2) is an intramural morphism, (3) is an extramural morphism,
(4) is an intramural morphisms, and (5) is the composition of the intramural morphism
B! = By and of the extramural morphism B, — P D.

Proof. See Problem|A.6.1

]

Corollary IV.2.1.4. We fix a double complex X of objects of <f. If we have a fragment of X of
the following form

T

A

—

O+—w
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with the row containing A and B exact at A and B, or of the following form:

C——A

|

B——D

with the column containing A and B exact at A and B, then the extramural morphism Aq — B
is an isomorphism.

Proof. We prove the first case, the second is similar. The hypothesis says that —_A = 0 and
—B =0, so the result follows immediately from the salamander sequence.

]

IV.2.2 Some applications

In this section, we will apply the salamander lemma to finite diagrams drawn on a square grid.
We will always assume that these diagrams have been completed to double complexes by adding
zero objects in all the positions that don’t appear explicitely.

The four lemma

Corollary IV.2.2.1. Consider a commutative diagram with exact rows in </ :

Suppose that u is surjective and t is injective.
Then:
(i). f(Kerv) = Kerw;
(ii). Imv = g~ (Imw).
In particular:
(a) If v is injective, then w is also injective.

(b) If w is surjective, then v is also surjective.
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Proof. We complete the diagram to a double complex where the columns and the middle two
rows are exact:

A B I _c— " .p Coker h
u v w t
Ker k A’ p B’ 7 C’ D’

0 ——— Coker v —— Coker w —— Coker t

0 0

Point (i) says that _(Ker(w)) = 0. By Remark [V.2.1.2] the intramural morphism
—(Kerw) — (Kerw)g is an isomorphism. By Corollary [[V.2.1.4|and the exactness properties of
the diagram, we have isomorphisms (Ker w)g ~2C ~ By ~ "B’ ~ A, ~ "0 = 0.

Point (ii) says that _(Cokerv) = 0. The intramural morphism _(Cokerv) — Y(Cokerv)
is clearly an isomorphism, and Corollary [V2.14] gives isomorphisms
H(Cokerv) ~ B ~"C" ~ Cq ~"D ~ 05 = 0.

O

As an immediate corollary, we get the five lemma:

Corollary IV.2.2.2. Consider a commutative diagram with exact rows in </ :

A—sB——C——D——FE
I
A—B ——C' —D ——FE

If a is surjective, b and d are isomorphisms and e is injective, then c is an isomorphism.

The snake lemma

Corollary 1V.2.2.3. Suppose that we have a commutative diagram with exact rows:

A B C 0

|

0 A B’ C’
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Then we get an exact sequence, functorial in the diagram:

Ker f — Kerg — Kerh 2 Coker f — Coker g — Coker h,

where the morphisms between the kernels are induced by the morphisms A — B and B — C,
and the morphisms between the cokernels are induced by the morphisms A’ — B, B' — C".

Moreover, if A — B is injective (resp. if B' — C' is surjective), then so is Ker f — kerg
(resp. Coker g — Coker h).

The morphism ¢ is sometimes called the connecting morphism.

Proof. We complete the diagram to a double complex

0 0 0
Ker f Kerg Ker h
Keru A = B u C 0
T T T
0 A—r g L Coker v/
Coker f —— Coker g —— Coker h

0 0 0

where the new morphisms are the obvious ones, and where the columns are the two middle rows
are exact.

It is easy to see that _(Kerg) = 0 and _(Cokerg) = 0: By Remark
we have _(Kerg) = (Kerg)n, and Corollary gives isomor-
phisms (Kerg)y =~ "B =~ Ay =~ U540 = O Similarly, Remark
[V.2.1.2| gives _(Cokerg) = U(Cokerg), and Corollary gives isomorphisms

H(Coker g) ~ BL ~BC" ~ Oy ~ 20 = 0.

The last sentence of the statement also is easy to prove: if u is injective, so is its restriction
to Ker f, and if v’ is surjective, so is the morphism Coker g — Coker h that it induces (because
C" — Coker h is surjective).

We must now construct the connecting morphism ¢ : Ker A — Coker f, functorially in the
double complex above, such that the sequence of the statement is exact. This means that we
must construct an isomorphism Coker(Ker g — Ker h) — Ker(Coker f — Coker g). Note that
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Coker(Ker g — Ker h) = Ker hg and Ker(Coker f — Coker g) = " Coker f. The corollary of
the salamder lemme (Corollary [IV.2.1.4)) gives extramural isomorphisms

Ker hD

|

BD%DC

|

A/D ~ DB/

|

Y Coker f

and we get the morphism ¢ by composing these isomorphisms.

The oo x oo lemma

This is a generalization of the 3 x 3 lemma (which we will get as an immediate corollary).

Corollary 1V.2.2.4. Suppose that we have a double complex X = (X™™ d{"™, dy™) such that
X" =0ifn<0orm <O0:

Suppose also that all the rows and columns in the diagram above are exact except maybe for the
Sirst row and the first column; that is, assume that the complex (X i A ) ez is exact for every
i > 1, and that the complex (X", dy" ) ez is exact for every i > 1.

Then the complexes (X0, d}"*)nez and (X", d5™) ez have canonically isomorphic coho-
mologies. That is, we have canonical isomorphisms _(X™°) ~ (X" for every n € Z. In
particular, the first row of the diagram is exact if and only if its first column is exact.
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Proof. As the morphisms X'? — X! and X%' — X! are injective, the intramural mor-
phisms _(X%%) — (X%9)5 and (X*0)l — (X00)5 are isomorphisms, so we get an isomorphism
_(XO00) ~ (X000,

~

Let n > 1. By Remark|[V.2.1.2, we have intramural isomorphisms _(X™?) = (X™%)5 and
(XOmIE 5 (X%, Also, by Corollary|IV.2.1 .4|, we get a sequence of extramural isomorphisms:

(Xn,O)D ~ D(Xn’l) ~ (anl,l)D ~ D(Xn71,2> ~ o~ (Xl,nfl)D ~ D(Xl,n) ~ (XO’")D.

So we get an isomorphism _(X™?) ~ (X0l

Here is the n = 2 case:

(X29)5
|
(X1 — O(X21
|
(X02)g - 8(Xx12)

We give a version of the 3 x 3 lemma as a corollary (there are several versions, all follow
immediately from the co x oo lemma).

Corollary IV.2.2.5. Consider a commutative diagram:

0 0 0
0 A B C 0
0 A B’ c’ 0
0 A// B// C// O
0 0 0

If all three columns and the last two rows are exact, then the first row is also exact.
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The long exact sequence of cohomology

Corollary 1V.2.2.6. Let 0 — X LY % 7 = 0 be a short exact sequence of complexes
of objects of </. Then we get a canonical long exact sequence in </ (functorial in the exact
sequence of complexes):

on—1 gn+1

n n n n+1 n+1
S o0 MY mr () Y B (2) S e () DY mer(v) TR gy 05
The morphisms 6" : H*(Z) — H"™!(X) are called connecting morphisms.

Proof. We complete the exact sequence of complexes to a double complex with exact rows (of
which we only show a slice):

0 Xt y» 1l ——7nt 50
0—— X" yr Z"——0
0 Xxntt yntt —— Zntl 50
0 Xnt2 ynt? — 72 50

We want to show that there is an exact sequence
(Xn>|| — (Yn)ll N (Zn)H N (Xn—i-l)H N (Yn—i-l)H N (Zn+1>||

(we get the exact sequence of the statement by putting all these together).

The salamander sequence centered at Y — Y™ ! gives an exact sequence
(Xn)D N (Yn)H N (Yn)EI N D(Yn-H) _) (Yn+1)|| - D(Z"+1).

Using Remark [[V.2.1.2| and Corollary [[V.2.1.4, we get isomorphisms (X")g =~ (X™)I,

~

(Y™M)e & B(zm) ~ (Zz), (Xxm )l ~ (X"H)g 5 By ) and P(XHY) ~ (27t Us-
ing these and the salamander sequence, we get the desired exact sequence. (The morphisms are
the correct ones, because intramural morphisms are always induced by identity morphisms and
extramural morphisms by the morphisms of the double complex.)

]

Corollary 1V.2.2.7. Let 0 — X Ly % 7 = 0 be a short exact sequence of complexes of
objects of <. If two of the complexes X, Y and Z are acyclic, then so is the third.
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Proof. Indeed, if two of the three complexes are acyclic, then, in the long exact sequence of
cohomology, two out of three of the entries will be zero, which forces the other entries to be zero
too.

]

Corollary 1V.2.2.8. Let f : X — Y be a morphism of complexes of objects of <. Then the

sequence (*) 0 — Y ag) Mec(f) 5E>) X[1] — 0 is exact, so we get a long exact sequence:

= H Y (Me(f) — HY(X) 5 H (V) — HM(Mc(f)) — ...

Proof. In degree n, the sequence (*) is the sequence
0—=Y" =Y @ X" - X" 50

which is exact and even split. (Note however that (*) is not split as a sequence of complexes.)
So Corollary gives a long exact sequence of cohomology objects, and we just need to
check that the connecting morphism 6" : H*}(X[1]) = H*(X) — H"(Y) is equal to f™ for
every n € Z. By the construction of the long exact sequence in the proof of Corollary
this morphism is the composition of the following sequence of morphisms

(X DX (M) o~ DMe(f)) 2 (V) e ()|

Morphism (1) is induced by the identity of X", morphism (2) by the morphism

Mc(f)"' = X" @ Y"! — X" with matrix (idx» 0), morphism (3) by the mor-
_dn+1

X

fTL

Y™ — Mc(f)" = X" @ Y™ with matrix <i dO ) and morphism (5) by the identity of Y. So
Yn

phism Mc(f)"™' — Mec(f)™ with matrix ( d,?_l) , morphism (4) by the morphism
Y

the composition is induced by f".

]

IV.3 Derived functors

We fix an abelian category 7.

IV.3.1 Resolutions

Definition IV.3.1.1. Let .# be a full additive subcategory of 7.
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1V.3 Derived functors

(1). A right . -resolution of an object A of .# is an exact complex
0—A—By— B, —By— ...

such that B,, € Ob(.#) for every n € N.

(ii). A left .7 -resolution of an object A of .# is an exact complex
. —>By— B —+By—A—0

such that B,, € Ob(.#) for every n € N.

If .7 is the category of injective (resp. projective) objects of o7, the a right (resp. left) .-
resolution of A € Ob(&7) is also called an injective resolution (resp. projective resolution) of A.

If ./ = o7, we just talk about right and left resolutions of objects of .o7.

Lemma IV.3.1.2. Let .7 be a full additive subcategory of <7 .
(i). The following are equivalent:
(a) Every object of </ has a right . -resolution.

(b) For every object A of </, there exists an injective morphism A — B with
B € Ob(#).

(ii). The following are equivalent:
(a) Every object of </ has a left .9 -resolution.
(b) For every object A of <f, there exists an surjective morphism B — A with
B € Ob(#).
Proof. Tt suffices to prove (i). If (a) holds, let A € Ob(«7), andlet0 - A — By — B; — ...
be a right .#-reolution of A; then A — By is injective and By € Ob(.¥).

Conversely, suppose that (b) holds, and let A be an object of o/. We choose an injective
morphism fy : Ay = A — By with By € Ob(.#). We construct by induction on n > 0 a
sequence of injective morphisms f,, : A,, — B, with B,, € Ob(.#) such that A,, = Coker(f,_1)
for n > 1 in the following way:

(1) We already have f, : Ag — By.

(2) If n > 1 and we have constructed f,,_1, let A,, = Coker(f,_1), and let f,, : A, — B, be
an injective morphism with B,, € Ob(.%).

We define d" : B,, — B4 as the composition of the cokernel morphism B,, — A, 1 and of
foi1: Apsr — Bpii. Then0 — A — By d—0> B 4 lisa right .7 -resolution of A.

]
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Remark 1V.3.1.3. If o/ is a Grothendieck abelian category, then, if we use the functorial injective
embedding of Theorem[[.3.2.4] the proof of Lemma will give a functorial injective reso-
lution of objects of <. This is nice, although it is very useful to know that the later constructions
will not depend on the injective resolution, because all injective resolutions of the same object
are isomorphic in the homotopy category K+ (%) (see Corollary [[V.3.2.2).

Corollary IV.3.1.4. If o7 has enough injectives (resp. enough projectives), then every object of
</ has an injective (resp. projective) resolution.

We can actually construct injective resolutions of any bounded below complex (if .7 has
enough injective objects), see Lemma[[V.4.1.9)and Corollary

Proposition IV.3.1.5 (The horseshoe lemma). Let 0 — A — B — C' — 0 be short exact
sequence in <f, and let A — I° an injective resolution of A and C' — J*® be a right resolution
of C. Then there exist morphisms d~' : B — I°® J% and d" : I" & J* — "1 ¢ Jo
for n € N, such that, if K®* = (I" & J",d")p>0 and if i : [* — K* andp : K* — J*

are the morphism of complexes such that i" : I" — [" & J" is the morphism (1d01 ) and

-1
p" 1" & J" — J" is the morphism (O idJn), then B> K* is an injective resolution of B

and 0 — I* 2 K* 2 J* = 0 is a short exact sequence in C(<f).

in

Proof. We know that 0 — " — K" =1"® J" Py J" = 0 is a short exact sequence for every
n € N (it is even split). So we just need to construct morphisms d~! : K~ := B — K and
d": K™ — K™ such that (K™, d"),>¢ is a complex and an injective resolution of B, and such
that ¢ and p are morphisms of complexes. To harmonize the notation, we denote the morphisms
I'V:=A—I%and J7! ;== C — J°by d;" and d;' and the morphisms A — B and B — C by
i~ and p~!. We show by induction on n > —1 that there exists a morphism d" : K" — K"*!
such that d" o i" = i"*! o d}, d" o p" = p™*! o d" and that the sequence

0 — Coker d; — Cokerd" — Cokerd; — 0

is exact.
If n = —1, we are trying to fill in the following diagram (whose rows and columns are exact):
0 A B C 0

|
—1 _ —1
T R

0—1"—1"®J'—— J'——0
i P

This is possible by Lemma [IV.3.1.6} also, the same lemma says that d~ is injective, and the
snake lemma implies that the sequence

0 — Cokerd;' — Cokerd™' — Cokerd;" — 0
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1V.3 Derived functors

1s exact.

Suppose that we have constructed d”, and consider the commutative diagram:
0 0 0

| | l

0 —— Coker d} —— Coker " —— Coker d’} —— 0

|
d'?-%ll dn+1 | ld'g-kl
4

0 [n+2 ' ]n+2 o) Jn+2 Jn+2 0

,Ln+2 pn+2

The first row of this diagram is exact by the induction hypothesis, and the first and third column
are exact because A — I* and C' — J* are resolutions. By Lemmal[[V.3.1.6] there exists d"**
such that the diagram commutes and that the second column is exact, and then the snake lemma
implies that the sequence

0 — Coker d}*! — Coker d"*! — Coker d’4* — 0

18 exact.

Lemma IV.3.1.6. Consider a diagram in < :
0 A——B——C 0

A

where the row is exact, I is an injective objectand i : I — I & Jandp : I & J — J are the

morphisms with matrices (ldl) and (0 id J) respectively.

0

Then there exists h : B — I & J such that hou = io f and gov = p o h. Moreover, h is
injective if and f and g are.

Proof. The last sentence follows from the snake lemma. We prove the existence of h. As [ is an
injective object and u is a monomorphism, there exists h; : B — [ such that h; ou = f. Let

h: B — I ® J be the morphism with matrix (g}?v)

IV.3.2 Complexes of injective objects

The main result of this subsection is the following theorem. We state it for injective objects, but
it has an obvious dual version for projective objects (where all the morphisms go in the other
direction).
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Theorem I1V.3.2.1. We denote by .# the additive subcategory of injective objects of <7 .

(i).

(ii).
(iii).

(iv).

Let f* : X* — I*® be a morphism of complexes, with X* € Ob(C(«/) and I* € ObC*(.¥).
Suppose that X*® is acyclic. Then f* is homotopic to (.

Any acyclic complex in C*(I°) is homotopic to 0.

Let f : I* — J*® be a morphism between objects of C*(%). If f is a quasi-isomorphism,
then it is a homotopy equivalence.

Let f : A — B be a morphism of </, let A — X* be a right resolution of A, and let
B — I* be a morphism of complexes with I* € C=°(.%). Then there exists a morphism of
complexes f® : X* — I°® such that the following diagram commutes:

A—X*

b

B——1I°

Moreover, this morphism f* is unique up to homotopy.

Proof.  (i). We construct by induction on n € Z morphisms s : X" — "1 such that

(i1).
(iii).

118

fr=s"ody +di !t os™ As I®isin CT(«7), we have I" = 0 for n << 0, so
we have f" = 0 and we can take s” = 0 for n << 0. Suppose that we have constructed
the s™ for all m < n; we show how to construct s"*!. Let g" = ™ — d?_l o s™. Then

gn o dSL(—I — fn o dT)L(_l - d?}—l os"o d?’)l,(—l — fn o d§_1 . d?_l o (fn—l . d?—2 o Sn—l)

— fn ° dg(fl o d?fl o fnfl — O,

so ¢g" induces a morphism g, : X"/Im(d%x ') — I". As X* is exact, we
have Im(dy ') = Ker(d), so the morphism X"/Im(d% ') — X"*! induced by
d’% is a monomorphism. So, as [" is an injective object, there exists a morphism
sl X+l s [ extending §,,, and then we have s" ' o d% = g" = f" — d? ' o 5", as
desired.

Apply (i) to id ..

By Corollary [IV.2.2.8| and the hypothesis on f, the mapping cone Mc( f) is acyclic. Note
also that Mc(f) is an object of C*(.#) by definition, so, by (ii), it is homotopic to 0.
Let (S™ : Mc(f)" — Mc(f)" ')nez be a homotopy between idyie(s) and 0, and write

hrootr
h™ : X"l 5 yn=l The identity d&‘c(lf) o S" + 5™ o dfy ;) = idue(s)n implies the
following three identities:

(1) _d?’)b( o sn—l—l _ Sn+2 o dgl{-&-l + gn+1 o fn+1 — ian+1;

n+1 n
S = (3 g ) with s™+1 @ X7+ 5 X7 ogn  ym 5 X7 ¢ o Y — Yland

(2) —d%og™+ g odi = 0;



1V.3 Derived functors

(3) frogt +dy ot + "t o df = idyn.

The identities (2) imply that the family (¢" : Y™ — X™),,cz defines a morphism of com-
plexes g : Y — X, and then (1) says that (s"),cz is a homotopy between g o f and idx
and (3) says that (¢"),cz is a homotopy between f o g and idy. So we have proved that f
is a homotopy equivalence.

(iv). We denote the morphisms A — X° and B — I° by d" and d; ' respectively (for conve-
nience). As both X* and I* are concentrated in degree > 0, it suffices to construct f" for
n > 0. We do this by induction on n:

(a) Suppose that n = 0. The morphism dy' : A — X is injective by assumption,
so, as I” is an injective object, there exists a morphism f° : X% — 9 such that
flody =d; o f.

(b) Suppose that n > 0, and that we have constructed f°,..., f™ making the obvious
squares commute. Let ¢" = d} o f". Then g" o d’}{l = f"lod%o d’}{l = 0,
so ¢g" induces a morphism g, : X"/Im(d% ') — I"". As A — X* is a reso-
lution, the morphism d% : X"/Imd% ' — X" induced by d% is a monomor-
phism, so, as /™! is an injective object, there exists f**! : X"+ — ["*+1 guch that
™ o d% = g", which means that "' o d% = g" = d7 o f".

Let g* : X* — I*® be another morphism satisfying the condition of the statement. We want
to show that f* — ¢° is homotopic to 0. We have a commutative diagram:

0— A— X*

ol Jf._g.

0—0—1°

In other words, f* — g¢* gives a morphism from the acyclic complex
00— A— X"— X! — ... tothe complex of injective objects 0 — 0 — I° — I — .. ..
By (1), this morphism is homotopic to 0.

]

Remember that we have a fully faithful additive functor ¢ : &/ — K°(o/) that sends an object
Ato the complex ... - 0 — A — 0 — ... concentrated in degree 0. (See Remark [[V.1.4.2])

Corollary IV.3.2.2. (i). Let .7 be the full additive subcategory of injective objects of <7, and
suppose that </ has enough injective objects. Let 9B be the full subcategory of K™ (.%)
whose objects are complexes I* such that H"(I*) = 0 for n # 0. Then the functor H°
induces an equivalence of categories from X to < .

In particular, taking a quasi-inverse of this equivalence, we get a functor \ : of — K+ (%)
and a morphism of functors . — \ such that, for every A € Ob(&), the morphism
L(A) — MA) is a quasi-isomorphism; moreover, we can choose \ such that \(A) is
concentrated in degree > 0 for every A € Ob(&/).
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IV Complexes

(ii). Let & be the full additive subcategory of projective objects of 7. Suppose that </ has
enough projective objects. Let A be the full subcategory of K~ () whose objects are
complexes P* such that H"(P*) = 0 for n # 0. Then the functor H® induces an equiva-
lence of categories from X to < .

In particular, taking a quasi-inverse of this equivalence, we get a functor
A — K (2)) and a morphism of functors X\ — 1 such that, for every A € Ob(</),
the morphism A(A) — 1(A) is a quasi-isomorphism; moreover, we can choose \ such that
A(A) is concentrated in degree < 0 for every A € Ob(&7).

We will see in the chapter on derived categorief] how to extend the functor \ to C* (/) or
C~ (&) (depending on whether we are in the situation of (i) or of (ii).)

Proof. We only prove (i). (Point (ii) follows by applying (i) to the opposite category.)

Let %' be the full subcategory of % whose objects are complexes concentrated in degree
> 0. An object I* Of %' is simply an injective resolution of Ker d? = H°(/*). So the functor
HY : %' — o is essentially surjective because every object of <7 has an injective resolution
by Lemma [[V.3.1.2),, it is full because, if f : A — B is a morphism between objects of </ and
A — I* and B — J* are injective resolutions, then f extends to f*® : I* — J*® by Theorem
iv), and it is faithful because this extenstion is unique up to homotopy (by the same
reference).

To finish the proof, it suffices to show that every object of Z is isomorphic to an object of
the subcategory #’. Let I* be an object of Z. We prove by induction on n that Coker d7} is
an injective object for every n < —1. Indeed, if n is small enough, then Coker d} = 0, so the
claim holds. Suppose that n < —1 and that we have proved the claim for n — 1. We have an
exact sequence 0 — [/ Kerd} — I"*! — Cokerd} — 0. As, as H*(I*) = 0, the canonical
morphism Cokerd}™! = I"/Imd}~* — I"/Kerd?} is an isomorphism, so I"/Imd7? ' is an
injective object by the induction hypothesis. By Corollary this implies that Coker d7 is
also injective. Now consider the canonical morphism u : I* — 729(I*) (see Definition ;
this is a quasi-isomorphism because H"(/*) = 0 for n < —1. Also, by what we just proved, the
complex 72°(I*) is in C*(.#), hence it is an object of #'; so Theorem [[V.3.2.1(iii) implies that
u is a homotopy equivalence, that is, that its image in K (.#) is an isomorphism. So we have
found an isomorphism in K (.#) from I*® to an object of %', and we are done.

]

IV.3.3 Derived functors

Definition IV.3.3.1. Let ' : &/ — 2 be an additive functor between abelian categories.

3Add precise reference.
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1V.3 Derived functors

(1). Suppose that F' is left exact and that ./ has enough injective objects. Let .# be the full
subcategory of injective objects of <7, and A : &/ — K7*(.#) be the functor of Corol-
lary [IV.3.2.2] Then, for every n € Z, the nth left derived functor of F'is the functor

RF oS K" k2 n 2.
(ii). Suppose that F' is right exact and that .2/ has enough projective objects. Let & be the

full subcategory of projective objects of &7, and \ : &/ — K~ () be the functor of

Corollary [IV.3.2.2] Then, for every n € Z, the nth left derived functor of F' is the functor
rr.a S k-(2)"WKrk-(2'" 2.

We will mostly state results for right derived functors, but every such result has a dual version
for left derived functors that follows from it by looking at opposite categories.

Remark 1V.3.3.2. In the situation of Definition [IV.3.3.1{i):

(a) R"F : o/ — 9 is an additive functor for every n € Z (because it is a composition of
additive functors).

(b) If we want to calculate R™F'(A) for some object A of .o/, what the definition tells us is that
we should pick an injective resolution 0 — A — I° — ' — ... of A, delete A to get a
complex ... - 0 — I° — ' — ..., apply F to it, and then the nth cohomology of the
resulting complex will be isomorphic to R"F'(A).

(¢) In particular, R"F = 0 for n < —1, and, if [ is an injective object of o/, we have
R"F(I) = 0 for n > 1. Also, as F is left exact, we have a canonical isomorphism

F 5 ROF.
Theorem 1IV.3.3.3. Suppose that we are in the situation of Definition [[V.3.3.1[i). Let

0 - A — B — C — 0 be a short exact sequence in /. Then we get a long exact sequence in
A, functorial in the original short exact sequence:

0 — F(A) = F(B) = F(C) 53 R'F(A) = R'F(B) — ...
.= RIE(C) S RPF(A) — RPF(B) — RPF(C) 5 R F(A) > .

In fact, (R"F),>0 is universal among all families of functors having that property.

Proof. By Proposition|IV.3.1.5|(and Corollary [V.3.2.2)), we have a diagram in C*(.%):

AMA) —— A(B) — A(C)
]
0 I® J* K* 0
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such that the vertical morphisms are homotopy equivalences, the bottom row is exact, and the
diagram becomes commutative in Kt (.#). So the existence of the long exact sequence follows
from Corollary We also have to show that the connecting morphisms §” don’t depend
on the choices we made, but this follows from Corollary as all the possible choices are
unique up to a unique homotopy equivalence.

]

Definition I1V.3.3.4. (i). Suppose that we are in the situation of Definition [IV.3.3.1(i). An ob-
ject A of o such that R"F'(A) = 0 for every n > 1 is called F-acyclic.

(ii). Suppose that we are in the situation of Definition[IV.3.3.1{ii). An object A of 2 such that
L"F(A) = 0 for every n > 1 is called F-acyclic.

In particular, injective object are acyclic for left exact functors, and projective objects are
acyclic for right exact functors.

Lemma IV.3.3.5. Suppose that </ has enough injective objects, and let F' : o/ — B be a
left exact functor. We denote by Ir the full subcategory of </ whose objects are the F-acyclic
objects.

(i). If0 - A — B — C — 0is a short exact sequence in < such that A, B € I, then C'is
also in S, and the sequence 0 — F(A) — F(B) — F(C) — 0 is exact.

(ii). If X* € Ob(CT(HFr)) is acyclic, then F(X*) is also acyclic.

Proof. Point (i) follows immediately from Theorem[[V.3.3.3t as R"F'(A) = 0 and R"F(B) =0
for every n > 1, the long exact sequence of that theorem reduces to a short exact sequence
0— F(A) —» F(B) — F(C) — 0 and to isomorphisms R"F'(C') ~ 0 for every n > 1.

We prove point (ii). As X°* is acyclic, the canonical morphism
Cokerdy% = X"*'/Im(d%) — X"™'/Kerd% is an isomorphism for every n € Z. We
prove by induction on n that, for every n € Z, the object Cokerd% is F'-acyclic and the

sequence
0— F(X"/Kerdy) — F(X") — F(Cokerd%) — 0

is exact. If n is small enough, then X" = 0, X"*! = 0 and Coker d% = 0, so the claim holds.
Suppose that we know the claim for some n € Z. We have an exact sequence

0 — Cokerd% = X"/ Ker d}“ — X2 _ Coker d?)b(—&-l -0,

so the claim for n + 1 follows immediately from (i).

Let n € Z. We have just shown that the morphism F(d%) : F(X") — F(X"t)
factors as the composition of a surjection F(X") — F(Cokerdy ') and an injection
F(Cokerdy ) = F(X"/Kerdy) — F(X"1), so

Ker(F(d%)) = Ker(F(X") — F(Coker d%')) = Im(F(Coker d% %) — F(X™)).
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1V.3 Derived functors

As the morphism F(X"') —  F(Cokerdi?) is surjective, we finally get
Ker(F(d%)) = Im(d% "), so that H*(F(X*)) = 0.

]

Theorem 1V.3.3.6. Suppose that </ has enough injective objects, and let ' : o/ — 5B be a
left exact functor. We denote by I the full subcategory of </ whose objects are the F-acyclic
objects.

Let A € Ob(%) and let A — X* be a right Ip-resolution of A. Then we have canonical
isomorphisms H"(F(X*)) = R"F(A).

Proof. Let A — I°® be an injective resolution of A. By Theorem[IV.3.2.1(iv), there is a commu-
tative diagram
A— X*®

J]

A——1T°

where f° is uniquely determined up to homotopy. We claim that F'(f*) : F(X*) — F(I*)
is a quasi-isomorphism, which immediately implies the theorem. Let’s prove this claim. Let

Y* = Mc(f*). ThenY* € C*(.#r) and Y* is acyclic by Corollary [[V.2.2.8} by Lemma|[V.3.3.5]
the complex F'(Mc(f*®)) is also acyclic. As F'(Mc(f*®)) = Mc(F(f*)) (by definition of the map-

ping cone), another application of Corollary [[V.2.2.8|shows that F'(f*) is a quasi-isomorphism.
[]

It is natural to ask how to calculate the derived functors of a composition G' o F' in term of
the derived functors of F' and G. We will give a partial answer here. The full answer requires
spectral sequences or derived categories, so we will defer for a while.

Proposition 1V.3.3.7. Let F : &/ — P and G : BB — € be left exact additive functors with <,
B and € abelian categories. Assume that </ and % have enough injective objects.

(i). If G is exact, we have canonical isomorphisms of functors R"(G o F') ~ G o R"F.

(ii). Assume that I is exact. For every n € N, there is a canonical morphism of functors
R"(GoF)— (R"G) o F.

(iii). Suppose that F sends the injective objects of </ to G-acyclic objects of $B
and that A € Ob(«) is F-acyclic.  Then there is a canonical isomorphism
R*"(Go F)(A) ~ (R"G)(F(A)) for every n € N.

(iv). If F is exact and sends the injective objects of </ to G-acyclic objects of X, then the
morphisms R"(G o F') — (R"G) o F are isomorphisms.

Proof. Let A be an object of <7, and let A — [°® be an injective resolution of A. Then
R*"(Go F)(A) = H"(G(F(I*))).
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If G is exact, then it commutes with kernels and cokernels, so we have isomorphisms
H"(G(F(I*))) ~ G(H"(F(I*))) = G(R"F(A)). This gives (i).

To prove (ii), assume that F' is exact. choose an injective resolution F'(A) — J*® of F'(A). As
F is exact, the morphism F(A) — F(I*) is a resolution of F(A). So, by Theorem [[V.3.2.1(iv),
there exists a morphism of complexes f* : F'(/*) — J* extending idp(4), and such a f* is
unique up to homotopy. Applying G and taking the nth cohomology object, we get the desired
morphism

R (G o F)(A) = H'(G(F(I*))) = H"(J*) = (R"G)(F(A)).

We now assume that A is F-acyclic and that F’ sends the injective objects of o7 to G-acyclic
objects of Z. For every n > 1, we have H"(F'(I*)) = R"F(A) = 0, s0 F(A) — F(I[*)isa
resolution of F'(A) by G-acyclic objects. By Theorem|[V.3.3.6, we have canonical isomorphisms
(R"G)(F(A)) ~ H'(G(F(I°))) = R*(G o F)(A).

Point (iv) follows immediately from (ii) and (iii).

IV.3.4 The case of bifunctors

Let ' : A x 8 — % be a left exact additive bifunctor, with o/, & and € abelian categories.
This means that F' is additive and left exact in each variable.

We assume that o/ and % have enough injective objects. For every A € Ob(</) (resp.
B € Ob(£A)), we denote by R"F'(A, ) (resp. R"F(-, B)) the nth right derived functor of the
left exact additive functor F'(A,-) : 8 — € (resp. F (-, B) : o/ — ).

Theorem I1V.3.4.1. Suppose that, for any injective objects I of </ and J of %, the functors
F(I,"): B — € and F(-,J) : o — € are exact. Then, for any n € N, A € Ob(«)

and B € Ob(%), we have an isomorphism, functorial in A and B and compatible with the
connecting morphisms in the long exact sequence of derived functosr:

(R"F(A,-))(B) = (R"F(-, B))(A).

We simply write R"F' (A, B) for (R"F(A,-))(B).

The theorem has an obvious variant for left derived functors of bifunctors that are additive and
right exact.

Proof. Let A — I°®* and B — J*® be injective resolutions of A and B. We consider the following
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1V.3 Derived functors

double complex:

0 0 F(I°,B)—— F(I',B) —— F(I%, B) —— ..

0—— F(A, J%) —— F(I°, J%) —— F(I', J°) —— F(I2, J%) — . .

0— F(AJYHY — F(I°JYY— F(I" JY) — F(I% J) —— . ..

0—— F(A, J?) —— F(I°, J?) —— F(I', J?) —— F(I2, J?) — . ..

By the hypothesis, all the rows and columns of this complex are exact except possibly for the
first row and the first column. By Corollary [[V.2.2.4] (the co X oo lemma), the first row and the
first column have canonically isomorphism cohomology objects. This proves the statement.

]

Example IV.3.4.2. (1) If o/ has enough injective and projective objects, then the theorem
applies to the bifunctor Homﬁg(-, ) : /P x of — Ab. The nth right derived functor of
Hom,, is denoted by Ext”,(-,) : &/°? x &/ — Ab.

(2) Let R be a ring. We denote by Tor’(-,-) the nth left derived functor of the bifunctor
(1) ®g () : Modg x gMod — Ab. If R is commutative, we can see (-) ® (-) and the
Torf as bifunctors pkMod x pkMod — pMod.

Definition IV.3.4.3. Suppose that .7 has enough injective (resp. projective) objects. For every
A € Ob(«) (resp. B € Ob(.<7)), we denote by Ext”, (A, ) (resp. Ext (-, B)) the nth derived
functor of the left exact additive functor Hom,, (A, -) (resp. Hom, (-, B)). If &7 is the category
of left or right R-modules, we write Ext}; instead of Ext,.

By Example[IV.3.4.2(1), if <7 has enough injective and projective objects, the two definitions
of Ext”, (A, B) agree.
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IV.3.5 More examples of derived functors
Group homology and cohomology

Let G be an abstract group, R be a ring and %/ be the category rjg;Mod, that is, the category
of representations of G on left R-modules. By Corollary [I1.3.2.9] the category <7 has enough
injective objects, so we can derived any left or right exact additive functor on it.

Consider the functors Hyo(G,:) = ()¢ : & — rMod (“G-coinvariants”) and
HY(G,-) = ()¢ : & — rMod (“G-invariants”) defined by

Mg = M/Span{g-m —m, g€ G, me M}

and
MC={meM|Vged, g-m=m},

for every R|G|-module M.

The functor Hy(G, ) (resp. H%(G, -)) is right (resp. left) exact, and its nth left (resp. right)
derived functor is denote by H,, (G, -) (resp. H"(G, -)). If M is a R[G]-module, the R-module
H,.(G, M) is called the nth homology module of M, and H" (G, M) is called the nth cohomology
module of M.

We write R for the R-module R with the trivial action of (G. Note that this makes R a left and
right R[G]-module. For every R|G|-module M, we have isomorphisms, functorial in M,

R@R[G]M;Mg, 1®mr—m

and
Homg(R, M) — MY, f+— f(1).

So H,(G, M) = Tor“)(R, M) and H"(G, M) = Ext}y¢ (R, M).

Remark 1TV.3.5.1. If M is a left R[G]|-module, we can calculate H*(G, M) and H,,(G, M) as
derievd functors in the category rigjMod, or in the category zgMod (by forgetting the R-
module structure on M). Let us show that this gives the same result.

The forgetful functor grjgjMod — 7 Mod and has a left adjoint M —— R ®; M, however
it is not clear that this left adjoint sends injective (resp. projective) R[G]-modules to H(G, -)-
acyclic (resp. Ho(G, -)-acyclic) objectsﬂ so we cannot apply Proposition directly. In-
stead, we use the description of H"(G, -) and H,,(G, -) as Ext™ and Tor,, functors. Let P* — 7Z
(resp. Q* — Z) be a projective resolution of Z as a right (resp. left) Z[G]|-module (with trivial
(G-action); this means that P = 0 (resp. Q" = 0) if n > 0, that P" (resp. Q™) is a projective
right (resp. left) Z[G]-module for n < 0 and that ... P~ — P~' — P — Z is an exact
sequence in Modzg (resp. ... Q2 — Q=1 — Q° — Z is an exact sequence in zgMod).

40f course, this follows from what we are trying to prove.
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Let M be a left R[G]|-module; we use the same notation for M seen as a left Z[G]-module.
Then
TOI‘%[G] (Z, M) = H_n(P. Qz[a] M)

and
Ext}e(Z, M) = H"(Homge) (Q*, M)).

Let P'* = P* ®z Rand Q'* = R ®z Q°. Then all P™ (resp. Q™) are projective right (resp.
left) R[G]-modules, by Example [[.2.4.7(1) and because the functor () ®z R (resp. R ®z (-))
sends free right (resp. left) Z[G]-modules to free R[G]-modules. Also, as a projective module
is flat (by Example [I.2.4.7(1) again), the sequences ... — P> — P! — P — Rand
o= Q 7P 5 Q7 = QY — Rare still exact. So

TorfIC (R, M) = H™"(P"* @pie) M) = H™™(P* Qy6) M) = TorZ%(z, M)
and

Extlhq (R, M) = H"(Hompe(Q'°, M)) = H"(Homgz)(Q*, M)) = Ext%[a](Z, M).

In problem b), we have constructed two right resolutions of the trivial Z[G]-module Z
by free Z[G]-modules. Applying the functor R ®z (-) to these resolutions, we get two right
resolutions of R by free R[G]-modules, that we can use to calculate the functors H, (G, -) and

H"(G, -), thanks to Theorem[IV.3.4.1

Consider for example the unnormalized bar resolution X* — 7Z of Z defined in problem
b). We have X" = 0ifn > 1land X" = ZG" ) it n > 0. For every n > 0 and
every R[G|-module M, we set C"(G, M) = Hompg(g(R ®z X", M); this is called the group
of n-cochains on G with values in M. The differentials of the complex X* induce morphisms
d": C"(G, M) — C"™Y(G, M), so we geta complex C*(G, M), and H"(G, M) is the nth coho-
mology group of this complex. We write Z"(G, M) = Ker(d") (resp. B"(G, M) = Im(d"~1))
and call it the group of n-cocyles (resp. n-coboundaries) on GG with values in M.

We have seen in problem b) that X" is the free Z[G]|-module with basis
(€(1.91.9102,.919--9) ) (g1,...gn) G SO We have a R-linear isomorphism C"(G, M) = Z(G™, M)
(where .Z(G", M) is the set of functions from G" to M) sending u : R ®z X" — M to the

function (glv ce 7gn) — u(€(1191,9192 ~~~~~ 91g2~~gn))'

It is easy to calculate the differentials: if ¢ : G" — M is a function, then, for all
gi,--->9n1 € G, we have

(dnc)(gb e 7gn+1) =01- 0(92, ce ,9n+1)+ Z(—l)ic(gl, -3 915 9i9i+1, Git2y - - - ,9n+1)
i=1

+(=1)"elgr, - gn).

So, for example, a 1-cocycle is a function ¢ : G — M such that, for all g,h € G, we have
c(gh) = g-c(h)+c(g), and a 1-coboundary is a function ¢ : G — M of the form g — g-m—m,
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for some m € M. If the action of G on M is trivial, 1-cocycles are simply group morphisms
G — M and 1-coboundaries are all 0, so H'(G, M) = Homg,p(G, M).

If moreover we have a group H acting on GG and on M such that the action of 4 on M is
R-linear and that h - (g - ) = (h-g)(h-x) forall h € H, g € G and © € M, then H acts
on H"(G, M) for every n € N, and this action comes from the action on n-cochains given by
(h-c)(g1,--59n) = h-c(h™ - g1,...,h-gy). This occurs for example if G is a normal subgroup
of H on which H acts by conjugation and M is a R[H|-module.

Suppose that we have a normal subgroup K C G. Then H%(G, -) is isomorphic to the compo-
sition H(G /K, -) o H°(K, -), but we cannot apply Proposition|[V.3.3.7|to reduce the calculation
of H°(G, -) to that of H*(K, -) and H(G/ K, -), because neither of these last two functors is exact
in general.

Sheaf cohomology

Let % be a category having all fiber products and .7 be a Grothendieck pretopology on %. Let R
be a ring. We know that Sh(%’», R) is a Grothendieck abelian category by Corollary [II1.2.2.15]
so it has enough injective objects by Theorem [I1.3.2.4

If X is an object of €, then the functor H’(X,-) : Sh(%7,R) — rMod, # — Z(X)
is left exact. We denote by H"(X, -) its nth right derived functor; the R-module H"(X,.%) is
called the nth cohomology module of % on X . These are difficult to calculate in general.

The inclusion from sheaves to presheaves

We keep the setting of the beginning of the previous example, and denote the inclusion functor
Sh(€¢7,Z) — PSh(¢,Z) by ®. This functor is left exact but not exact, so it should have
nontrivial right derived functors. We calculate these functors.

Let .# be an abelian sheaf on €7, and let .# — .#° be an injective resolution of .% in
Sh(€¢'7,Z). Then the presheaf R"®(.%) is equal to H"(®(.#*)). More concretely, for every
object X of %, the group (R"®(F))(X) is equal to the nth cohomology group of the complex
F*(X), thatis, to H*(Z", .%). In other word, for every n € N, the value at .# of the nth derived
functor R"® is the presheaf X — H" (X, 7).

Cech cohomology

Let € be a category, and let 2" = (X; — X);c; be a family of morphisms of . We have
defined in problem the Cech cohomology functors H"(.2",-) : PSh(¥,Z) — Ab as
the cohomology of an explicit complex-valued functor on PSh(%’, Z), and we have shown that
H"(Z ,-) s the nth right derived functor of H°(2", ) : PSh(%,Z) — Ab.
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Suppose that % has fiber products, that we have a Grothendieck pretopology .7 on %, and that
& is a covering family for this pretopology. Let ® : Sh(%€»,Z) — PSh(%’,Z) be the inclusion
functor. Then the functors H°(.2",-) o ® and H°(X, -) are isomorphic (this is just saying that
F(X) 5 HY(2,.7) if .Z isa sheaf), but the inclusion functor ® is not exact (it is only left
exact), so we cannot use Proposition to calculate H" (X, -).

IV.4 Spectral sequences

Spectral sequences are a useful tool in homological algebra, but they can get a bit messy. In the
first subsection, we will give the definition of a spectral sequence, state the theorem asserting
the existence of the two spectral sequences of a double complex, and show how it implies the
Grothendieck spectral sequence, that relates the right derived functors of a composition G o F'
to the right dertived functors of F" and GG. In the second subsection, we will present a general
method to construct spectral sequences, and in particular prove the results of the first subsection.

In this whole section, we fix an abelian category 2/, and we assume that it (and the other
abelian categories that may appear) has all small limits and colimits, and that direct sums and
filtrant colimits are exact; for example, every category of sheaves of R-modules has these prop-
erties. This is not strictly necessary, but it will allow us to simplify the exposition somewhat.

IV.4.1 Definition and some theorems

We will only consider cohomology spectral sequence. There is a dual theory of homology spec-
tral sequences, where the differentials go in the other direction; it is equivalent up to some rein-
dexing.

Definition IV.4.1.1. A spectral sequence starting at the page 7y € N is the following data:

(a) for every integer r > 1o, a family (E??,dP?), ,cz of objects of <7/ and of morphisms

T T

dr1 . Bt — Fptra-r+l guch that dPH0T o P = 0;

(b) for every r > 1, isomorphisms E¥?, ~ Ker(dP?)/Im(d?~"4*"~1) (which we will often
write as equalities).

Spectral sequences form a category in the obvious way. (Morphisms of spectral sequences
must be compatible with all the differentials and with the isomorphisms between each page and
the cohomology of the previous one.)

We call the family E, = (EP9,dP9), .z the rth page of the spectral sequence, and often

abbreviate (b) to “an isomorphism between F,.,; and the cohomology of F,”. (Note however
that the differentials d7¢, are not determined by E,, only the objects EY,.)
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Remark IV.4.1.2. To make the notation less cumbersome, the following point of view is useful:
we think of £, as in the bigraded object @p’ gez EP1 of &7, and of d, = Zp’ , 7" as an endo-
morphism of E, of bidegree (r, —r + 1) satisfying d> = 0. Then (b) becomes an isomorphism
E,+1 ~ Ker(d,)/Im(d,).

Suppose that we are given a spectral sequence (F,.),>,, starting at the roth page. Fix p, q € Z.
For every » > 1¢, the object £ is isomorphic (by data (b) in the definition of a spec-
tral sequence) to a subquotient of EF?, so we have subobjects B?? C ZIM C EF? such that
EP1 ~ 7ZP1/BP1. As EP? is also identified to a subobject of E?? for 1y < s < r, we have
ZP D ZPand BM C BMifs <.

Definition IV.4.1.3. We set
B = (1) Br := lim BY,
r>1r0 r>T0

where the transition morphisms are the injections B¢ — BP? forr > s > 1,

zi=J 2,

r>10

and
Erl = 771/ BPe,

In general, E7? could be a strict subquotient of every £79. However, there are interesting cases
where EP9 eventually stabilizes.

Example IV.4.1.4. (1) We say that the spectral sequence degenerates at the page E, if d} = 0
for every 7’ > r and all p, ¢ € Z. If this is the case, then E¥' = EP? for every ' > r, so
Ert = pra,

(2) We say that the spectral sequence is a first quadrant spectral sequence if, for every r > r,
we have £P? = ( as soon as p < 0 or ¢ < 0. Suppose that this is the case, and let
p,q € Z. Then d?? = 0if r > ¢+ 1 and &?"97""1 = 0 if r > p, so EP9 = EY| for
r > max(q + 1,p), and we get E?? = EP? for r > max(q + 1, p).

Definition IV.4.1.5. We say that the spectral sequence converges to a graded object
H* = @, ., H" of o/ if we are given a decreasing filtration (Fil’H"),cz on each H™ (i.e.
a sequence of subobjects such that Fil’H™ > Fil’*'H") such that Npez FIPH™ = 0 and
Upez Fil’PH™ = H™ (in other words, the filtration is separated and exhaustive), and isomor-

phisms EP4 ~ FilP [fr+e /FilP+! Hr+a,

If the spectral sequence starts at the ryth page and converges to H*, we often write this as
“EPd = HPTO”,
Remark 1V.4.1.6. If a first quadrant spectral sequence converges to H*, then, for every n € Z,
the filtration on ™ has finitely many nonzero quotients, and A" = 0 if n < 0. Indeed, we have
FilpH”/FﬂpHH” ~ EPP and ERP = 0if p < 0 or p > n; in particular, if n = 0, then
E?=P = ( for every p € Z.
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One of the simplest ways we can get a spectral sequence if from a double complex. We will
prove the following theorem in the next subsection (see subsection [[V.4.2.4).

Theorem IV.4.1.7. Let X be a double complex of objects of <f. Then we have two spectral
sequences ' E and "' E starting at the Oth page, such that:

(1) "Ep? = XPa, TEY = HY(XP*, dy% ), 'di? is induced by (—1)Pdy’;
(2) MET = Xop, HEY = HI(X*P, dyR), " d}? is induced by db’y.
These spectral sequences are functorial in X.
Moreover:
(i). if XP1 =0 forallp > 0orforall ¢ <0, then ' E converges to H*(Tot(X));
(ii). if XP? = 0 for all p < 0 or for all ¢ > 0, then ' E converges to H*(Tot(X));

(iii). if, for every n € 7, there are only finitely many p € 7Z such that X?"P # (0, then both
spectral sequences converge to H*(Tot(X)).

In particular, if X is a first quadrant double complex (i.e. if XP? = ( as soon as p < 0 or
q < 0) orif X is a third quadrant double complex (i.e. if X?? = (0 as soon as p > 0 or ¢ > 0),
then both spectral sequences converge to H*(Tot(.X)).

As a corollary, we get the Grothendieck spectral sequence.

Corollary IV.4.1.8. Suppose that F : o7 — B and G : BB — € are left exact additive functors,
that o/ and % have enough injective objects, and that F' takes all injective objects of </ to
G-acyclic objects of B. Then, for every A € Ob(), we have a spectral sequence:

Y = (R'G) o (RF)(A) = R""(G o F)(A),

and this spectral sequence is functorial in A.

Proof. Let A be an object of 7, and let A — J*® be an injective resolution of A. We choose
a Cartan-Eilenberg resolution /** of F(J*), and we apply Lemma [[V.4.1.10| to this resolution
and to the left functor G : 4 — % . By the hypothesis on F', we know that F'(J™) is G-acyclic

for every n > 0. So the second spectral sequence of the double complex G(I**) converges to
H"(G(F(J*))) = R*(G o F')(A), and we have

"EY = (RPG)(HU(F(J%))) = (RFG)(R'F(A)).

]

Lemma IV.4.1.9. [Cartan-Eilenberg resolution] Let X*® be a complex in C* (<), and assume
that o/ has enough injective objects. Then there exist a double complex [** and a morphism
X*® — I*° such that: such that:
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(a) I™™ = 0 form < 0, and, if N € Z is such that X™ = 0 for every n < N, then [ = ()
forn < N.

(b) For every n € Z, the complex (I™*, dg;) is an injective resolution of X".

(c) For all n € Z, the complex Ker(di’;) (with the differentials induced by the morphisms
dy;") is an injective resolution of Ker(d').

(d) Foralln € Z, the complex Im(d}’7) (with the differentials induced by the morphisms dy’;")
is an injective resolution of Tm(d' ).

(e) Foralln € Z, the complex H"(I™*,d}’7) = (Ker(d7)/ Im(d’f}l”)) (with the differentials
induced by the morphisms dy’;") is an injective resolution of H"(X).

11,2

Il’l

II,O

X0 X! X?

Such a double complex is called a Cartan-Eilenberg resolution of X*°.

Proof. As in the statement, fix N € Z such that X" = 0 forn < N. We set [ = 0
forn < N orm < 0. For every n € Z, we set Z" = Ker(d%), B" = Im(d% ') and
H" = H"(X*) = Z"/B". We have short exact sequences:

0= 2" X" — B" 50

and
0— B"t 5 zntl 5 gl 50

for every n € Z. We define injective resolutions 2" — I,°, B" — Iz*, H" — I}°
and X" — I™* and exact sequences 0 — Ip* — I7;* — I}* — 0 and
0— Iy* — I"™* — I}*"* — 0 by induction on 7 in the following way:

(1) If n < N, take all these resolutions to be 0.
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(2) Suppose that you have an injective resolution Z™ — I* coming from the induction hy-
pothesis. Choose an injective resolution B" ™! — g“". By the horseshoe lemma (Propo-
sition [IV.3.1.5)), we can find an injective resolution X™ — [™* and an exact sequence
0— Ip° — I — I 0.

(3) Choose an injective resolution H" ™! — [}}H". Using the horseshoe lemma again, we get
aresolution Z"* — I*"* and an exact sequence 0 — I "* — I35 — Ith* — 0.

(4) Replace n by n + 1 and go to step (2).

We now get the double complex I** by taking dy’;" equal to d}™ : I™™ — [™™*1 and
dypt s I™™ — ["ThM equal to the composition [ — Brbm —y zntlm _y prdlm - A]] the
required properties are clear.

O]
Lemma IV.4.1.10. Suppose that o has enough injective objects, and let F : o/ — 2 be a left
exact functor. Let X* be a complex of objects of </ such that X™ = 0 for n < 0, and let 1**

be a Cartan-Eilenberg resolution of X*. We consider the two spectral sequences 'E and ''F
associated to the double complex F(I1**). Then:

(i). Both spectral sequences converge.

(ii). We have ' EV? = RIF(XP).
(iii). We have "' EP" = F(HY(I*P,d}Y)) and "' EY? = RPF(HI(X*)).
HP(F(X®) ifq=0

0 otherwise
tral sequence ' E degenerates at s, and H"(Tot(F(I1**))) ~ H*(F(X*)) for every n € Z.

In particular, if each X™ is F-acyclic, then T E}? = , SO the spec-

Proof. The spectral sequences converge because F'(1**) is a first quadrant complex. We calcu-
late their first pages.

We have ' Eg* = F(I79) and 'EY? = HY(F(I7*), F(dy7)). As IP* is an injective resolution
of X?, we have ' E¥? = R7F(XP) by the definition of the derived functor.

On the other hand, we have "/ Ef? = F(I%?) and "' E}* = HY(F(I*?), F(d}Y)). Fix p € Z.
The short exact sequences
0 — Ker(d{}) — I — Im(d{}) — 0
and
0 — Im(d{ ;") — Ker(d?h) — HI(I*?) — 0

are exact sequences of injective objects (by definition of a Cartan-Eilenberg resolution),
so they are split, so they remain exact after we apply the functor F'. This shows that
HEY = F(HI(I*P,dy%)). Also, the differential di? : 1 EP? — 11 EP*19 i the image by F' of
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the morphism H7(I*?, d}}) — He(I*7*!, dy7™") induced by d5%. By the definition of a Cartan-
Eilenberg resolution again, the complex H?(I*?,d}}) is an injective resolution of H?(X*), so
1P — RPF(HI(X®)),

Suppose that X™ is F-acyclic for every n € Z. By the calculation of ? EY? above, we immedi-
ately get that 77 = ( for every ¢ > 1 and that ' EP° = F(X?). The formula for 7 E%¢ follows.
We show by induction on r > 2 that L EP¢ = ( for ¢ # 0 and that all the differentials of ! E, are
0. For r = 2, we already know the first statement, and the second follows because d5? goes from
Tppa 5 TEPT24971 g0 either its source its target is 0 for all p, ¢ € Z. Suppose that we know the
result for some r > 2. Then 'E??, = TEP?, so 'EP1, = 0 for ¢ # 0. Again, the second part
follows immediately from this, because d”? | goes from E*?, to E¥/ """ and ¢ # ¢ — r, so at
least one of the source or target of d}¢, has to be 0.

As the spectral sequence ! E degenerates at the second page, we have ! EP? = I EDY. n partic-
ular, T EP? = 0 for ¢ # 0. So, for every n > 0, the filtration on H"(Tot(F' (I **))) corresponding
to ! E has only one nonzero quotient, which is E;go; in other words, we get an isomorphism

H™(Tot(F(1°°))) ~ 'EX = "TE}Y = H'(F(X*)).

O

Corollary IV.4.1.11. Suppose that </ has enough injective objects, and let X* € Ob(CT(7)).
Then there exists an object J* of C* (&) such that J" is injective for every n € Z and a quasi-
isomorphism X* — J°.

Proof. After shifting X*, we may assume that X" = 0 for n < 0. Let /** be a Cartan-Eilenberg
resolution of X*, let J* = Tot(/**). We have an obvious morphism X* — J* (induced by
the morphism X* — I*°. By Lemma for the functor ' = id,,, this morphism is a
quasi-isomorphism.

]

In fact, we can construct resolutions of objects of C*(.27) by more general objects.

Corollary IV4.1.12. Let € be a full additive subcategory of </, and suppose that, for every
X € Ob(), there exists a monomorphism X — Y with' Y € Ob(€). Then, for every
X* € Ob(C*H (7)), there exists a quasi-isomorphism X* — Y* with Y* € Ob(C*(%)).

Proof. Fix N € Z such that X* = 0 for i < N. We first find a double complex Z** of objects of
% such that Z™™ = 0if n < N orm < 0 and a morphism of complexes d~! : X* — (Z*°,d}'})
such that, for every n € Z, the complex (Z™*, d;;) is a resolution of X". We construct
(Z™*,dy) and the morphism of complexes dy ,"* : (Z"71*,dy,"*) — (Z™*,dyy) by in-
ductiononn € Z. If n < N, we take (Z™°, dg;) = 0. Suppose that we have constructed
(Z™*,dy3); then we get a morphism of complexes di ;" : (Z"71* dy ") — (Z™°,dy%)
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extending d% : X" — X! by Lemma Now we take Y* = Tot(Z**), with the
morphisms of complexes X® — Y*® induced by d~'. We have Y = 0if i < N,so Y* € CT(%).
We use the first spectral sequence ! E of the double complex Z** to calculate the cohomology of
Y'*; this spectral sequence converges because Z™™ = 0 for m < 0. (See Theorem[[V.4.1.7]) As
the columns of Y** are resolutions of the X", we have

e [ X7 ifg=0
1 0  otherwise.

So '
I'ppa _ HP(X*®) ifg=0
2 0 otherwise.

This implies that the spectral sequence ! E’ degenerates at the second page and that / E?¢ = { E7?,
So we get H*(Y*) ~ TE"0 = H*(X*).

]

Lemma 1V.4.1.13. In the situation of Corollary|[IV4.1.12} if f : X — X' is a morphism of </
dy'! dy d3
and X 5 Y? XYY X . isa resolution of X by objects of €, then there exists a resolution

dy; do, dy,
XXy Xyt 2 of X! by objects of € and a commutative diagram

ye Loy

| ]

X T)X/
Proof. We write Y~!' = X, Y'~' = X"and f~' = f. We construct d%,' : V""" — Y'" and

f™: Y™ — Y’ by induction on n > 0:

e Suppose that n = 0. Choose a monomorphism u : Y° @y X’ — Y"° with Y’ € Ob(%),
and let f° : Y° — Y% and dy} : X' — Y"° be the composition of u and of the two
canonical morphisms from Y" and X’ to Y° ®©x X'.

fO

YO YO0, X'y

R

X—X

By Corollary [I1.2.1.16} the morphism X’ — Y? @& x X" is injective, so d;,l is injective.

e Suppose that n > (0 andthat we have constructed d@‘,l, Y’ and f? for i < n. We have
Ker(d}) = Im(dy ") (because H*(Y'®*) = 0if n > 1, and because Ker(d),) = X ifn = 0),
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so the canonical morphism Coker dy” ' — Y"*! is injective. We choose a monomorphism
Y™ B an—1 Coker a2 — Y™ with Y™ € Ob(%); we have obvious morphisms

oyt Y and Coker d2 ! — Y, and composing the second one with the
canonical surjection Y™ — Coker d%; ' gives a morphism dft, : Y™ — Y"1,

f77,+1

— 1
Y T Y @ e Coker di '3y

T

Coker dfy ' ————— Coke% dyt a,
n m
Y ~ Y

By Corollary [[1.2.1.16{again, the morphism Coker d}5, ' — Y™ @, . a1 Coker dy ! is
injective, so Ker(d,) = Im(d} ).

]

Example IV.4.1.14. (1) The Hochschild-Serre spectral sequence: Let G be a group and

2)
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K be a normal subgroup of G. We write &/ = zgMod and & = z;5/x)Mod. We
want to apply the Grothendieck spectral sequence to the functors HY(K,-) : &/ — %A
and H(G/K,-) : 8 — Ab. We need to check that H’(K, -) sends injective objects to
H°(G/K, -)-acyclic objects. In fact, the functor H°(K, -) even sends injective objects to
injective objects, because it is right adjoint to the forgetful functor %8 — .7, which is

exact. (Use Lemmal[lI1.2.4.4])

The Cech cohomology to cohomology spectral sequence: Let 4 be a category with
fiber products, let .7 be a Grothendieck pretopology on ¢, and let 2~ = (X; — X);er
be a covering family for this pretopology. = We consider the inclusion functor
® : Sh(%7,Z) — PSh(¥,Z) and the functor H°(2",-) : PSh(%,Z) — Ab. They
are both left exact, and their composition is the functor H*(X,-) : Sh(¢#,Z) — Ab.
Moreover, the functor ¢ sends injective objects to injective objects, because it has an exact
left adjoint (sheafification). So we get a Grothendieck spectral sequence:

EY =HP(Z, R1®(F)) = HPT(X, 7),
for every abelian sheaf .% on ¢’>. Remember from Subsection [IV.3.5|that R/®(.%) is the
presheaf Y —— HY(Y, .%).

In particular, we get canonical morphisms H*(.2", %) — H"(X,.%): As we have a first
quadrant spectral sequence, E™Y is isomorphic to a subobject of the limit H"(X,.%), and
is a quotient of Ey° = H"(2", F).



IV.4 Spectral sequences

IV.4.2 Construction
1V.4.2.1 Exact couples

Exact couples are the most general method for construction spectral sequences. We will not use
their full power, but we will start with them as a way to make the notation less complicated.

Notation IV.4.2.1. If A is an object of &/ and d € End.(A) is such that d o d = 0, we write
H(A,d) = Kerd/Im(d); if d is clear from the context, we write H(A) instead of H(A, d).

Definition IV.4.2.2.  (i). A graded object of <7 is an object A of o7 of the form A = ), _, A™;
the subobject A™ is called the homogeneous part of degree nin A. If f : A — Bisa
morphism between graded objects, we say that f is of degree d if f(A™) C B"* for every
n € Z.

(ii). A bigraded object of o/ is an object A of & of the form A = P, ., A™™; the subobject
A™™ is called the homogeneous part of bidegree (n, m) in A. If f : A — B is a morphism
between bigraded objects, we say that f is of bidegree (d,e) if f(A™™) C B"t4m¥e for
alln,m € Z.

Example IV.4.2.3. We can see a complex A°® of objects of o/ as the graded object
A = @, ., A" with an endomrophism d = ) _, d’ of degree 1 such that d o d = 0. Then
H(A d) = @, H"(A%).

We can also see a double complex A**® as the bigraded object A = €P,, ., A™™, together
with two endomorphisms dy = >, di")" anddy = > dy7)" of bidegrees (1,0) and (0, 1)
respectively, and such that d; o dy = dy 0 dy, dy ody = 0and dy o dy = 0.

We can generalize slightly the definition of a spectral sequence.

Definition I1V.4.2.4. A spectral sequence starting at the page 7y € N is the following data:

(a) for every integer r > 71, an object E,. of o/ and an endomorphism d, of E,. such that
d.od,=0;

(b) for every r > 7y, an isomorphism
E,.y ~H(E,,d,)

(which we will often write as an equality).

Definition [IV.4.1.1] corresponds to the particular case where each E,. is bigraded, the endo-
morphism d,. is of bidegree (r, —r + 1), and the isomorphism £, ~ H(F,,d,) is of bidegree
(0,0).
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Definition IV.4.2.5. An exact couple is a triangle of morphisms of o7

() A—2 A

N A

such that Ker o = Im v, Kery = Im 8 and Ker § = Im .

Another way to think of the exact couple (*) is as the periodic acyclic complex:
L ASALSERAS AL ERAS A

Proposition 1V.4.2.6. We consider an exact couple (*). Let d = o~ € Endy(FE), and let
H(E) = H(FE,d). Then the following triangle is an exact couple:

(*%) a(A) - a(A)

where the morphism o is the restriction of «, the morphism 3’ is the unique morphism such that
f'oa: A— H(E) is the morphism induced by 3, and the morphism ' is induced by 7ker a-

This is called the derived exact couple of (*).

Proof. Asyo 3 =0,wehavedo 3 =0and~yod=0. In particular, Im § C Kerd, so /3 does
induce a morphism A — H(E). Also, the restriction of this morphism to Im+y is 0, because
f(Im~v) = Im(B o y) = Imd; as Imy = Ker o, there is unique morphism 5’ : a(A) — H(E)
such that 5’ o « is the morphism A — H(F) induced by #. On the other hand, the morphism
~v sends Kerd to Ker 5 = Im« (because f oy = d is 0 on Kerd); as v od = 0, we have
y(Imd) = 0, s0 Y|kerq does induce a morphism ' : H(E) — a(A).

Consider the commutative diagram:

0 0
a(A) —2 s Ker B
0 Im A—"—a(A) 0
Bl B B
0 —— Im(d) — Ker(d) H(E) 0
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As d = [ o v, the morphism Im~y — Imd induced by [ is surjective, so the
snake lemma implies that the morphism «a(A) — Kerf’ induced by o' is surjec-
tive, that is, that Ima’ = Ker. Another application of the snake lemma shows
that Keroy = Ker(f : Imy — Imd) = Kerf N Im~y; on the other hand,
Im(y') = y(Kerd) = y(Ker(f o 7)) = Ker S NIm(y), so Ker o = Im~'. Finally, we have:

Kervy' = (KeryNKerd)/Imd = Kery/Imd =Im 3/Imd =Im .

O

Definition 1V.4.2.7. We consider an exact couple (*) as in Definition [[V.4.2.5 The spectral
sequence of this exact couple is the spectral sequence starting at the first page defined inductively
as follows:

(@) By =FE,dy =pon;

(b) B = H(E),dy = (' 07

(©) Ez = H(H(E)), ds = 8" 07"
(d) etc.

Definition IV.4.2.8. Suppose that (F,, d,.),>; is a spectral sequence starting at the first page. We
define subobjects Z, D B, of E; such that Z, /B, ~ E, inductively on r llows:

(@) Z1 = Er, B1=0;
(b) foreveryr > 1,
Zoir =Ker(Z, — Z./B, ~ E, B E, ~ 7,/ B,);
Byi1/By =Im(Z, — Z,/B, ~ E, 5 E, ~ Z,/B,).
Note that Z,,,/Z, ~ Ker(d,) and B,;1/B, ~ Im(d,), so we do get an isomorphism
ZT+1/B7’+1 = H(Er; dr) ~ F.1.

We also set Z,, = [),»; Z, (the product of all the Z, over Ey), B, = |J,~,; B, and
Eoo = oo/Boo - -

Proposition 1V.4.2.9. Suppose that we are in the situation of Definition Then, for every
r > 0, and we have:

Zyir =7 M (Im(a"))
and

Byt = B(Ker(a')),
and the (r + 1)st derived couple of (*) is

(*) a’(4) = o"(4)
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where:
-« IS the restriction of o,
- v, is induced by v : Z, = v " (A)) = a"(A);
- B is the unique morphism such that 5, o " is the morphism A — FE,., induced by

B:A— Zy(wehaveIm 3 C Z, 1 = v (Im(a")) because y o 3 = 0).

Proof. We prove the statement by induction on r. If » = 0, then a® = idy, so
v HIm(a)) = v 1(A) = E = Zi, and B(ker(a’)) = $(0) = 0 = B;. The description of
E is the definition of the exact couple (*).

Suppose that we have proved the statement for some r > 0. Then we have

Broyr
Zyrio =Ker(Zoyy — Erpy = Eoyq).

Unpacking the definitions (and using the Freyd-Mitchell embedding theorem, i.e. Theorem
[11.3.1)), to pretend that our objects have elements, we get

Zrig={e€ E|da€ Aand b € Ker(a"), v(e) = a"(a) and f(a) = F(b)}
={e€ FE|Jda€ A, ~v(e) =a"(a)and B(a) =0} (replace a by a — b)
={e€ E|Jda€lm(a), v(e) =a"(a)} (Kerf =Ima)

— o (Im(a" 1))

Also, still pretending that our objects have elements, we see that e € E is in B, if and only
if there exist f € E, a € A and b € Ker(a") such that y(f) = o"(a) and 5(a) = e + B(b);
replacing a by a — b, we may assume that b = 0; also, the condition that there exist f € F such
that " (a) = (f) means that o"(a) € Im(y) = Ker(a). So

B,io={ec E|Jdac A, a'(a) € Keraand B(a) = e}
= B(Ker(a™)).

The formulas for the (r + 2)th derived exact couple follow immediately from the inductino
hypothesis and the definition of a derived exact couple.

[]

IV.4.2.2 Construction of exact couples

Definition I'V.4.2.10. Let F' be an object of ./ and d, a € End,(F') such that:
(@) dod =0;
(b) «is injective;

(c) doa=a«aod.
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We write F' = F/a(F); by condition (c), the morphism d induces d : F' — F such that dod = 0,
and « induces an endomorphism of H (F, d), still denoted by .. We write H(F") = H(F) d) and
H(F) = H(F', d). Then we have an exact sequence of complexes:

0 F25F F 0
d d d
0 F25F F 0
d d d
0 F—2-F F 0
d d d
0 F25F F 0

d d

and the corresponding long exact sequence of cohomology is 3-periodic, hence is an exact cou-

" H(F) a H(F)
A
H(F)

The corresponding spectral sequence is called the spectral sequence of o on (F,d). We can
even start it on the Oth page: we have E, = F', £y = H(F) etc.

We now see a way to construct a triple (F,d, a) as above. We consider an object G of .o/
with a decreasing filtration Fil*G; this means that we have subobjects Fil’G, for p € Z, such
that Fil’"'G' C Fil’G. P| Let d € End,,(G) be such that d o d = 0 and d(Fil’G) C Fil’G for
every p € Z. We take F' = @pez Fil’G, with the endomorphism d equal to d : Fil’G — Fil’G
on each component. Let o : F' — F be the sum of the inclusions Fil’G C Fil*"'G. Then
F = F/a(F) = @,¢; Gr* G, where Gr* G = FilPG/FilP ' G.

The triple (F,d, «) clearly satisfies the conditions of Definition [IV.4.2.10, The spectral se-
quence of a on F is also called the spectral sequence of (G, Fil*G, d).

>Note that we are using superscripts for decreasing filtrations and subscripts for increasing filtration. This is a
somewhat standard convention.
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Proposition IV.4.2.11. For every r > 0 and every p € 7Z, let
(FiPG N d~'(FilP*"Q)) + Firt'@

ZF = e cGr*GCF
and
B (FIVGN d(Fﬂf—T“G)) + FilP*'@ COrCCT
" Firt'a
We write EP = ZP/BP, and we denote by d? the morphism E? — EP'" induced by

d: FiPG N d-\(FiP™" G) — Fil'"" G N d L (FiPT'G).

Then the rth page of the spectral sequence of (G,Fil°G,d) is isomorphic to

(D,ez B2, > e d); if v > 1, Z, is isomorphic to the image of D,y ZF in H(F) and B,
is isomorphlc to the image of @, BY in H(F).

Proof. Forr = 0, the statement is just the definition of F and of dy = d.

Let r > 1. We denote by Z’ and B’ the inverse images of Z,, B, C E; = H(F) in E; = F.
We use the descriptions of Z,, B, and d, from Proposition and we use the Freyd-
Mitchell embedding theorem to pretend that we are in a category of modules. By the definition
of the long exact sequence of cohomology (see the proof of Corollary m the morphlsm
o H(F) — H(F) is given by the following procedure: take z € H(F), lift it to 2/ € F,
lift 2’ to 2" € F, and take the image of d(z") € Kerd in H(F'). So, by the formula of Propo-
sition the subobject Z' of F is the set of 2/ € F that have a lift = € F such that
d(z) € o/‘l(F) =D, Fﬂp“G this gives the identity Z = ., ZF. As for B,, the formula
of Proposition says that an element z of H(F) is in B, if and only if it the image by
B : H(F) — H(F) of an element of z’ € H(F) such that a"~!(2’) = 0 in H(F), this means that
there exists 2 € F (lifting 2’ and hence also 2) such that d(z”) = 0 and o"~!(2") € d(F). If we
write z = ), 2P where zP € H(Gr” G) forevery p € Z and 2" = ), 2" with 2 6 Fil’G
for every p € Z, then 2"? lifts 2? and the condition on 2" is that " 12", which is 2""” seen as
an element of Fil” "*'G, is in d(Fil""'G). So we get B, = @,;, Bff. The last statement
follows immediately from the formula for d,. in Proposition and from the description of
v : H(F) — H(F) given above.

[]

Corollary IV.4.2.12. Foreveryp € Z, let M? = (), ((FiPGNd~(Fil’*" G))+Fil"*'G) C FilPG
and N? = J,»o((FIPG N d(Fil’ "' G@)) + Fil'*'G) C Fil’G. Then (1,5, 28 = M?/FiP*'G,
U,=0 BY = NP /FilP*'G, and E., is isomorphic to @ where EY. = 7% /|B? = MP/NP.

PEZL oo’

Definition IV.4.2.13. We define a decreasing filtration Fil*H(G) on H(G) = H(G, d) by
FilPH(G) = Im(H(Fil’G, d) — H(G, d)),

where the morphism is the image by H of the inclusion Fil’G C G. For every p € Z, we also
write Gr” H(G) = FilPH(G) /FilPT H(G).
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For every p € Z, let K? = Fil’G N Kerd. Then Fil’H(G) is the image of K? C Kerd in
H(G), so Fil’H(G) = K?/(d(G) NFil’G), and

Gr* H(G) = K?/(KP* 4 (d(G) NFil’G)) = (K? + FilP™' Q) /((FilPG N d(G)) + FilPH' Q)

(where the second equality holds because KP*!+(d(G)NFil’G) = KPN((FilPG+d(G))+FilP™' Q).
Observing that K? + Fil’™' G € MP and N? C Fil’™' G + (Fil’G Nd(G)), we see that Gr” H(G)
is canonically identified to a subquotient of EZ_.

Corollary 1V.4.2.14. Suppose that (), Fil'G = 0 and |, Fil'G = G (in other words,
the filtration on G is separated and exhaustive). Then the spectral sequence of (G,Fil*G,d)
converges to @ _, Gr? G if and only if

PEZL

(((FiPG NKer(d)) + d(G)) = d(G)
PEZL
and, for every p € 7,
(*) ﬂ ((Fil*G N d ' (FilP*"Q)) + FilPT'G) = (Fil’G N Ker d) + FilPt'G.

r>0
Proof. As the filtration on G exhaustive, so is the filtration on H(G). The first identity says
exactly that the filtration on H(G) is separated.
By the discussion above, we have £Z = Gr” H(G) and if and only (*) and
(%) J(FIPG ndFr—+'G)) + FiPH' G) = (FiPG N d(G)) + FiPT'G.
r>0

hold, and (**) is an easy consequence of the fact that G = | J,,., Fil"G.

1V.4.2.3 The spectral sequence of a filtered complex

We go one step further: we still assume that we have a triple (G, Fil*G, d) as in the previous
subsection, but we now also assume that G = €, ., G™ is a complex and that d is its differential
(see Example [IV.4.2.3); we also assume that Fil’G = @nez Fil’G™ for every p € Z, where
Fil’G™ = (Fil’G) N G™. Let (E,, d,),>o be the spectral sequence of (G, Fil°*G, d).

All the formulas of the last subsection have obvious bigraded versions:

Proposition 1V.4.2.15. We have Z! = @ ., 21, BY = @ o, BY and EY = D, BP9, where

q€eZ “r

(FilPGP+a N d~ 1 (FilP T Grratl)) + FilPH Grta
FilPT Grta

Zr = C GrP GPH,
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(FilPGPHa 0 d(FilP~ "t Greatt)) 4 FilPt Grra

p (¥p+a
e C Gr? ¢

Pq _
ZM =

and
By = 2/ By,

Moreover, the morphism d, : E, — E, is the sum of the morphisms dr4 : EP? — Eptra—r+l
induced by d : Fil’GPT4 0 =Y (FilPT" Grra+l) — FilPT Grratt 0 g1 (FilPT?" GPa+1) (note that
pra+l=(p+r)+(g—r+1)

We also have EY, = @@, _, EV%, where

qEZ

mrzo((FilpGp+q N d_l(FﬂerTGp—f—q-i-l)) + Filp+le+q)
U, so(FilPGPra N A(FilP~" 1 @)p+a—1) 4 FilPH Grta)’

P,q __
BN =

Finally, for every p € Z, we have Gr* H(G) = @,,., Gr” H"(G), with

(FilPG" N Kerd) + (G"NImd)
PHY(G) = .
G (@) G"NImd
Corollary 1V.4.2.16. The spectral sequence of (G,Fil*G,d) is functorial in the data, that is,
every morphism of complexes f : (G,d) — (G',d') such that f(Fil’G) C Fil’G’ for every p € Z
induces a morphism of spectral sequences.

We finally address the problem of convergence.

Definition I1V.4.2.17. Let A be an object of <7 and Fil* A be a decreasing filtration on A. We say
that this filtration is finite if Fil’ A = A for p << 0 and Fil’ A = 0 for p >> 0.

A finite filtration is automatically separated and exhaustive.

Proposition IV.4.2.18. Let (G, Fil*G, d) be as before, and let (E,, d,.) be the associated spectral
sequence.

(i). Suppose that, for every n € Z, we have Fil’G™ = 0 for p >> 0 and G" = UpEZ FilPG™.
Then the spectral sequence converges to @, ., H"(G).

(ii). Suppose that the filtration Fil*G" is finite for every n € Z. Then:

a) Foreveryn € Z, there are only finitely many nonzero EY" 7 (we say that the spectral
sequence is bounded).

b) The filtration Fil*H™(G) is finite for every n € Z.

c) The spectral sequence converges to @, ., H"(G).

Remark 1V.4.2.19. The boundedness of the spectral sequence in (ii) implies that, for all p, q € Z,
there exists s € N such that @?¢ = 0 and d?~"4""~! = 0 for r > s, hence EP? = EP? = EP4 for
T > S.
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Indeed, for (p,q) € Z,letn = p+ ¢, and let I C Z?* be a finite set such that Eg’b = 0if
a+be{n—1nmn+1}and (a,b) ¢ I. As E* is isomorphic to a subquotient of £, we also
have E** = 0ifa+b € {n —1,n,n + 1} and (a,b) & I, for every r > 0. In particular, there
exists s € N such that, if » > s, then (p +r,q —r + 1) and (p — r,q+ r — 1) are not in /, and
$0 dP? = () and P91 = (.

Proof of the proposition. To prove (i), we check the conditions of Corollary [[V.4.2.14] The hy-
pothesis implies immediately that the filtration Fil*G is separated and exhaustive. We have

(((FiG NKerd) + d(G)) = ) [ (FiPG" NKerd) + d(G")).
PEZ neZ peZ
If n € Z is fixed, then Fil’G" = 0 for p big enough, so
Npez(FiPG™ N Ker d) + d(G" 1)) = d(G""). Hence
((FPG N Kerd) + d(G)) = d(G).
PEL
We finally check identity (*) of Corollary [IV.4.2.14] Let p € Z. Then
(((FiFGnd ' (FiP" Q) + Fir''G) = @ ((FIPG™ nd ™ (Fir"G™H)) + Filr'G").

r>0 nez r>0
If we fix n € Z, then Fil’*"G"~! = 0 for 7 big enough, so
((FiPG" nd ' (FiP ") + FiP'G") = (FilPG™ N Ker d) + FilH G,
r>0
Summing over all n € Z gives
(((FiPG nd ! (FiP*" @) + FilP*'G) = (FilPG N Ker d) + Filr™' G,
r>0
which is (¥).
We prove (ii). The convergence follows from (i) We have EJ"" " = Gr? G™. If n is fixed, only

a finite number of Gr” G™ are nonzero by assumption, so we get (a). Point (b) is immediate from
the last formula of Proposition [IV.4.2.1

O

IV.4.2.4 The spectral sequences of a double complex

We are finally ready to construct the two spectral sequences of a double complex. Let X be a
double complex of objects of .«7. We consider the complex G = Tot(X'), with the two filtrations
TFil*G and ' Fil*G given by

Firer € x**

a+b=n, a>p
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and
Firer P X
a+b=n, b>p
These filtrations are separated and exhaustive. Also, it is clear that d%('Fil’G™) C 'Fil? Gmt!
and d%("TFilPG™) C TTFilPG™. So we get two spectral sequences, which we denote by ! £ and
HI'E). We calculate their first pages using Proposition For example, this proposition
gives

(FilPGPra N dil(FﬂpGpWH)) + Filptigrta
FilPt! Grta

IEqu —

= FilPGPT /FilPT GPTe = XPa,

The differential of E is the morphism E2? — EP9*! induce by d, that it, dy%. The same
proposition gives

(FilPGPTa N d_l(Filp+1 Gp+q+1)) + FilPttgrta

Irmpg _
2 FilPtiGrta
and
Igpa _ (FilPGP+e N d(FilPGPHa—1)) + FilP T Grta
b FilPt Gr+a .
So

TZp0 = XPand ' X P = {o e XP9| dYY(x) + (—1)Pdb% (x) € XPH11} = Ker(dy%),

and
TBP = XPUAd(XPI) = XP9 A dh T (XP) = Im(dgy ),

and finally
LB = HO(XP, 435,

Also, the differential of / %y is induced by d, so df* : 1 P — 1 EP*1 is (—1)Pd}%,. This gives
the formulas of Theorem IV.4.1.7|for ! £, and ! E;. The proof of the formulas for ! Ej and !/ £,
is similar, we just invert the roles of p and q.

We still need to prove the convergence results of Theorem The proofs of points (i)
and (ii), so we just prove (i). Suppose that X?? = 0 for all p > O or for all ¢ < 0. Let n € Z.
Then X?"~P = () for p big enough (in the first case, take p > 0, in the second case, take p > n),
so the filtration ! Fil*G satisfies the hypothesis of part (i) of Proposition[[V.4.2.18] which implies
that the spectral sequence ! converges. We now assume that we are in acse (iii) of Theorem
[V.4.1.7, Then the filtrations 'Fil*G™ and /Fil*G™ of G™ are finite for every n € Z, so we can

apply part (ii) of Proposition
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V.1 Triangulated categories

V.1.1 Definition

In this subsection, we fix an additive category & and an auto-equivalence 7" of Z.

Definition V.1.1.1. A triangle in & is a sequence of morphisms X Ly S 7N T(X). A
morphism of triangles is a commutative diagram

X Y Z T(X)
DRE
X —Y —— 7 —T(X)

Remark V.1.12. Let X L v % 7z B T(X) be a triangle. Then it is isomorphic to

X5LY X722 7X), butnotto X 4V 2§ 7z =4 T(X) in general.
Example V.1.1.3. Let € be an additive category and x € {4, —, b, &}. If we take ¥ = K* (/)

and T' = [1], then a triangle is often written X Ly 4 z3,

Definition V.1.1.4. A triangulated category is an additive category & with an auto-equivalence
T and a family of triangles called distinguished triangles or exact triangles, satisfying the fol-
lowing axioms:

(TRO) Any triangle that is isomorphic to a distinguished triangle is distinguished.

(TR1) Forevery X € Ob(2), the triangle X X 0o T'(X) is distinguished.
(TR2) For every morphism f : X — Y in &, there exists a distinguished triangle
XLy z-1X).

(TR3) A triangle X Ly & gz Mo (X) is distinguished if and only if the triangle
Yy % zh ) Y 1y s,

(TR4) Given two distinguished triangles X %Y % Z % T(X)and X' & Y7 & 2/ % 7(x")
and two morphisms v : X — X' and v : Y — Y’ suchthatv o f = f’ o4/, there exists a
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V' Derived categories

morphism w : Z — Z' such that the following diagram commutes (hence is a morphism
of triangles):

(TRS) (Octahedral axiom.) Given three distinguished triangles
xLy 2 z5nrx),
Y% z5 X 51y
and
X z4hy B,

v,

there exists a distinguished triangle Z' % Y’ % X’ — T(Z’) such that the following
diagram commutes:

XLyt 7(X)
|
idx g wl idT(X)
gof l v
X Z Y’ T(X)
|
f idz vl T(f)
g9 k g
Y Z X' T(Y)
h l idxl T(h)

Z'-25Y' -2 X' -25T(2)

Remark V.1.1.5. (1) The morphism w in (TR4) is not unique, and neither are the distinguished
triangle Z' = Y’ % X' — T(Z') in (TRS). This causes many problems.

(2) The object Z in (TR2) is unique up to isomorphism by Corollary |V.1.1.12} but that isomor-
phism is not necessarily unique. This also causes many problems.

(3) Condition (TR5) is called the octahedral axiom because we can think of it as asserting the
existence of the top face in the following octahedron:

Y/
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V.1 Triangulated categories

Remark V.1.1.6. If & is a triangulated category, then Z°P also is, for the auto-equivalence
T-! (where T-!) is s quasi-inverse of 7T) and the class of distinguished triangles

op op —1(pop
Zop 23 yor 15 x T8 po1(7) and where X 5 v % Z % T(X) and is a distinguished
triangle in Z.

Example V.1.1.7. The main example of a triangulated category is the homotopy category K* (%)
of an additive category, with x € {4, — b, @}, with T" = [1] and distinguished triangles being

the triangles isomorphic to X ERSTat Mec(f) Y X[1], for f : X — Y a morphism of K*(%).
This is a nontrivial theorem and will be proved later. (See Theorem [V.1.2.1])

Before we show that our main example is indeed an example, we see some more definitions
and general results about triangulated categories.

Definition V.1.1.8. Let (2, T) be a triangulated category.

(). Let (2',T") be another triangulated category. A triangulated functor (or exact functor) is
an additive functor F' : ¥ — %' such that there exists an isomorphism F ol ~ 7" o F
and that F' sends distinguished triangles in & to distinguished triangles in &’.

(ii). A triangulated subcategory of 2 is a subcategory &' of & that is triangulated and such
that the inclusion functor 2’ — ¥ is triangulated.

(iii). If o7 is an abelian category, a cohomological functor from 2 to <7 is an additive functor

H : 2 — o such that, for every distinguished triangle X Ly Sgh T(X)in 2, the
sequence H(X) — H(Y) — H(Z) is exact.

Remark V.1.1.9. By (TR3),if H : 9 — &/ is a cohomological functor, then we get a long exact
sequence

..—>HX)—>HY)—->HZ) - HT(X)) - HT(Y)) - HT(Z)) - HT(T(X))) — ...
(The sequence continues on the left too because 7" is an equivalence.)

Example V.1.1.10. Let x € {+, —, b, &}.

(1) If I : € — %’ is an additive functor between two additive categories, then the functor
K(F): K*(¢) — K*(%¢") is triangulated.

(2) If & is an abelian category, then the functor H’ : K*(&/) — & is triangulated by Corol-
lary [V2Z28)

We now fix a triangulated category (2, T).

Proposition V.1.1.11.  (i). If X Ly sz T(X) is a distinguished triangle, then go f = 0.

I"Technically, the morphism 7'~!(h°P) goes from T~ (T(X)) to T~1(Z), so we have to compose it with the
isomorphism X = T-1(T(X)).
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V' Derived categories

(ii). For every object W of 9, the functors Homgy(Z,-) : 2 — Ab and
Homg (-, W) : 2°° — Ab are cohomological.

Proof.  (i). By (TR1) and (TR4), there is a commutative diagram

idx

X 0 T(X)

T

X —=Y —=Z——T(X)

This shows that g o f = 0.

(ii). We show that Homy (W, -) is cohomological. (The case of Homy(-, W) follows by doing
the same proof in the opposite category.) Let X Ly S gzn T(X) be a distinguished

triangle. We want to show that the sequence of abelian groups
Homg (W, X) 55 Homy (W, V) % Homg (W, Z)

is exact. The fact that g, o f. = 0 follows from point (i). Let u € Ker(g.). Then u is a
morphism from W to Y such that g o u = 0. By (TR1), (TR3) and (TR4), there exists a
morphism of distinguished triangles

W 0 T(W)
T
X——Y — 7 ——T(X)

In particular, this gives a morphism v € Homg (W, X) such that f.(v) = u, sou € Im(f,).
[]
Corollary V.1.1.12. Let

X1y —4.z 1 rx)
ul ’Ul wl T(u)l
f g h

be a morphism of distinguished triangles. If u and v are isomorphisms, then so is w.

Proof. Let W be an object of . By Proposition|V.1.1.11] we have a commutative diagram with
exact rows:

Homu (W, X) - Homo (W, Y) 25 Homa (W, Z) 5 Homo (W, T(X)) "% Homay (W, T(Y))

u*l v*l w*l T(u)*l T(v)*l

Homg (W, X7) - Homgy(W,Y') — Homgy (W, Z7) - Homg (W, T(X'))T(Tl)> Homg, (W, T(Y"))
* 9« * *
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V.1 Triangulated categories

By the five lemma (Corollary [IV.2.2.2)), the morphism w, = Homgy (W, w) is an isomorphism.
By the Yoneda lemma (Corollary [[.3.2.3), this implies that w is an isomorphism.

O
Corollary V.1.1.13. Let &' be a full triangulated subcategory of 2.

(i). Let X Ly 575 T(X) be a triangle in 9, and suppose that this triangle is distin-
guished in 9. Then it is also distinguished in 9'. (Note that the converse is also true, by
the definition of a triangulated subcategory.)

(ii). Let X — Y — Z — T(X) be a distinguished triangle in 9. If X,Y € Ob(Z'), then

there exists an object Z' of 9’ and an isomorphism Z ~ 7.

Proof.  (i). By (TR2), there exists a distinguished triangle X Ly 575 T(X)in Z'. By
(TR4), the identity morphisms of X and Y extend to a morphism between this triangle and

xbLby sz T(X) and, by Corollary [V.1.1.12} this morphism is an isomorphism. So
the triangle X Ly 57 T'(X) is distinguished in &’ by (TRO).

(i1). We proved this during the proof of ().
O

Corollary V.1.1.14. Let f : X — Y be a morphism of 9. Then f is an isomorphism if and only
if there exists a distinguished triangle X Ly 575 T(X) with Z = 0.

Proof. See Problem

V.1.2 The homotopy category

Let ¥ be a triangulated category, and let x € {4+, — b, @}. We consider the auto-equivalence
T = [1] of K*(%), and we say that a triangle in K*(%) is distinguished if it is isomorphic to a
mapping cone triangle, that is, a triangle of the form

) B

x5y Warer) ™ xq,
for f : X — Y a morphism of K*(%).
Theorem V.1.2.1. This makes K* (%) into a triangulated category.

Lemma V.1.2.2. Let f : X — Y be a morphism in C(€), and consider the mapping cone

triangle

x Ly Wnie(r) "9 xq.
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V' Derived categories

Then there exists a morphism u : X [1] — Mc(a(f)) such that u is an isomorphism in K(€') and
that the following diagram commutes in K (€ ):

Y 2Done(r) 202 x )y

idyl ind(f)l uJ idyml

Y = Mc(f)m)Mc(a(f))m)Y[l]

Proof. By definition of the mapping cone, we have, for every n € Z,
Mc(a(f))n — Yn+1 D Mc(f)n _ Y?"H—l D Xn-‘rl D Yn

and
—dytt 0 0
m _ m+1
Me(y = (0 —dx" 0
idyn+1 fTL-‘r]. dT}L/

We define v™ : X [1]" — Mc(a(f))™ and v™ : Mc(a(f))" — X[1]" by

_fn+1
u" = ian-H and " = (0 ian-H O) .
0

Straightforward calculations show that the famlhes (u")nez and (v™),ez define morphisms of
complexes u : X[1] — Mc(a(f)) and v : Mc(a(f)) — X][1], that v o u = idxypy, that
voala(f)) = B(f) and that B(a(f)) ou = —f[ ]. To finish the proof, it suffices to show
that u o v is homotopic to idye(a(s))- Define s™ : Mc(a(f))™ — Mc(a(f))"* by

00 1dyn

s"=10 0
00

Then we have, for every n € Z,

idue(a(pyn — w0 V" = 8" 0 diteary) T Duietarsy © 5

O

Proof of Theorem|V.1.2.1, We check properties (TRO)-(TRS) of Definition [V.1.1.4] Properties
(TRO) and (TR2) are clear, and (TR3) follows immediately from Lemma|V.1.2.2] Let X be an
object of K*(%’).The mapping cone triangle corresponding to the unique morphism from 0 to
Xis0— X% x o 0[1] = 0; this triangle is distinguished, and by (TR2), so is the triangle

idx

X = X = 0— X][1]. So we get (TR1).
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V.1 Triangulated categories

We prove (TR4). We may assume that the two triangles are mapping cone triangles, that is, of
the form X % Y "% Me(f) ™ x11]and X' L v B Me(r) "L X1, Letu s X — X
and v : Y — Y’ be morphisms such that v o f = f’ o w in K*(%). This means that there exist
morphisms s” : X™ — Y™ ! forn € Z, such that v o f* — f™ o = s"*lo d% + d@?l o s".
We define w™ : Mc(f)” = X" @ Y™ — Mc(f')" = X" @ Y™ by

" un+1 0
w" = Sn—i—l o )
Then it is easy to check that this defines a morphism of complexes w : Mc(f) — Mec(f’) and
that we have w o a(f) = a(f’) ovand u[l] o B(f) = B(f’) o w. (This even holds in C(%¥).)

We finally prove (TRS5). We may again assume that the triangles appearing in the state-

ment are mapping cone triangles, so they are of the form X Ly aﬂ;) A 'Bﬂ;) X[1] with

7' =Mce(f), Y % 2“9 x' "9 v with X' = Me(g), and X &4 7“5y 780
with Y/ = Mc(g o f). We define morphisms of complexes v : Z' — Y' and v : Y/ — X'

by taking u Z/n _ Xn+1 D yr Y/n — Xn+1 o) zn equal to (ldx(')n-&-l gon) and

n+1
v s Y = Xl g Zn » X = YL @ 77 equal to <f 0 ) We also de-

0 idgn
fine w : X' — Z'[1] as the composition X’ el Y[1] Z'[1]. Then it is clear that
the diagram appearing in (TRS5) is commutative, so we just need to check that the triangle
7' % Y" 5 X' 5 Z'[1] is distinguished. This will follow if we can construct two isomor-
phisms ¢ : Mc(u) — X’ and ¢ : X’ — Mc(u) that are inverses of each other (in K*(%’)) and
such that ¢ o a(u) = v and 5(u) 0 ¢ = w. Remember that

a(i))[l}

MC(U)” — Zm+1 o Y/n _ Xn+2 D Yn+1 D Xn+1 D n

and
X" =y"" e 2"

We take
0 0

w {0 idyan frU0 idynit 0
O j.an+l
This defines morphisms of complexes ¢ and ¢ such that p o a(u) = v, B(u) o) = w
and ¢ o ¢ = idxs,. (Even in C(%).) We show that ¢ o ¢ = idyic(w) in K*(€). Define
s : Mc(u)™ — Mc(u)"~! by

0 0 idynts 0
s_ |00 0

00 0

00 0
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Then we have idyiey» = Y™ 0 " = s"tl o dTI\‘AC(u) + d&’c(lu) o s”, so we are done.

Proposition V.1.2.3. Let o7 be an abelian category.

(i). Let f : X — Y be a morphism in C(</). Then f is a quasi-isomorphism if and only if
Mc(f) is quasi-isomorphic to 0.

(ii). Let0 — X LY % Z = 0 be an exact sequence in C(</), and define u : Mc(f) — Z by

u" = (O g”). Then u is a quasi-isomorphism and v o o(f) = g.

Proof.  (i). This follows immediately from the long exact sequence of Corollary
(ii). The fact that u o a(f) = g is obvious. We have an exact sequence in C(<7):
0 — Mc(idy) — Mc(f) = Z — 0,
where v : Mc(idx)" = X" @ X* — Mc(f)" = X" @ Y™ is define by

"t = idxner 0 . As Mc(idx) is quasi-isomorphic to 0 by (i), the long exact sequence

0 fm
of cohomology (Corollary shows that u is a quasi-isomorphism.

V.2 Localization of categories

V.2.1 Definition and construction

Let € be a category and W be a set of morphisms of &'.

Definition V.2.1.1. A localization of € by W is a category %’ [W 1], together with a functor
Q : € — €[W1], such that the following conditions hold:

(a) for every s € W, the morphism ()(s) is an isomorphism;

(b) for any functor F' : ¥ — %" such that F'(s) is an isomorphism for every s € W, there
exists a functor Fyy : €[W 1] — %" and an isomorphism Fy, o Q ~ F;

¢ -2 ew

2
F //
Ve FW

¢

(c) for any category ¢” and any functors G, Gy : €[W 1] — €, the map
Hompynew w1147 (G1, G2) = Hompynew (G110 Q, G20 Q)
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V.2 Localization of categories

sending u : G; — G5 to u o () is bijective.

Remark V.2.1.2. By condition (c), the functor (-) o Q : Func(¢[W™,%") — Func(¢,¥”’) is
fully faithful, so the functor Fyy of (b) is unique up to unique isomorphism.

The following result follows immediately from the definition (and from Remark [V.2.1.2)).

Proposition V.2.1.3.  (i). If a localization Q : € — €[W ™| exists, then it is unique up to an
equivalence of categories (and this equivalence is unique up to unique isomorphism).

(ii). Let W°P be the set W, seen as a set of morphisms in €°°. If a localization
Q : € — CIW] exists, then Q°® = opo Qoop : € — €[W P is a localiza-
tion of €°P by W°P,

Theorem V.2.1.4. There exists a localization Q) : € — €[W | of € by W.
Proof. For any X,Y € Ob(%), we write WP(X,Y) = {f € Homg (Y, X) | f € W} if
f:Y — X is an element of W, we denote the corresponding element of W°P(X,Y") by f.
Consider the directed graph %’ defined by:
(1) Ob(%¢”) = Ob(%);
(2) forall X,Y € Ob(%), Homg (X,Y) = Home (X, Y) UWP(X,Y).

The identity of %" induces a morphism of directed graphs ¥ — %”; composing with the obvious
morphism ¢’ — %", we get a morphism of directed graphs Q' : ¥ — Z%”. Consider the
smallest equivalence relation ~ on the morphisms of &%” satusfying the following conditions:

for every object X of €, we have (X; @; X) ~ (X;idy; X);

-if f + X — Y and g : Y — Z are two morphisms of %, we have
(X5 f,9:2) ~ (X590 f;2);

-if s : X — Y is a morphism in W, we have (X;s,5;X) ~ (X;idx;X) and
(Y35,5Y) ~ (Y;idy; Y);

- if f1, fo : X — Y are morphisms of #2%” such that f; ~ fo,then ho fiog~ho fyog
for all morphisms g : X’ — X and h: Y — Y'in Z%".

We can define a category 4’ [W 1] by taking Ob(%'[W~1]) = Ob(2%") = Ob(%) and, for
all X,Y € Ob(%), setting Homyy—1(X,Y) = Homgpe (X,Y)/ ~. Let Q : € — € [W ™| be
the functor obtained by composing Q' : € — %" with the obvious functor 2¢" — € [W1].

I claim that Q : € — €' [W~!] is a localization of ¢ by W. First, let s : X — Y be an element
of W. Then the image in € [W '] of the morphism (Y;5; X) of £2%” is an inverse of Q(s), so
Q(s) is an isomorphism; this shows condition (a).

We prove (b). Let F' : € — 2 be a functor such that F'(s) is an isomorphism for every s € W.
We extend F' to a morphism of directed graphs F” : 4" — & by setting F'(5) = F(s)™}, for all
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X,Y € Ob(%) and every s € W°P(X,Y). By Proposition[[.4.12] there exists a unique functor
G : P% — 2 extending F'. We check that G descends to a functor Fy, : €W~ — 2,
which will then satisfy Fy o Q = F. We must show that, if f ~ g in %", then G(f) = G(g).
It suffices to check this for the relation generating ~; there are three cases:

- If X is an object of €, we have G(X;@; X) = G(X;idx; X) = idp(x).

-If f : X — Yand g : Y — Z are two morphisms of %, we have
G(X;f,g:2) =F(g)o F(f) = Flgo f) = (X;g0 f; Z).

-If s : X — Y is a morphism in W, we have
G(X;s,5X) = F(s)' o F(s) = 1idpxy = G(X;idx;X) and
G(Y;3,8Y)=F(s)o F(s) ™t =idpy) = G(Y;idy; Y).

We finally prove (c). Let G1,Gy : €W~ — 2 be two functors, and let
a : Hompye@gw-1149(G1,Ge) —  Hompuyewen (G © @Q,Gy o Q) be the obvious
map. By definition of 4’ [W~!], every morphism of ¢ [W~!] is equal to a composition
Q(f1) o Q(s1) Lo Q(f2) 0o Q(s2) to...0Q(fn) o Q(s,)", where fi, ..., f, are morphisms
of ¥ and sq,...,s, € W. This immediately implies that « is injective. We show that « is
surjective. Let u : G; o Q — G5 o (Q be a morphism of functors. If there exists a morphism of
functors v : G; — G» such that u = «(v), then we have v(X) = u(X) : G1(X) = G2(X)
for every X € Ob(%). So, to show that « is in the image of «, we have to show that the family
(u(X)) xeob(«) defines a morphism of functors from Gy to Gy, that is, that the diagram

is commutative for every morphism f : X — Y in €W Writing
f= QU)o Qs1)™ 0 QUf) 0 Qs2)™ o ... 0 Q(f) o Q)" as before, we see that it
suffices to treat the case where f is in the image of (), where the result follows from the fact that
u is a morphism of functors from GGy o () to G5 o ().

]

Remark V.2.1.5. If € is a % -category, then € [W '] might not be. The only thing that the
construction tells us is that €[W '] is a ¥ -category for every universe ¥ such that % € V.
However, we will be able to control the size of the Hom sets in ¢’ [WW '] if € has some extra
structure, such as a model category structure for which W is the set of weak equivalences. E]

Proposition V.2.1.6. Let G : € — Z be a full and essentially surjective functor. Suppose that
there exists a set of morphisms Wy of & such that W is the set of morphisms s of € such that
G(s) € Wi Let Q, : 2 — P[W, | be a localization of 9 by W. Then Q,0G : € — 2[W; ]
is a localization of € by W.

2 Add reference.
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Proof. Let 7' be the full subcategory of & whose objects are the G(X), for X € Ob(%).
As F is essentially surjective, the inclusion functor 2’ C & is fully faithful and essen-

tially surjective, hence an equivalence of categories. So we may assume that ¥ = &,
i.e. that G is surjective on objects. The fact that )1(G(s)) is invertible for every s € W
is obvious. Let F|,F, : ¥ — & be functors. We claim that the canonical map

a : Hompyne(o,6)(F1, F2) — Hompynez,6)(F1 © G, F5 o G) is bijective. This will finish the
proof, because then properties (b) and (c) of the localization Q, : 2 — 2[W; '] immedi-
ately imply the analogous properties for (); o GG (relatively to ). The injectivity of « fol-
lows immediately from the fact that GG is surjective on objects. We prove that « is surjective.
Let u € Hompynez,)(F1 0 G, Fy 0 G). Let Y € Ob(2). If X, X" € Ob(%¥) are such that
G(X) = G(X') =Y, then, by the fullness of G, there exists a morphism f : X — X' such that
G(f) = idy. As u is a morphism of functors, we have F;(G(f)) o u(X) = w(X') o F1(G(Yf)),
that is, u(X) = u(X’). So we can define v(Y) : F1(Y) — F»(Y) by v(Y) = u(X), for any
X € Ob(%) such that Y = G(X). If g : Y — Y is a morphism of &, then, as G is full and
surjective on objects, we can find a morphism f : X — X’ in ¢ such that G(f) = g, and then

Fy(g) o v(Y) = Fi(G(f)) o u(X) = u(X") e Fy(G(f)) = v(Y') o Fx(g).
So the family (v(Y'))yeon(2) defines a morphism of functors v : Fy — F5, and we clearly have
a(v) = u.
[]

Example V.2.1.7. Let </ be an abelian category, and let x € {+, —, b, @}. We take ¢ = C*(.«/),
and W equal to the set of quasi-isomorphisms in %". (See Definition [V.1.5.4]) Then €' [W ]
is denoted by D*(.«7), and called the derived category of <. More precisely, if x = + (resp.
x* = —, % = b, x = ), we talk about the bounded below (resp. bounded above, resp. bounded,
resp. unbounded) derived category.

The canonical functor C*(.«/) — K*(/) is surjective on objects and full, and W is the inverse
image by this functor of the set W, of morphisms of K*(.<7) that induce isomorphisms on all
the cohomology objects, so, by Proposition the derived category D*(</) is canonically
equivalent to K*(.«7)[W, *]. This is very useful because we know that K*(.«7) is a triangulated
category, and we will show that D*(.7) inherits that structure.

V.2.2 Multiplicative systems

Let ¢ and W be as in the preceding subsection.

Definition V.2.2.1.  (i). We say that W is a right multiplicative system if it satisfies the follow-
ing conditions:

(S1) Forevery X € €, we haveidyx € W.
(S2) Foralls: X - Y andt:Y — ZinWW,wehavetos € Z.
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(S3) If f: X — Y and s : X — X’ are two morphisms such that s € W, there exists
morphisms ¢ :Y — Y’ andg: X' — Y’ suchthatt € Wandgos=to f.

X -2sy
/I\
ST I ¢
|

(S4) Let f,g : X — Y be two morphisms. If there exists s : X’ — X in W such that
fos=gos,thenthereexistst:Y — Y’ suchthatto f =tog.

(i1). We say that W is a left multiplicative system if it satisfies the following conditions:
(S1) Forevery X € ¥, we have idx € W.
(S2) Foralls: X - Yandt:Y — ZinW,wehavetos € Z.

(S3) If f: X - Yandt: Y — Y are two morphisms such that ¢ € W, there exists
morphisms s : X' — X and g: X' — Y'suchthats € Wandtog= fos.

X -Z5y
|
sl lt
4

(S4’) Let f,g : X — Y be two morphisms. If there exists ¢t : Y — Y’ in W such that
to f =to g, then there exists s : X’ — X suchthat fos = gos.

(iii). We say that W is a multiplicative system if it is both a left and right multiplicative system.

If W is a right or left multiplicative system, then we can give a simpler construction of the
localization ¢’ [W 1.

Let X € Ob(%). We denote by X\W (resp. W/X) the category whose objects are morphisms
s: X — X' (resp. s : X' — X)in W and whose morphisms are commutative diagrams

X 25X X 2uX

& l f (resp. fl % ). If W satisfies conditions (S1) and (S2), then we can see it as

X X5
a subcategory of ¢, with objects all the objects of 4 and morphisms the elements of V. Note
that X\IV and W/ X differ from the slice categories of Definition|l.2.2.6/because we are allowing
the morphism f to be any morphism of €.

Proposition V.2.2.2. (i). If W is a right multiplicative system, then the category X \ W is
filtrant for every X € Ob(%).
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(ii). If W is a left multiplicative system, then the category (W/X) is filtrant for every
X € Ob(¥%).

Proof. Tt suffices to prove (i). Let X € Ob(%). We check conditions (a), (b) and (c) of Definition
The category X\W is nonempty, because it contains idy. Lets: X — Y andt: X — Z
be objects of X'\ W. By condition (S3), there exist morphisms ¢’ : Y — T'and s’ : Z — T, with
s' € W, suchthatt’ o s = ¢’ o t. In particular, s' o ¢ : X — T is an object of X \W, and ¢ and &’
define morphisms from s : X — Y andt: X — Z to ¢’ o t. This shows condition (b). Now let
s: X > Yandt: X — Z be objects of X\W,and let f,g : Y — Z be morphisms in X\ W
between these two objects. This means that f o s = ¢ = g o 5. By condition (S4), there exists
s':Z — TinW suchthats' o f = s og. Then s ot : X — T is an object of X \ W, and s is
a morphism from¢ : X — Zto s’ ot: X — T in X\W such that s’ o f = s’ o g. This shows
condition (c).

O
Definition V.2.2.3. Let X, Y € Ob(%). If W is a right multiplicative system, we define
Homy, (X,Y) = limy Homg (X, Y").
(Y =Y")eOb(Y\W)
If W is a left multiplicative system, we define
Homg, (X,Y) = limy Homy (X', Y).
(X'—X)eOb((W/X)°p)

Note that we have canonical maps from Home(X,Y') to Homg, (X,Y’) and Homg, (X,Y)
(whenever these sets are define).

By Propositions |V.2.2.2|and [.5.6.2] we have the following descriptions of Homg, (X, Y") and
Homg, (X,Y):

Y/
(1) Elements of Home, (X, Y) are diagrams y ’X , witht € W, modulo the fol-
X Y

Y Y3
lowing equivalence relation: the diagrams V y and V y
X Y X Y

are equivalent if there exists a commutative diagram
/
Yy
f1 t1

X f3 }/E))/ t3 Y

N4

Y
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with t3 ew.
X/
(2) Elements of Homg, (X,Y) are diagrams / X, , with s € W, mod-
X Y

Xi
ulo the following equivalence relation: the diagrams y & and
X Y

X
y Y are equivalent if there exists a commutative diagram

X Y

X

Xy Loy
N

X

with s3 € W.

Theorem V.2.2.4. (i). Suppose that W is a right multiplicative system. Let X, Y, Z € Ob(%),
let w € Homg (X,Y) and v € Homg (Y,Z), and choose representatives

XLoves v oad v -2zt 7 of uw and v, with s,t € W. By condition
(S3), we can find a commutative diagram

Y’VTXZ’
NN

with ' € W, and we define v o u € Homg, (X, Z) to be the element represented by
X g'of T s'ot 7
a) This operation is well-defined and associative.

So we can define a category 6, by setting Ob(%,) = Ob(%), using the sets Homy, (X, Y)
as Hom sets, and taking the composition law to be the one just define. We have an obvious
functor Q, : € — 6.
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b) The functor Q, : € — 6, is a localization of € by W.

c) Let f : X — Y be a morphism of €. Then Q,.(f) is an isomorphism if and only if
there exist morphisms g : Y — Z and h : Z — T in € such that both go f and ho g
arein W.

(ii). Suppose that W is a left multiplicative system. Let X,Y,Z € Ob(%), let

u € Homgy, (X,Y) andv € Home, (Y, Z), and choose representatives X +—— X' Ty

and Y +—Y' 2 7 of uw and v, with s,t € W. By condition (S3’), we can find a com-

mutative diagram
T
N
X’ Y’
X Y Z
with t' € W, and we define v o u € Homy, (X, Z) to be the element represented by
sot’ gof’
X——T—17.

a) This operation is well-defined and associative.

So we can define a category 6, by setting Ob(%6;) = Ob(%€), using the sets Home, (X, Y")
as Hom sets, and taking the composition law to be the one just define. We have an obvious
functor Q; : € — €.

b) The functor Q; : € — €, is a localization of € by W.

c) Let f : X — Y be a morphism of €. Then Q,(f) is an isomorphism if and only if
there exist morphisms g : Z — X and h : T — Z in € such that both f o gand go h
are in W.

If W is a right (resp. left) multiplicative system, then we can (and will) identify ), : € — G,
(resp. Q;: € — ¢) and Q : € — € |W™!]. In particular, if W is a multiplicative system, then
there is an equivalence of categories F' : 6, 5 € such that F o Q, ~ Q.

Proof. 1t suffices to prove (i).

We first show the following fact, which we will call (*): If XY € Ob(%) and
s : X — X' is in W, then composition on the right by s induces a bijective map
a: Homyg (X')Y) — Home, (X, Y).

Indeed, let u = X —2—Y’+*—Y be an element of Home, (X,Y'). By condition (S3), we
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can find a commutative diagram

X/ f/ Y//

1

XT>YWt—Y

with # € W. Then v/ = X'—25Y"<“V is an element of Homey, (X',Y'), and
a(u’) = wu. This shows that « is surjective. Now let u},u), € Homg (X', Y) such that

a(u}) = a(u}). By Proposition [V.2.2.2] we can choose representatives of «} and v}, of the form
X Py y oand XLyl y ; using the same proposition, after composing the
morphisms f1, fo, t1, to with some morphism Y’ — Y” in W, we may assume that fio0s = fy0s.
Then condition (S4) says that there exists ¢t : Y’ — Z in W such that t o f; = t o f5, and this
implies that v} = u),. So « is injective.
Now, using (*), we see that we can rewrite the definition of the composition law
Homey, (X,Y) x Homg, (Y, Z) — Homg, (X, Z)

as

hérl HOIIl(gT (X, Y/) X hgl Hom(gT(Y, Z/> ~ hﬂ (Hom(gr(X, Y/) X %ﬂ Hom% (Y, Z/))

Y=Y’ AN Y=Y’ A YA
& lim (Home, (X, Y') x lim Homg, (Y', Z'))
Y=Y/ Z—7'
— lim lim Home, (X, Z"
YV 257
~ lim Homg (X, 7).
ik

(The first isomorphism comes from Proposition [[.5.6.4] and the second from (*), the third map
comes from the composition law in 4" and the fourth isomorphism is obvious.) In particular,
the composition law of %, is well-defined. To show that it is associative, consider objects
X1, X9, X3,Xy € Ob(¥) and elements u; € Homg (X1, X3), us € Home (Xo, X3) and

uz € Homg (X3, X,). We choose representatives X Ji X 2 X, ofu;forl <i <3,
with s; € . Using condition (S3), we can construct a commutative diagram

lelll
XY XY
V 'Y 14 55
X3 X3 Xi
N NI N
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. " .. . fiofsof Y osyos:
with s/, s, s, € W. By definition of the composition law, the diagram X; *——'X i”g Y

represents both u3 o (u 0 u1) and (ugz o uy) o uy. This finishes the proof of part (a).

We prove part (b). By (*) and the Yoneda lemma (Corollary [[.3.2.3), for every s : X — X’ in
W, the morphism (),.(s) is an isomorphism in %, ; this proves property (a) of the localization. As
in the proof of Theorem property (c) of the localization follows from the fact that every
morphism in %, is of the form Q,.(s)™! o Q,(f), with s € W and f a morphism of 4. We prove
property (b) of the localization. Let ' : € — & be a functor such that F'(s) is an isomorphism
for every s € W. We define a functor I’ : 6, — & such that [’ o ),, = F in the following way:

(1) On objects, F” is equal to F.

et X,Y € r) = ,and let u € Homg, , Y ). Let —— Y] — an
(2) Let X,Y € Ob(%,) = Ob(%), and 1 Home, (X,Y). Let X 25 ¥/ <" Y and

t . . . .
X -, Yy +——Y be two representatives of u. Then there exists a commutative diagram

Y3

with t3 € W. In particular, we get F\(t;) Lo F(f1) = F(t3) Lo F(f3) = F(t2) ' o F(fs),
so we can set F'(u) = F(t;)~' o F(f;). Itis easy to check that this does respect composi-
tion.

We finally prove part (c). Let f : X — Y be a morphism of €. If there exist mor-
phisms g : ¥ — Zand h : Z — T in ¥ such that both g o f and h o g are in W, then
Qr(h) o Q.(g9) and Q,(g) o Q.(f) are isomorphisms, and this implies that Q),.(f) is an isomor-
phism (by Corollary for example). Conversely, suppose that (),.(f) is an isomorphism,

and let u € Homg, (Y, X) be its inverse. We choose a representative Y XX ofw
The fact that u o f = idx in %, means that there exists a morphism s : X’ — Y in W such
that sogo f : X — Yisalsoin W. So, taking g = sog¢ : Y — Z, wehave go f € Z.
Also, the morphism @),.(¢g) is invertible in ., so applying what we just did to g gives a morphism
h:Z —Tin% suchthathog e W.

]

V.2.3 Localization of a subcategory

Let € be a category and W be a set of morphisms of €. If .# is a subcategory of ¢ and W, is
the set of morphisms of .# that are in W, then the universal property of the localization .# [W ']
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gives a canonical functor v : .#[W '] — ¢’ [W~!] extending the inclusion .# C %. We want to
give conditions for this functor to be fully faithful or an equivalence of categories.

Proposition V.2.3.1. Suppose that .% is a full subcategory of €, that W is a right multiplicative
system and that, for every s : X — Y in W such that X € Ob(.Y), there exists a morphism
f:Y = ZwithZ € Ob(S) and fos € W. Then W is a right multiplicative system, and the
canonical functor v - I|W ;'] — €W 1] is fully faithful.

Proof. For the proof that W, is a right multiplicative system, see problem [A.8.1]
Let X,Y € Ob(.#). By Theorem|[V.2.2.4(i) and the fullness of .# in ¥, we have

Hom -1 (X, Y) = limy Homg (X, Y")
(Y =Y")€Ob(Y\W »)

and

Homey-1)(X,Y) = lim Homy (X, Y").
(YY) eOb(Y\IV)

By the hypotheses of the proposition, for every object s : Y — Y’ of Y \ W, there exists a
morphism f : Y’ — Y” from s to the object fos : Y — Y” of Y\ W such that f o s is in
the full subcategory Y\ W.,. P’| Using Proposition we see easily that this implies that the
canonical morphism

limy Homg (X,Y') — lim Homg (X, Y")
(Y Y1) €Ob(Y\W ») (Y =Y eOb(Y\W)

is bijective, which is what we wanted to prove.

O

Corollary V.2.3.2. Suppose that % is a full subcategory of €, that W is a right multiplicative
system and that, for every X € Ob(%), there exists a morphism s : X — Y in W such
that Y € Ob(.¥). Then the canonical functor v : I [W ;'] — €W~ is an equivalence of
categories.

Proof. We already know that ¢ is fully faithful by Proposition|V.2.3.1|(whose hypotheses follow
from those of the corollary). As morphisms of W become isomorphisms in €’ [TW 1], the last
hypothesis of the corollary implies that ¢ is essentially surjective.

]

3We say that the full subcategory Y\ W is cofinal in Y \W.
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V.2.4 Localization of functors

Let ¢ be a category and TV be a set of morphisms of 4. We fix a localization W : ¢ — €' [W ']
of € by W.

Let F : € — 9 be a functor. In general, the functor F' does not factor through €' [W 1], so
we introduce the following notions:

Definition V.2.4.1.  (i). A right localization of F by W is a functor Fy, : €[W~!] — 2 and
a morphism of functors 7 : F' — Fyy o Q such that, for every functor G : €[W~] — 2,
the map

Hompypegw—11,2) (Fw, G) — Hompune(e,2) (F, G 0 Q)
sending u : Fyy — G to 7(u o Q) is bijective. If F' has a right localization, we say that F’
is right localizable.

(i1). A left localization of F by W is a functor Fyy : €' [W 1] — 2 and a morphism of functors
7 : Fyy o Q — F such that, for every functor G : €[W 1] — 2, the map

HomFunc(%’[Wfl},.@) (G7 FW) — HomFunc(%,@) (G © Q7 F)

sending u : G — Fy to 7(u o Q) is bijective. If F' has a left localization, we say that F' is
left localizable.

In other words, a right (resp. left) localization (Fy,,7) of F' is a couple representing
the functor Func(éw,?) — Set, G +— Hompuncw,2)(F,G o Q) (resp. the functor
Func(éw, 2)°° — Set, G — Hompune(#,2)(G © Q, F)). In particular, by Corollaries
and[[.3.2.8] right and left localizations are unique up to unique isomorphism if they exist.

Remark V.2.4.2. If F' sends every element of W to an isomorphism in &, then the functor
Fw : €|W~'] — 2 given by the universal property of the localization is both a right and
left localization of F'.

Remark V.2.4.3. A right (resp. left) localization of I' by W is also called a left Kan extension
(resp. right Kan extension) of F along the functor @ : € — % [W~!]. Note that right and left
are exchanged, and this is not a mistake.

Proposition V.2.4.4. Let .9 be a full subcategory of € and W s be the set of morphisms of .9
that are in W. Let F' : € — 2 be a functor. Suppose that:

(a) W is a right multiplicative system;
(b) for every X € Ob(%), there exists a morphism s : X — Y in W such that Y € Ob(.%);
(c) for every s € Wz, the morphism F(s) is an isomorphism.

Then F is right localizable. In fact, if L : I [W ;'] — €[W Y] is the equivalence of categories
of Corollary if v 1 is a quasi-inverse of v and if Fy,, : ﬂ[W}l] — 9 is the functor
extending F|, whose existence is given by condition (c) and by the universal property of the
localization, then the functor Fy,, o ' : €[W ™| — 9 is a right localization of F.
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Proof. We write Fyy = Fy, o', We also denote by ¢ the inclusion functor .# C % and

by Qs : I — & [W}l] the localization functor. We have a (non-commutative) diagram of
categories and functors:

Let G : €[W~'] — 2 be a functor. By problem[A.8.4] the map
o : Hompnew, ) (F, G 0 Q) = Hompyne(.s, o) (F ot,Go Qo)

induced by composition on the right by ¢ is bijective.

Using this fact and the universal property of the functor Fy,,, we get, for every functor
G : €W~ — 2, a chain of isomorphisms

Hompune(z,2)(F, G o Q) 5 Hompune(.s7,9)(F 0t,Go Qo)
~ Hompune(.s,9) (Fw, 0 Qr,GotoQy)
= HomFunc(f[W}l},@) (FWJN Go L)

= HomFunc(‘ﬁ[W—l],Q)(FW) G)

This shows that Fy; is a right localization of F' by .

V.3 Localization of triangulated categories

In this section, we fix a triangulated category (2, 7).

V.3.1 Null systems

Instead of fixing a set of morphisms to invert, we can fix a set of objects to send to (. If this set
satisfies some natural conditions, we can do this in a controlled way, and the result will still be a
triangulated category. ﬁ]

Definition V.3.1.1. A null system in & is a set .4/ of objects of & such that:

“There is a similar theory for abelian categories, called the Serre quotient by a thick subcategory (although it is
also a localization and not a quotient in the sense of Definition [[V.1.3.1).

166



V.3 Localization of triangulated categories

(N1) 0 € 4,
(N2) for every X € Ob(%), we have X € .4 if and only if T'(X) € A4/
(N3) if X - Y — Z — T(X) is a distinguished triangle and if X, Y € .4, then Z € /4.

Remark V.3.1.2. If .4 is a null system, then it is stable by isomorphism. See problem a).

Definition V.3.1.3. Let .4 be a null system. We denote by W - the set of morphisms f : X — Y
in & such that there exists a distinguished triangle X Ly 527 T(X)with Z € N

Theorem V.3.1.4. Let A be a null system in 9, and let Q : 9 — P[W '] be a localization of
D by W_y; we also write 9| N = Z[W }].

(i). The set Wy is a multiplicative system.

(ii). Define Ty : DN — D] N by T y(X) = T(X) for every x € Ob(Z2/.4) = Ob(2)
and T 4 (Q(f) o Q(s)™') = Q(T(f)) o Q(T(s)) ! for f a morphism of 9 and s € W 4.
Then T y is well-defined and an auto-equivalence of /.4, and we have T y o Q) = QoT.

(iii). We say that a triangle of (2], T ) is distinguished if it is isomorphic to the image by

Q of a distinguished triangle of 9. Then 9 | AN is a triangulated category, and the functor
Q: 9 — D/N is triangulated.

(iv). If X € N, then Q(X) = 0.

(v). Let F : 9 — ' be a triangulated functor such that F(X) = 0 for every X € A". Then
there exists a functor F y - D] N — D' suchthat F y o Q) ~ F, and F.y is unique up to
a unique isomorphism of functors.

Proof. Point (i) is proved in problem [A.8.3and points (ii) and (iii) are proved in problem|[A.8.5]
If X € ./, then the morphism 0 — X is in W 4 (because the triangle 0 — X Y x oo
is diatinguished), so 0 = Q(0) — Q(X) is an isomorphism in Z/.4"; this proves (iv). We
show (v). It suffices to prove that the functor F' sends every element of IV 4 to an isomorphism.
Let f € W 4, and consider a distinguished triangle X Ly 57> T(X), with Z € A
Then the triangle F(X) "' F(Y) = F(Z) = 0 — F(T(X)) is distinguished, so F(f) is an
isomorphism by problem[A.8.2]

]

We also have a triangulated version of Proposition [V.2.3.1]about the localization of a subcate-
gory.

Proposition V.3.1.5. Let A be a null system in & and . be a full triangulated subcategory of
9. Then Ny = N NOb(SF) is a null system in .Z, and Wy, is the set of morphisms of . that
are in W 4. Suppose that one of the following conditions is satisfied:
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(a) For any morphismY — Z withY € Ob(¥) and Z € N, there exists a factorization
Y =72 = ZwithZ' € Ny.

(b) For any morphism Z — Y with Y € Ob(¥) and Z € N, there exists a factorization
Z =7 =-YwithZ € N;,.

Then the canonical functor v : I | Ny — D] N is fully faithful.

Proof. The first statement follows immediately from the definition and from Corollary |V.1.1.13

To prove the second statement, we want to use Proposition [V.2.3.1} so we have to check the
hypothesis of this proposition. We treat the case where (b) holds (the other case follows by con-
sidering the opposite categories). Let s : X — Y be a morphism of W 4 such that X € Ob(.%),

and complete s to a distinguished triangle X > Y — Z EN T(X) with Z € 2. The object
T(X) is isomorphic to an object of .#, so, by (b), the morphism f : Z — T(X) factors as
z% 75 T(X) with Z' € A4,. We embed f' : Z' — T(X) into a distinguished triangle
X =Y — 7' —T(X)with Y’ € Ob(.#); by (TR4), there exists a morphism of distinguished
triangles:

XY 7 T(X)
1dxl UJV ul idT(X)l
XY — 7' — 5 T(X)

As 7' € 4, thismeans thatvos € W .
OJ

Corollary V.3.1.6. With the notation of Proposition|V.3.1.5| assume that one of the following two
conditions holds:

(a’) For every X € Ob(2), there exists a distinguished triangle X — Y — Z — T(X) with
Y eOb(SF)and Z € N .

(b’) Forevery X € Ob(2), there exists a distinguished triangle Y — X — Z — T(X) with
Y €eOb(H)and Z € N

Then the canonical functor v : I | Ny — D[N is an equivalence of categories.

Proof. Condition (a’) immediately implies the hypothesis of Corollary [V.2.3.2] so we get the
result. If condition (b’) holds, then condition (a’) holds in the opposite category.

]
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V.3.2 Localization of triangulated functors

Proposition V.3.2.1. Let .4 be a null systemin & andlet F' : 9 — ' be a triangulated functor.
Assume that there exists a full triangulated subcategory % of & such that:

(a) For every X € Ob(2), there exists a distinguished triangle X — Y — Z — T(X) with
Y eOb(SF)and Z € N

(b) ForanyY € AN, we have F(Y) = 0.

Then F' is right localizable, and its right localization is also a triangulated functor.

Proof. Conditions (a) and (b) imply the hypotheses of Proposition |V.2.4.4] so F' is right localiz-
able, and we get a right localization of F' by taking F 4, o.~!, where ¢! is a quasi-inverse of the

equivalence of categories ¢ : & /Ny — P/ AN and Fi, : I | Ny — P’ comes from condition

(b) and the universal property of .# /.#;. As both ¢ and F ,, are triangulated, so is Fy, o 1™

O

The case of bifunctors

Suppose that we have two triangulated categories 2 and 2’ and null systems .4 and ./ in
2 and 2’ respectively. Then (2/.4") x (2'/.A4") is a localization of ¥ x 2’ by the set of
morphisms W, x W 4.

The folowing proposition is easy.

Proposition V.3.2.2. Let .4 C 2 and 9" C ' be full triangulated subcategories and
F 92 x92 — 2" be a bifunctor that is triangulated in each variable. Suppose that the
following conditions hold:

(a) For any X € Ob(2), there exists a distinguished triangle X — Y — Z — T(X) with
Y eOb(H)and Z € N

(b) Forany X' € Ob(2'), there exists a distinguished triangle X' —Y' — Z' — T'(X') with
Y' € Ob(S)and Z' € N

(¢c) IfY € Ob(F) and Y' € N N Ob(I"), then F(Y,Y") = 0.
(d) IfY € ¥ NOb(F) and Y' € Ob(.I"), then F(Y,Y") = 0.

Then F' is right localizable and its right localization is triangulated in each variable. More-
over, if we denote by Iy 4 a right localization of I, we can calculate it in the following way: If
X € Ob(2) and X' € Ob(Z'), choose a morphism X — Y in W 4 and a morphism X' — Y’
in Wy such thatY € Ob(.#) and Y’ € Ob(.#"). Then

Fy »(X,)Y)=F(Y,Y").
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V.4 Derived category of an abelian category

In this section, we fix an abelian category <7

V.4.1 Definition

We already defined the derived category of .7 in Example [V.2.1.7] but we did not have many
tools to study it then.

Definition V.4.1.1. Let x € {+, —, b, @}. We denote by .4"*(o/) the set of objects X of K* ()
such that H"(X') = 0 for every n € Z.

Proposition V.4.1.2. The set W y« (o) is the set of quasi-isomorphisms in K*(</) (that is, mor-
phisms that induce isomorphisms on all cohomology objects), so the derived category D*(<f)
is canonically equivalent to K*(/ )/ N *(</). In particular, we have a natural structure of tri-
angulated category on D*(<f) that makes the localization functor QQ : K*(«/) — D*() a
triangulated functor.

Proof. The first statement follows from the long exact sequence of cohomology, and the rest of
the proposition is an immediate consequence of this.

[]

We usually omit the notation “()” and use the same notation for complexes and morphisms
between them and for their images in the derived category.

We collect some useful facts about derived categories.

Proposition V.4.1.3.  (i). For every n € Z, the functor H" : C*(«/) — & induces a cohomo-
logical functor H" : D* (&) — <.

(ii). Let f be a morphism in C*(&/) (resp. in K*(<f)). Then f becomes an isomorphism in
D*(f) if and only if it is a quasi-isomorphism.

(iii). A morphism f : X — Y in D*(«) is an isomorphism if and only if
H™(f) : H*(X) — H™(Y') is an isomorphism for every n € 7.

(iv). Let 0 — X LY — Z = 0 be an exact sequence in C*(</). Then there is a morphism
Z — X[1] in D*(&/) such that X — Y — Z — X|1] is a distinguished triangle isomor-
phic to the image in D*(</) of the mapping cone triangle X Iy Mec(f) o) X[1].

Proof.  (1). The functor H" sends quasi-isomorphisms to isomorphisms, so it factors through
a functor D*(.2f) — 7, that we still denote by H". The fact that this functor is cohomo-
logical follows from the definition of distinguished triangles in D*(.<7) and from the long
exact sequence of cohomology of a mapping cone triangle (Corollary [V.2.2.§).
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(i1). If f is a morphism of complexes of objects of .7, whether or not it is a quasi-isomorphism
depends only on its image in K*(.7), so it suffices to consider morphisms in K*(.<7).

It is clear that quasi-isomorphisms in K*(.27) become isomorphisms in D*(.e7) (by defini-
tion of a localization). Conversely, let f : X — Y be a morphism of K (o) that becomes
an isomorphism in D*(«7). By Theorem [V.2.2.4[i)(c), there exists morphisms g : Y — Z
and h : Z — T in K*(&/) such that h o g and g o f are quasi-isomorphisms. Let n € Z.
Then H"(h) o H"(g) and H™(g) o H"(f) are isomorphisms in 7, so H"(g) is nijective and
surjective, hence it is an isomorphism, and this implies that H"( f) is also an isomorphism.

(iii). Itis obvious that an isomorphism of D*(.¢/') induces an isomorphism in cohomology. Con-
versely, let f : X — Y be a morphism of D*(.<7) and suppose that H"( f) is an isomor-
phism for every n € Z. We can write f = gos™,whereg: X — Y’ ands:Y — Y are
morphisms of K*(.27) and s is a quasi-isomorphism. Then H"(g) = H(f) o H"(s) is an
isomorphism for every n € Z, so g is a quasi-isomorphism, so it becomes an isomorphism
in D*(«7), and f is an isomorphism in D*(.«7).

(iv). By Proposition [V.1.2.3[ii), there exists a morphism of complexes u : Mc(f) — Z such
that u o a(f) = ¢ and u is a quasi-isomorphism. Remember that we denote by () the
localization functor C*(.«7) — D*(</). The morphism ()(u) is an isomorphism, so we get
a triangle Q(X) AP QYY) Ay Q(Z) Q)o@ (B Q(X)[1] in D*(<7), and this triangle
is distinguished because it is isomorphic to the image by () of the mapping cone triangle

X Ly Wnie(r) Y xq.

]

V.4.2 Truncation functors

Definition V.4.2.1. Let n € Z. We define the truncation functors 7=" : C(«/) — C="(«/) and
=" C() — C="() by

(X)) =(.. > X" ? 5 X"t 5 Ker(dy) - 0—=0—...)

and
72"(X) = (... >0 —= 0 — Coker(d¥ ') — X" — X" ).

For every complex X, the identity morphism of X induces morphisms 7="(X) — X and
X — 72"(X), that are actually morphisms of functors. The reason we truncated the way we did
(and not by brutally making the X* equal to 0 for i < n or i > n) is the following result, whose
proof follows immediately from the definition of the cohomology objects.

Proposition V.4.2.2. The morphism 7<"(X) — X induces an isomorphism on H* for k < n
(and is zero on H* for k > n), while the morphism X — 72"(X) induces an isomorphism on
H* for k > n (and is zero on H* for k < n).
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In particular; if f : X — Y is a quasi-isomorphism in C(), then 7="(f) and =" (f) are
also quasi-isomorphisms.

Using the universal property of the localization, we get the following corollary.

induce functors =" : D(&/) — D7 (&) and 72" : D(&/) — DT (&). Similarly, the

Corollary V.4.2.3. The truncation functors <" : C(/) — C~ () and 72" : C() — CH ()
C (o) — C) induce functors

truncation functors =" : CT(a/) — CY(&) and 72" :
<" : D (o) = D*(o) and 72" : D™ (/) — D*().

Corollary V.4.2.4. The inclusions C*(o/) C C*(o/) C C(&) induce fully faithful functors
D’(«/) — D*(a?) — D(<), and the essential image of D*(7) (resp. DT (o), resp. D™ (7))
is the full subcategory with objects the X € Ob(D()) such that H"(X) = 0 for |n| >> 0 (res.
n << 0, resp. n >> 0).

Similary, if [a,b] is an interval with a,b € 7 U {00} and if Wi,y is the set of morphisms
of CloY(a7) that are quasi-isomorphisms, then the inclusion C\*% (<7) C C(&) induces a fully
faithful functor C*"(a7) [W[;})]] — D() whose essential image is the full subcategory with
objects the X € Ob(D()) such that H*(X) = 0 for n & [a, b].

Proof. We apply Proposition [V.2.3.T] All the cases are similar, let us treat for example that
of the inclusion C* (&) C C(«7). Let f : X — Y be a quasi-isomorphism in C(</) with
X € Ob(C*(«7)). We want to find g : Y — Z such that Z € C* (/) and g o f is a quasi-
isomorphism. Let n € Z be such that H"(X) = 0 for m < n, let Z = 72"(Y) and let
g Y — Z be the morphism given by the morphism of functors id¢(.y — 7=™. We claim that
go f is a quasi-isomorphism. Indeed, if m < n, then H”(X) = 0 and H"(Z) = 0, so H"(g o f)
is an isomorphism. If m > n, then H™(f) is an isomorphism by hypothesis, and H™(g) is an
isomorphism by Proposition so H™(g o f) is an isomorphism.

]

From now on, we will identify D”(.7), D" (.«7) and D™ (.&7) to their essential images in D(.27).
Remark V.4.2.5. If X € Ob(D(/)), the following conditions are equivalent:

(a) X € Ob(DT(&)) (resp. X € Ob(D™ (7)), X € Ob(D*()));

(b) H"(X) = 0 for n << 0 (resp. n >> 0, resp. |n| >> 0);

(c) the morphism X — 72"(X) (resp. the morphism 7="(X) — X, resp. both of them) is an
isomorphism for n << 0 (resp. n >> 0, resp. |n| >> 0).

If a < b are elements of Z U {400}, we also write D% (.e7') for the full subcategory of D(.7)
with objects the X € Ob(D(«/)) such that H*(X) for n ¢ [a,b]. If b = 400 (resp. a = —00),
we also write D= (resp. D=?) instead of Db,
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V.4 Derived category of an abelian category

By the proposition, the category D**l(«7) is the localization of C!*%(47) by the quasi-
isomorphisms in this category. In particular, if ¢ = b = 0, we see that D[O’O](,Qf ) is the lo-
calization of Cl%%(.e7) = o7 by the set of isomorphisms of .27, so that the localization functor
o 5 CO%(g7) — DY) is an equivalence. We use this functor to identify <7 to the full
subcategory of D(.27) whose objects are the complexes with cohomology concentrated in degree
0.

Remark V.4.2.6. Consider a short exact sequence 0 — A LB O 0ind. By Proposition

V.4.1.3(iv), this sequence defines a distinguished triangle A Lpsol A[l]in D(<7). We
have H"(h) = 0 for every n € Z, because either n # 0 and then H"(C') = 0, or n = 0 and then
H"(A[1]) = H""!(A) = 0. However, the morphism / is not always zero. In fact, we claim that
h = 0 if and only if the original short exact sequence is split.

Indeed, let X be an object of D(.«7), and apply the cohomological functor Homp (X, -) to
the distinguished triangle a - B — C . We get an exact sequence

Homp (. (X, B) £ Homp .y (X, C) 2 Homp (X, A[1)).

If g has a section, then s, : Homp()(X,C) — Homp»)(X, B) is a section of g,, so g, is
surjective, so h, = 0. As this holds for every X, the Yoneda lemma (see for example Corollary
implies that h = 0. Conversely, suppose that o = 0. Then g, is surjective for every
X € Ob(D(«)). Taking X = C and using the fact that <7 is a full subcategory of D(.<7), we
get that the morphism ¢, : Hom, (C, B) — Hom, (C, C) is surjective; then any preimage of
ido 1s a section of g.

Proposition V.4.2.7. Let X € Ob(D(«/)) and n € Z.

(i). We have distinguished triangles, functorial in X :
<n >n +1
"X - X = 77"X =,

TETLX 7Y o HY(X)[-n) B
and
H*(X)[-n] = 72" X — 72X 5

(ii). We have isomorphisms, functorial in X :

H"(X)[-n] = 157" X o 7207S0 X,

Proof. We want to use Proposition [V.4.1.3(iv). Unfortunately, if X € Ob(C(«/)), the sequence
of complexes 0 — 7="X — X — 72" X — ( is not exact in general, so we introduce modifica-
tions of the functors 7=" and 7=". Define 7=" : C(&/) — C="(«/) and 72" : C() — C=" ()
by

X)) =(.. = X"? 5 X" > Im(d%) - 0—0—...)
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and
Z'(X)=(..=»0=0—=Im(dy") = X" — X" - X" 5 ).

For every X € Ob(C(«/)), we have obvious morphisms of complexes
TX 5 T5X - X 57X = m7 X,

and the morphisms 75" X — 75" X and 72" X — 72" X are clearly quasi-isomorphisms. So the
functors 7=" and 7=" also induce endofunctors of the derived category, that we will denote by
the same symbols, and we have isomorphisms 7" = 7<" and 72" = 72" of endofunctors of

D().

Hence, to prove (i), we can use the truncation functors 7 or 7. Let X be an object of C(<7).
Then we have exact sequences in C (.7 ):

0—-7"X =5 X - 72"X =0,

0—7"1X - 75"X — H"(X)[-n] — 0

and
0 — H"(X)[-n] = 72"X = 72"X — 0.
Proposition [V.4.1.3|iv) gives the three distinguished triangles of point (i).
We prove (ii). Applying the functor 7<" the first morphism of the third triangle of (i), we get
a morphism 7="(H"(X)[—n]) — 7="72"X. As H"(X)[—n] only has cohomology in degree n,
the canonical morphism 7="(H"(X)[—n]) — H"(X)[—n] is an isomorphism in D(.&/), so we get
a morphism H"(X)[—n] — 7="72"X in D(&/), which induces an isomorphism on cohomology

objects, hence is an isomorphism. We prove the second isomorphism of (ii) in the same way,
using the second triangle of (1).

]

The following result is proved in problem[A.9.3|a).

Corollary V.4.28. Let n € Z. If X € Ob(D¥"(&)) and Y € Ob(D=""'(<)), then
HOmD(EQj)(X, Y) =0.

Corollary V.4.2.9. Let n € 7. Then =" is right adjoint to the inclusion D=" (/) C D(</), and
72" if left adjoint to the inclusion D="(a7) C D().

Proof. We prove the first statement (the proof of the second statement is similar). Let
X € Ob(D="(&/)) and Y € Ob(D(«)). By Proposition [V.4.2.7, we have a distinguished
triangle (functorial in Y')

1
<MY LY s p2ntly T

As Homp)(X, -) is a cohomological functor, we get an exact equence of abelian groups

HomD(ﬂ)(X, (TZ"HY)[—l]) — Homp () (X, TS”Y) — Homp () (X,)Y) — Homp ) (X, 72”+1Y).
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V.4 Derived category of an abelian category

But 72""'Y and (72"*'Y)[—1] are in D="*!(</), so, by Corollary [V.4.2.8, we have
Homp () (X, (12"1Y")[—1]) = Homp(w) (X, 72""Y") = 0, so the morphism

Homp (X, TSY) — Homp)(X,Y)

induced by 7Y — Y is an isomorphism.

V.4.3 Resolutions

Proposition V.4.3.1. Let o/ be an abelian category with enough injective objects, and
let F be the full subcategory of injective objects of <. Then the composition
Kt (%) — K (o) — D" () is an equivalence of categories.

If &7 has enough projective objects and &7 is the full subcategory of projective objects of <7,
then the composition K~ (&) — K~ (/) — D™ (&) is an equivalence of categories.

Proof. Tt suffices to prove the first statement. By Corollary for every object X
of KT (47), there exists a quasi-isomorphism X — [ with I € Ob(K*(#)). So, by
Corollary the inclusion K*(.#) C K*(«) induces an equivalence of categories
KH(A)W,'] — D*(«/), where W' is the set of morphisms of K*(.#) that induce iso-
morphisms on the cohomology objects. But, by Theorem [[V.3.2.1[iii), any element of W, is
already an isomorphism of K*(.#), so K*(#)[W}'| = K ().

]

Remark V.4.3.2. The proposition implies that, if .<7 is an abelian % -category wih enough injec-
tive objects, then D (.&7) is a % -category; this does not necessarily hold if .27 does not have
enough injective objects.

Here is a more general version of Proposition |V.4.3.1

Proposition V.4.3.3. Let € be a full additive subcategory of < such that, for every A € Ob(),
there exists a monomorphism A — A" with A" € Ob(%). Let Ny be the set of objects X of
K*(€) such that H*(X) = 0 for every n € Z. Then the inclusion K*(€¢) — K () induces
an equivalence of categories K™ (€)/ Ny — DT (), and K*(€)/ N is the localization of
K™ (%) by the set of quasi-isomorphisms between objects of K (€).

Proof. The last statement follows from Proposition To prove the equivalence, we check
the hypothesis of Corollary This means that, for every X € Ob(K ™ (<)), we have to
find a quasi-isomorphism X — Y with Y € Ob(K*(%)). This is done in Corollary [IV.4.1.12

]
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Corollary V.4.3.4. In the situation of Proposition|V.4.3.3| suppose moreover that there exists an
integer d > 0 such that, for every exact sequence X° — X' — ... — X% — 0 in o/ with
X0 X1 ..., X9 € Ob(%), we have X € Ob(%).

Then the inclusion K°(€) — Kb) induces an equivalence of categories
KY%) /(N N Ob(K*(€))) — D (o).

Proof. We need to show that, for every X € Ob(K®(<7)), there exists a quasi-isomorphism
f:X = Y withY € Ob(K*(«)). By the proposition, we can find a quasi-isomorphism
X — Y withY € Ob(K*(&)). Fix N € Z such that X" = 0 for n > N. We have
X = 7SNt X 5o we get a morphism f/ : X — 7SVT4Y;if n < N + d, then H*(f') = H"(f)
is an isomorphism, and if n > N + d, then H*(f") : H*(X) = 0 — H*(r=V*Y) = 0 is
also an isomorphism; so f’ is a quasi-isomorphism. To finish the proof, it suffices to show that
Y' = 7SNy s in K (%) (it is obviously bounded). The only Y'" that might not be in % is
YN — Ker(aY*?). But, as H/(Y”) = H/(X) = 0 for i > N, the complex

N N+1 N+d—1 _ N N 1
Y/ :YN—>Y/+:YN+1—>...—>Y/ +d :YN+d 1_>}/V +d—>O:YI +d+

is exact, so the hypothesis on % implies that Y"" ™ is an object of €.

V.4.4 Derived functors

Definition V.4.4.1. Let &/ and % be abelian categories and * € {b,+,—,@}. Let
F : o/ — 2 be an additive functor. By Remark [[V.1.4.5] it defines an additive functor
K(F): K*(o) — K*(2).

(i). Suppose that F' is left exact. If the composition K*(.%7) D i “(#B) — D*(A) has a
right localization D*(e/) — D*(%), we call this right localization a (total) right derived
functor of F' and denote it by R*F' or RF'.

(ii). Suppose that F'is right exact. If the composition K*(.<7) O i *(AB) — D*(A) has aleft
localization D*(7) — D*(%), we call this left localization a (total) left derived functor
of F' and denote it by L*F' or LF'.

Proposition V.4.4.2. Let F' : o/ — % be a left exact additive functor between abelian
categories, and suppose that </ has enough injective objects. Then F has a right derived
functor RF : DY (/) — DV (%), and, for every n € N, the composition of the functor
H" o RTF : K™ (&) — 2 and of the embedding &/ — K* (<) of Remark [[V.1.1.5] (send-
ing an object of </ to a complex concentrated in degree 0) is equal to the nth right derived
functor R"F'.
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V.4 Derived category of an abelian category

Proof. Let . be the full subcatgeory of injective objects of .«#. We have seen in the proof of
Proposition [V.4.3.1| that the full subcategory K (%) of Kt (&) satifies the hypothesis (b) of

Proposition |V.2.4.4
[]

More generally:

Definition V.4.4.3. Let I’ : o/ — 9B be a left exact additive functor, and let & be a full additive
subcategory of .o7. We say that € is F-injective if it satisfies the following properties:

(a) Forevery A € Ob(4/), there exists a monomorphism A — A’ with A’ € Ob(%).

(b) For every exact sequence 0 - A — B — C' — 0in ./ with A, B € Ob(%), we have
C € Ob(¥%).

(c) For every exact sequence 0 - A — B — C — 0in &/ with A, B,C € Ob(%), the
sequence 0 — F'(A) — F(B) — F(C) — 0 is exact.

There is a similar definition of a F'-projective subcategory if F’ is right exact.

Example V.4.4.4. (1) If o/ has enough injective objects, then the additive subcategory of in-
jective objects of &7 is F'-injective for every left exact functor F' : &/ — 4.

(2) The category of flat right R-modules is (-) ® g M-projective for every right R-module M.
(3) If o/ has enough injective objects and F' : &/ — £ is left exact, then the category of
F-acyclic objects (see Definition |[V.3.3.4)) is F'-injective.

Proposition V.4.4.5. Let ' : o — P be a left exact additive functor, and suppose that
there exists a F-injective subcategory € of </. Then F admits a right derived functor
RF : D" (o) — D"(B), and we can calculate RF in the following way: If X € Ob(K (&),
take a quasi-isomorphism X — Y with Y € Ob(K*(€)) (this exists by Proposition [V.4.3.3));
then RF(X) is the image of KF(Y) in D" ().

Proof. We want to apply Proposition[V.3.2.1] so we must check the hyppotheses of that proposi-
tion. Condition (a) follows from Proposition[V.4.3.3] Condition (b) says that, if X € Ob(C™ (%))
is acyclic, then so is F/(X). Let’s prove this. We claim that Ker(d%) = Im(d’s ') is an object of
¢ for every n € Z. If n is small enough, this holds because these objects are 0. Suppose that we
know the claim for n, and let’s prove it n + 1. As X is acyclic, we have an exact sequence

0 — Im(d% ') = X" — Coker(d¥ ') = Im(d%) = Ker(d%™') — 0.

By condition (b) in Definition [V.4.4.3| this implies that Ker(d’;"') is an object of 4. Now
condition (c) in Definition [V.4.4.3|implies that the sequence

0 — F(Im(d¥ ")) = F(Ker(d%)) — F(X") — F(Im(d%)) = F(Ker(d%™")) = 0

is exact for every n € Z, and so the complex F'(X) is acyclic.
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The formula for RF' immediately gives the following corollary.

Corollary V.4.4.6. In the situation of Proposition suppose that the F-injective sub-
category € satisfies the hypothesis of Corollary |V4.3.4, Then the right derived functor
RF : D" (&) — D (RB) sends D°(o?) to D*(A).

Composition of derived functors

Let F' : o/ — o/ and G : &/ — /" be left exact functors between abelian categories.
If the functors F', G and G o F admit right derived functors REF : DT (&) — D (%),
RG : DY (%) — D' (¥) and R(G o F) : D" (&) — D*(¥), then, by the universal
property of the right localization of a functor, we have a canonical morphism of functors
R(G o F) — (RQG) o (RF), induced by the equality K (G o F) = (KG) o (KF).

Proposition V.4.4.7. Suppose that there exists a F-injective subcategory € of </ and an G-
injective subcategory €' of /'. Suppose also that F'(€¢) C €. Then the category € is (G o F)-
injective, and the canonical morphism R(G o F') — (RG) o (RF) is an isomorphism of functors.

Proof. The fact that € is (G o F')-injective follows immediately from Definition|V.4.4.3| and the
isomorphism R(G o F') = (RG) o (RF) follows immediately from the formula for right derived
functors in Proposition [V.4.4.5]

]

Remark V.4.4.8. Here is a partial converse. Assume that .« and % have enough injective objects,
and that the morphism R(GoF') — (RG)o(RF’) is an isomorphism of functors. Then the functor
F sends injective objects to G-acyclic objects.

Indeed, let I be an injective object of 7. Then (RG)(RF(I)) ~ R(G o F')(I) is concentrated
in degree 0, so RF'(I) is G-acyclic.

Derived bifunctors

Let o7, o/', o/" be three abelian categories, and F' : o/ x o/ — /" be a bi-additive functor that
is left exact in each variable.

Definition V.4.4.9. If % if a full additive subcategory of .7 and %" if a full additive subcategory
of &7/, we say that the pair (¢, %) is F-injective if it satisfies the following conditions:

(a) Forevery X € Ob(%), the category ¢” is F'(X, -)-injective.
(b) Forevery X’ € Ob(%”), the category € is F'(-, X')-injective.

Lemma V.4.4.10. Suppose that (¢,%¢') is F-injective. Let X € Ob(KT(¥)) and
X' € Ob(K*(%€")), and suppose that X or X' is acyclic. Then Tot(F (X, X)) is acyclic.
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Applying Proposition we get the following corollary.
Corollary V.4.4.11. If there exists a F-injective pair (¢,%'), then the func-
tor Kt(of) x Kt (o) KL K* (") — DY(&") admits a right localization
RF : D" (o) x DY (") — DT ("), which is triangulated in each variable.

For example, if .7’ has enough injective objects and if the functor F'(I,-) : &/’ — o/” is exact
for every injective object I of o7, then the pair (., /") (where .# is the category of injective
objects of .27) is F-injective, so the corollary applies. We can obviously switch the roles of .o
and 7', and we have similar results for right exact functors and left localizations.

Example V.4.4.12. (1) Let R be aring. Then the functor (-) ®g () : Mlodg x gRMod — Ab
admits a left localization (-) ®% (---) : D™ (Modg) x D™ (gkMod) — D™ (Ab), called
the derived tensor product functor.

Let M € Ob(Modg) and N € Ob(gkMod). If P* — M and Q* — N are flat resolutions,
then we have

M®@EN~P* @z N~ M®rQ* ~ Tor(P* ®r Q°).
In particular, for every n € Z, we get

Tor® (M, N) = H™™(M &% N).

If R is commutative, we can similarly construct a derived tensor product functor
()@ (-) : D™ (ykMod) x D™ (zkMod) — D~ (zMod).

(2) More generally, let (¢, 7) be a site satisfying the condition before Definition (so
that the sheafification functor is defined), let R be a commutative ring (or a sheaf of com-
mutative rings on €’») and let &/ = Sh(%7, R) be the category of sheaves of R-modules
on €. We are interested in the bifunctor (-) ®g (+) : & X &/ — </ sending a pair of
sheaves of R-modules (.%, ¥) to the sheafification of the presheaf X — .7 (X)®z¥ (X).
Even though ./ does not have enough projective objects in general, its flat objects form
a . ®p (-)-exact subcategory for every .# € Ob(</), and we can use this to define the
derived bifunctor (-) ®% () : D™(«/) x D™ (&) — D™ ().

(3) Suppose that the abelian category </ has enough injective objects or enough projective
objects. Then the functor Home ) : C* (&) x C™(&/) — C*(&/) of Definition [[V.1.6.4

has a right localization R Hom,, : D* (&) x D™ (&) — D* (/).

Suppose for example that <7 has enough injective objects. Let A, B € Ob(&), and let
B — I*® be an injective resolution. Then

RHom, (A, B) = Hom,(A, I*),
so, for every n € Z, we have

Ext”, (A, B) = H"(R Hom,/ (4, B)).

SNote that Hom (e7) induces a functor on the homotopy categories, so we can apply our results.
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Theorem V.4.4.13. Suppose that </ has enough injective objects or enough projective objects.
Then, for every X € Ob(D™(#)) and Y € Ob(D" (&), we have

H"(RHom,(X,Y)) ~ Homp (X, Yn]).

We will need the following lemma, which generalizes Theorem [[V.3.2.1{iv).

Lemma Vd4.4.14. Let X,Y € Ob(K(&)), let f : X — Y be a quasi-isomorphism,
and let I € Ob(K™(4)) be a bounded below complex of injective objects. Then the map
() o f : Hompg (o (Y, 1) = Hompg ) (X, I) is bijective.

Proof. We have a distinguished triangle in K (.« ):

X Ly W) ™ xq,

and Mc( f) is acyclic by Corollary [[V.2.2.8| Applying the cohomological functor Hom g (o (-, /)
gives an exact sequence

Home(ry (Me(f), T) = Hom (o) (Y, ) 53 Homp(y (X, I) — Homy (o) (Me(f)[—1], ).

As Mc(f) is acyclic, we have Hom g () (Mc(f), I) = Homg (o) (Mc(f)[—1], I) = 0 by Theorem
[V.3.2.1(1). This implies the result.

]

Proof of Theorem The functor RHom, commutes with shifts (i.e.
RHom, (X[n],Y[m]) ~ RHomy(X,Y)[m — n]) because it is triangulated in each vari-
able, so it suffices to treat the case n = 0. It also suffices to treat the case where .2/ has enough
injective objects.

Let Y — I be a quasi-isomorphism with / a bounded below complex of injective objects of
/. Then R Hom (X,Y) ~ Home(,,) (X, I), so, by Proposition|IV.1.6.5, we have

H®(R Hom,, (X, Y)) ~ Homy (o (X, I) 2 Homp.p (X, 1),

where the map A is induced by the localization functor K (.«7) — D(«7). So it suffices to prove
that this map A is bijective. We use the fact that quasi-isomorphisms form a left multiplicative
system and the description of the Hom sets in the localization as the sets Homg;, of Definition

Let g € Homp (o) (X,I). Then we can write ¢ = f o s7!, where s : X’ — X is a quasi-
isomorphism in K(«7) and f : X’ — I is a morphism in K (<). By Lemma[V.4.4.14] the map
() o s : Homg () (X', I) — Hompg (X, I) is bijective, so there exists h : X — [ in K (/)
such that f = ho s, and then A(h) = g. So () is surjective. To show that () is injective, consider
a morphism f : X — [ in K (/) such that Q(f) = 0. Then there exists a quasi-isomorphism
s : X’ = X such that f o s = 0. Using again Lemma [V.4.4.14] we see that this implies that

f=0.
0
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V.4.5 Ext groups

Fix an abelian category 7.

Definition V.4.5.1. Let X, Y € Ob(D(«)). For every n € Z, we write

Hom!,(X,Y) = Ext’,(X,Y) = Homp ) (X,Y[n)).

By the calculation in Example[V.4.4.12|2), this is compatible with Definition[[V.3.4.3]if X and
Y are objects of o7, and by Theorem |V.4.4.13| we have

Ext” (X,Y) = H"R Hom,/ (X,Y)
if o/ has enough injective or enough projective objects and if X € Ob(D («)) and
Y € Ob(D*(&)).

We now give a description of the groups Ext”, (A, B) for A, B € Ob(.«/) that holds even when
</ does not have enough injective or projective objects. We already know that Ext", (A, B) =0

if n < 0 (by Corollary|V.4.2.8) and that Ext® (A, B) = Hom,, (A, B) (by Remark [V.4.2.5).

Definition V.4.5.2. Let A, B € Ob(&7) and let 7 > 1 be an integer. A degree i Yoneda extension
of A by B is an exact sequence in .<7:

0O—-B—FE_;—...—~FE —FEy—A—0.

We say that two such exact sequences 0 - B — F, ;1 — ... - Eg — A — 0 and
00—+ B — E_ | —...—= Ej - A — 0 are equivalent if there exists a commutative dia-
gram with exact rows:

0——B——FE; 4 . E Eq ,‘4‘1 0
0 JW B, . E! — El 1‘1‘1 0
0—sB——E/, . E E) A——0

It is not clear that “being equivalent” is an equivalence relation on Yoneda extensions, but it
follows from the next result.

Proposition V.4.5.3. Let A, B € Ob(#). Letc= (0 - B = E;_y — ... = Ey =+ A —0) be
a Yoneda extension of A by B. We write a(c) € Ext’, (A, B) for the morphism f o s™', where f
is the obvious morphism of complexes

(..0—=>B—=>E_1—...Eh—0—...)— BJi
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and s is the quasi-isomorphism
(..-0=>B—>F_1—..Eg—-0—>...)— A

(with Ly in degree O on the left hand side of both morphisms).

Then every element of Ext',(A, B) is of the form a(c) for some Yoneda extension, and two
Yoneda extensions ¢ and ¢’ are equivalent if and only if a(c) = ().

Proof. We start with a construction. Suppose that X € Ob(K (7)) and that we have morphisms
f: X — BJi], s: X — Asuch that s is a quasi-isomorphism. We construct a Yoneda extension
c(f, s) in the following way: Let Y = 72°X, andletg : Y — Blilandt : Y — A be the
compositions of f and s with the canonical morphism 72°X — X. As A is concentrated in
degree 0, the morphism ¢ is still a quasi-isomorphis, so we have an exact sequence

L XP o XX A0,

and the morphism g : Y — Bli] is zero except in every degree, exceptforg~* = f~': X' — B,
So we get a diagram with an exact first row:

o— Xt X X it X0 A 0

I

BT>X_H_1 @Xfi B

Wetake £, 1 = X "¢y Band E; = X for 0 < j <i—2. By Corollary|[1.2.1.16} the mor-
phismu : B — E;_; is injective. As dy""" ody, the morphism (dy'*' 0) : X' B — E;_,
factors through a morphism d : E; ; — E; 5, and we have Kerd = Imu. So we get an exact

sequence
u d dx+? a1
0—+>B—FE_1— FE_o %Eifg%...—)EléEg%A%O,

which is the desired Yoneda extension c( f, s). Also, the commutative diagram

Xl X X X0 A )
o |
0 B Ei Fo—— A——0

u

and the construction of « imply that a(c(f, s)) = f o st € Homp()(A, Bli]).

Now we prove the proposition. Let ¢ € Ext’,(A, B) = Homp (A, Bi]). Then we can
write ¢ = fo s !, where f : X — B[i/and s : X — A are morphisms in K (&) and s is a
quasi-isomorphism, and then ¢( f, s) is a Yoneda extension such that o(c(f, s)) = €.

Le¢t ¢c = 0O - B — E4; — ... — FE —- A — 0) and
d=0—B—=E_,—...— Ej— A— 0)be two degree n Yoneda extensions. If ¢ and ¢/
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are equivalent, then the description of Homg;, after Definition [V.2.2.3|implies that a(c) = ().
Conversely, suppose that a(c) = a(c’). Then there exists a commutative diagram

(*) X

21N
A xr Bl

NLA

X/

where f : X — Bn],s : X — A f : X' — Bnlad s : X — A are
constructed from ¢ and ¢ as in the statement, and where s” is a quasi-isomorphism. Let
cof'.s!y =0 —-B — FE', - ... > E/] - A — 0). Then the commutative diagram
(*) gives a commutative diagram

0——B——FE; 4 . B, Ey—— A——0
0 1‘}‘3 E/, B ——E! jﬂl 0
0—B——E/, . E E,——A——0

so ¢ and ¢’ are equivalent.
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VI Model categories

VI.1 Model categories

Model categories will give us a convenient framework in which to localize categories in a con-
trolled way, similar to the equivalence K (.#) — D™ (&) of Proposition [V.4.3.1

VI.1.1 Definition

Definition VI.1.1.1. Let % be a % -category. A model structure on % is the data of three sets of
morphisms containing all identity morphisms and stable by composition:

(1) the set W of weak equivalences;
(2) the set Fib of fibrations;
(3) the set Cof of cofibrations.

An element of W N Fib is called an acyclic fibration or a trivial fibration, and an element of
W N Cof is called an acyclic cofibration or a trivial cofibration.

The category ¢ and the sets W, Fib and Cof are assumed to satisfy the following axioms:
(MC1) The category % has all % -small limits and colimits.

(MC2) The set of weak equivalences W satisfy the two out of three property, thatis,if f : X — Y
and g : Y — Z are morphisms of € such that two out of the three morphisms f, g and
g o farein W, then the third of these morphisms is also in W.

(MC3) The sets W, Fib and Cof are stable by retracts, that is, if we have a commutative diagram

such that g is in W (resp. Fib, resp. Cof), then so is f. E]

'TIf we have such a commutative diagram, we say that f is a retract of g.
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(MC4) If we have a commutative square

I

.

Sy

f
—
p
h ,
7/
v
—
g

S Al

then there exists a diagonal morphism » : B —
of the following holds:

making the diagram commute if either

e ¢ is a cofibration and p is an acyclic fibration;
e 7 is an acyclic cofibration and p is a fibration.
(MC5) For every morphisms f of €', we can write f = p; 0 i; = py o 15, Where:
e ¢ is a cofibration and p; is an acyclic fibration;
e 15 is an acyclic cofibration and p- is a fibration.

A category with a model structure is called a model catgeory.

Remark V1.1.1.2. The axioms of model categories are self-dual: (%", W, Fib, Cof) is a model
category if and only if (%°P, W°P, Cof°? FibP) is.

Let % be a model category. By axiom |[MCI1] the category ¢ has an initial object & and a final
object x.

Definition VI.1.1.3. Let X be an object of 4. We say that X is fibrant if the unique morphism
X — xis a fibration, and cofibrant if the unique morphism @ — X is a cofibration.

Definition VI.1.1.4. The homotopy category of € is the localization €' [WW 1]

VI.1.2 Some consequences of the axioms

Definition VI.1.2.1. Let % be a category and let7 : A — B and p : X — Y be two morphisms
of . We say that ¢ has the left lifting property (or LLP) relatively to p, or thet p has the right
lifting property (or RLP) relatively to : if, for every commutative square

/
—

A
l h/z
3 s/
v
B

e
g

N

there exists a diagonal morphism h : B — X making the diagram commute.

Proposition VI.1.2.2. Let € be a model category.
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(i). A morphism of € is a cofibration (resp. an acyclic cofibration) if and only if it has the left
lifting property relatively to all acyclic fibrations (resp. to all fibrations).

(ii). A morphism of € is a fibration (resp. an acyclic fibration) if and only if it has the right
lifting property relatively to all acyclic cofibrations (resp. to all cofibrations).

Proof. Tt suffices to prove point (i) (point (ii) is just point (i) in the opposite category). The
“only if” direction follows from axiom We prove the other direction. Leti : A — B be a
morphism that has the right lifting property relatively to acyclic fibrations. By axiom MC5| we
can write ¢ = p; o iy, where i; : A — A’ is a cofibration and p;, : A — B is an acyclic fibration.
By assumption, there exists a morphism A : B — A’ making the following diagram commute:

i
1A

A

|

1 p1
ldB

So we have a commutative diagram

idy ida
— A —

A

/
hApl

N
N

.
(_

Sy
Sy

and hop,; = id 4/, which shows that 7 is a retract of 7;, hence a cofibration by axiom If 7 has
the right lifting property relatively to all fibrations, then we write ¢ = ps o 7 with p, a fibration
and 75 an acyclic cofibration, and the same proof shows that 7 is a retract of 75, hence an acyclic

cofibration by
]

Corollary VI.1.2.3. Let € be a model category. Then any two of the sets W, Fib, Cof determine
the third.

Proof. 1t follows immediately from the proposition that W and Fib (resp. W and Cof) determine
Cof (resp. Fib). Suppose that we know Fib and Cof. Then we also know the sets of acyclic
fibratins and of acyclic cofibrations, by the proposition. But a morphism of % is in W if and
only it is of the form p o ¢, with p an acyclic fibration and 7 an acyclic cofibration. Indeed, the
condition is obviously sufficient. Conversely, let s € W; by we can write s = p o 4, with
p an acyclic fibration and ¢ a cofibration, and by the morphism ¢ is a weak equivalence,
hence an acyclic cofibration.

]
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Corollary VI.1.2.4. Let € be a model category, and let
(x) X——X
I
Y T) Y/
be a commutative square in 6.

(i). If the square (*) is cartesian and q is a fibration (resp, an acyclic fibration), then f is also
a fibration (resp. an acyclic fibration).

(ii). If the square (*) is cocartesian and f is a cofibration (resp, an acyclic cofibration), then g
is also a cofibration (resp. an acyclic cofibration).

In particular, a finite product of fibrant objects is fibrant, and a finite coproduct of cofibrant

objects is cofibrant.

Proof. All the statements have similar proofs. Let us prove the first statement of (i). We use
Proposition [VI.1.2.2to check that f is a fibration. So let

A— X
| ]
be a commutative diagram, with 7 an acyclic cofibration. By[MC4] there exists i’ : B — X’ such
that the following diagram commutes:
A— X — X'
!
B2 Y — Y

As the square (*) is cartesian, there exists a unique morphism h : B — X such that fo b/ = k
and v o h = K/, and then it is easy to check that the diagram

A— X
vl
1S commutative.

]

Lemma VI.1.2.5 (Ken Brown’s lemma). Let € be a model category, let 9 be a category with
a set of morphisms W that contains all identity morphisms and satisfies the two out of three
axiom and let F' : € — 9 be a functor.
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(i). If F' sends acyclic cofibrations between cofibrant objects to morphisms of Wy, then it sends
any weak equivalence between cofibrant objects to a morphism of W.

(ii). If F' sends acyclic fibrations between fibrant objects to morphisms of W, then it sends
any weak equivalence between fibrant objects to a morphism of Wy.

Proof. 1t suffices to prove (ii). Let s : A — B be a weak equivalence, with A and B fibrant
objects of ¥ . Consider the cartesian square

By Corollary both p; and p, are fibrations. Using axiom we factor the mor-
phism (id4, f) : A — A X B into an acyclic cofibration i : A — C followed by a fibration

p:C — AXx B;as A x B is fibrant, so is C. We have pj opoi =1idyand ppopoi = f,
so, by axiom the morphisms p; o p and p, o p are weak equivalences, hence acyclic fi-
brations. By the hypothesis on F', the morphisms F'(ps o p) and F(p; o p) are in Wy. As
F(piop)o F(i) = F(ida) = idp) € Wy, the two out of three axiom for Wy implies that
F(i) € Wy. Finally, the fact that F'(f) = F(ps o p) o F'(i) (and the two out of three property for
Wg) implies that F(f) € Wy.

O

VI.1.3 Examples
The stable category of modules

Definition VI.1.3.1. Let R be a ring. We say that R is a (left) Frobenius ring if the projective
and injective objects of pkIMod coincide.

Example VI.1.3.2. If G is a finite group and & is a field, then the group algebra k[G] is a Frobe-
nius ring.

We fix a Frobenius ring R.

Definition VI.1.3.3. We say that two morphisms f, g : M — N in gpMod are stably equivalent
if f — g factors through a projective R-module.

It is easy to see that morpshism that are stably equivalent to 0 form an ideal in plMod. (See

Definition [TV.1.3.1])
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Definition VI.1.3.4. The stable category of (left) R-modules is the quotient of pkMod by the
ideal of morphisms that are stably equivalent to 0.

We say that a morphism of pMod is a stable equivalence if it becomes an isomorphism in the
stable category of R-modules.

Theorem VI.1.3.5. There exists a model structure on pRMod for which the cofibrations are the
injections, the fibrations are the surjections and the weak equivalences are the stable equiva-
lences. The homotopy category of RIMod is the stable category of R-modules.

Model structures on complexes

Let R be a ring, and let ¥ = C(grMod). Then there are two commonly used model structures
on % (see Section 2.3 of [3]], and also problem |A.10.2|for the first one):

(1). The projective model structure, for which W is the set of quasi-isomorphisms and Fib is
the set of surjections.

(i1). The injective model structure, for which W is the set of quasi-isomorphisms and Cof is
the set of injections.

The projective model structure restricts to a model structure on C~(zkMod) and on
C="(rpMod), for every n € Z; on these categories, a cofibration is an injective morphism whose
cokernel is a complex of projective objects. Similary, the injective model structure restricts to
a model structure on C*(xrMod) and on C="(rMod), for every n € Z; on these categories, a
fibration is a surjective morphism whose kernel is a complex of injective objects.

Both model structures have the same homotopy category, which is the derived category of
rMod. The projective model structure is useful when we want to derived right exact functors,
and the injective model structure is useful when we want to derived left exact functors.

Model structures on abelian categories

There is more general theory of abelian model structures on abelian categories generalizing the
first two examples (remember that, if .o/ is an abelian category, then so is C(7)). They are
related to another structure called a cotorsion pair. See Hovey’s article [6] for a survey.

For example, if 7 is a Grothendieck abelian category, then there is an injective model structure
on C(47). Also, if 7 is a category of sheaves of ¢-modules on a site (Where & is a sheaf of
commutative rings), then, even though .7 usually does not have enough projective objects, we
can use flat objects instead to define a “flat model structure” that allows us to derived the tensor
product functor.
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Model structures on the category of topological spaces

Definition VI.1.3.6. Let f : X — Y be a continuous map. We say that f is a weak homotopy
equivalence if, for every x € X and every n € N, the map 7, (f, x) : 7,(X,z) — 7, (Y, f(x)) is
bijective.

There are two standard model structures on Top having weak homotopy equivalences as their
set of weak equivalences:
(1). The classical Quillen model structure (see Section 2.4 of [3]]), for which:

a) the fibrations are the Serre fibrations, 1.e. the morphisms having the right lifting
property relatively to all inclusions D" — D" x [0,1], x — (z,0), where D" is
closed unit disk in R";

b) the cofibrations are the retracts of relative cell complexes (see Section 2.1.2 of [3]]
and the discussion under Definition 2.4.3 of that book).

(i1). The mixed model structure (see Sections 17.3 and 17.4 of [11]), for which:

a) the fibrations are the Hurewicz fibrations, i.e. the maps that have the right lifting
property with respect to the inclusion X — X x [0,1], x —— (z,0), for every
topological space X;

b) the cofibrant objects are the spaces that are homotopy equivalent to CW complexes.

Both model structures have variants for Top,, the category of pointed topological spaces, and
the classical Quillen model structure has variants for the subcategories of compactly generated
spaces and Kelley spaces. See Section 2.4 of [3]].

V1.2 Homotopy in model categories

In this section, we fix a model category %

VI.2.1 Left and right homotopies

Definition VI.2.1.1. Let A € Ob(%).

(1). A cylinder object for A is a factorization ALI A X ANT 55 Aof the morphism ALJA — A
induced by (id 4, id ).
AUA—SANT

L

A
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(i1).

where ¢ is a cofibration and s is a weak equivalence.

A path object for A is a factorization A L AT B A x A of the diagonal morphism
A — A x A (induced by (id4,id4)).

A—t Al

N b

Ax A

where p is a fibration and ¢ is a weak equivalence.

Remark V1.2.1.2. By axiom [MC5| every object of ¥ has a cylinder object and a path object.
Note that these cylinder and path objects are not unique.

Example VI.2.1.3. Let X be a topological space. We write I = [0, 1].

)

)

The morphisms 7g,i; : X — X X[ defined by iy(z) = (z,0) and i;(x) = (=, 1) are acyclic
cofibrations for the mixed model structure on Top, and the first projectionp : X x I — X
is a weak homotopy equivalence, so X L X X x T Xisa cylinder object for X
in the mixed model structure. If X is a CW complex, it is also a cylinder object in the

classical Quillen model structure.

If we work in Top, and z is the base point of X, then we have to use the smash product
X A I instead, where X A [ is the quotient of X A [ by the equivalence relations that
identifies (o, t) and (x, 0) with (¢, 0), for every x € X and every t € I.

Note that p : X x I — X is a Serre fibration, but it is not a Hurewicz fibration in general.
(Itis if X is paracompact.)

The Let X' be the space of continuous maps from I to X (with the compact-open topol-
ogy), let p : X7 — X x X be the map v — (v(0),v(1)) and i : X — X' be the
map sending z € X to the constant function ¢ — x on /. Then ¢ is a weak homotopy
equivalence and p is a Serre fibration, so we get a path object for X in the classical Quillen
model structure on Top.

Lemma VI.2.14. Let A € Ob(%).

(i).

(ii).

Let AUA S ANT > Abea cylinder object for A, let jo,j1 : A — AU A be the two
canonical morphisms, and let iy = 10 j1, 11 = 10 j1. Then iy and i, are weak equivalences,
and they are acyclic cofibrations if A is cofibrant.

Let AL AT B Ax Abe a path object for A, let qy,q, : A X A — A be the two canonical
projections, and let py = qo o p, p1 = q1 © p. Then py and p, are weak equivalences, and
they are acyclic fibrations if A is fibrant.

Proof. 1t suffices to prove (i). The compositions of iy and i; with the morphism AL A — A
induced by (id4,1id4) are both equal to id4, so we have s 0 ip = soi; = id4. As s is a weak
equivalence, axiom [MC2]implies that 4, and ¢, are weak equivalences.
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Suppose that A is cofibrant. We have a cocartesian square

g—A

| s

ATAI_IA

so, by Corollary the morphisms j, and j; are cofibrations. As i is a cofibration, we
deduce that 7y and 7; are also cofibrations.

]

Definition VI.2.1.5. Let f,g : A — X be two morphisms of % .

®.

(ii).

A left homotopy from f to g is a morphism H : AA I — X making the following diagram
commute:

AUA—"SANT
fug lH
X

where AUA 5 ANT 5 Aisa cylinder object for A. If a left homotopy from f to g
exists, we say that f and g are left homotopic and we write f L qg.

A right homotopy from f to g is a morphism K : A — X! making the following diagram
commute:

ALY x « x

o A

XI

where X & X! 5 X x X isa path object for X. If a right homotopy from f to g exists,
we say that f and g are right homotopic and we write f ~ ¢.

. l . .
Remark V1.2.1.6. In general, the relations ~ and ~ are not equivalence relations.

Remark V1.2.1.7. We use the notation of Definition |VI.2.1.5| If f L g (resp. f ~ g), then f is a
weak equivalence if and only g is a weak equivalence.

Let us prove the statement about left homotopies. Suppose that f A g. Let H: AN — X
be a left homotopy from f to g. Let ig,iy : A — A A I be the two morphisms defined in
Lemma By this lemma, the morphisms i and i; are weak equivalences. We also have
f =Hoipand g = H 0. Hence, if f (resp. g) is a weak equivalence, so is H by axiom |MC2]
and then g = H o1, (resp. f = H o1ig) is also a weak equivalence.

Proposition VI.2.1.8. Let f,g: A — X, h: B — Aand k : X — Y be morphisms of €.

(i).

IFfig thenkofLkog.
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(ii). If f ~ g, then foh ~ go h.
(iii). If X is fibrant and f L g, then f o h A goh.
(iv). If Ais cofibrant and f ~ g, thenk o f ~ ko g.

Proof. It suffices to prove the statements about left homotopies, so suppose that we have a left

homotopy H : AANI — X from f to g, with ALI A L ANT S Aa cylinder object for A. Then
k o H is a left homotopy from k o f to k o g, so we get (i).

. l .
We assume that X is fibrant, and we want to prove that f o h ~ go h. Write s = §” o &,
where s : AN T — C'is an acyclic cofibration and s” : C' — A is an acyclic fibration. Then

AUAT 0% Aisalsoa cylinder object for A. As X is fibrant and s’ is an acyclic cofibration,
there exists a morphism H’ : C' — X making the following diagram commute

ANT

C—

that is, such that H' o s’ = H. Then H' : C — X is also a homotopy from f to g. So, after
replacing H by H’, we may and will assume that s is an acyclic fibration (and not just a weak

* ——— <

equivalence). Now let BLIB % BAT L Bbea cylinder object for B. We have a commutative
diagram

Buyﬁﬂ@AI

. L -
J Phd s
-

BANI——A
hot

As s is an acyclic fibration and j is a cofibration, there exists a morphism [ : BA T — AN T
making the diagram commute. Then H ol : B A I — X is a left homotopy from f o h to g o h.

O

Proposition VI.2.1.9. Let A, X € Ob(%). Then the relations L and X are reflexive and sym-
metric on Homy (A, X). Moreover:

(i). If A is cofibrant, then left homotopy is an equivalence relation on Homy (A, X).

(ii). If X is fibrant, then right homotopy is an equivalence relation on Homy (A, X).

!
Proof. It suffices to prove the statements about ~.

HFAUAS AANT S Aisa cylinder object for A, then, for every f : A — X, the morphism
f o s is a left homotopy from f to f. So L is reflexive.

194



VI.2 Homotopy in model categories

Let f,g € Homy (A, X),andlet H : AA I — X be a left homotopy from f to g, where
AUA 5 ANT S Aisa cylinder object for A. Composing ¢ with the morphism o : ALUA — AUA
that switches the two copies of A, we get a new cylinder object A LI A PANT S A for A,
and we have H o (i 0 §) = g Ul f, so, using this new cylinder object, the morphism H defines a
homotopy from g to f. So Lis symmetric.

Assume that A is cofibrant, and let f, g, h : A — X be morphisms such that f A gand g L h.
We choose a left homotopy H : AANT — X from ftogand H : (AAI) — X from g to

h,where AUA % ANT 5 Aand AUA S (ANT) % A are cylinder objects for A. Let
ig,i1 : A — AN T andif, i) : A — (A A I) be the morphisms defined in Lemma|VI.2.1.4] and
define (A A I)” as the pushout of i;, and 7;; in other words, the following square is cocartesian:

A s anry

|

ANT— (ANT)

By Lemma the morphisms 4, and i; are acyclic cofibrations, hence, by Proposition
so are the two canonical morphisms A A [ — (AAI) and (AAT) — (ANIT).
So the canonical morphism j : A — (A A I)” is an acyclic cofibration. Also, by the universal
property of the pushout, the morphisms s : AAI — Aand s’ : (AAT) — Ainduce a morphism
s : (ANI)" — Asuchthat s"oj = id4. By axiomMC2] the morphism s” is acyclic. Moreover,
the pair (79 : A - ANI1,i{ : A — (AAI)) defines a morphismi” : AU A — (AAI)" such
that s” 0i” : ALl A — A is the morphism induced by (id4,1id4). Note that we do not claim that
i" is a cofibration.

Now consider the morphism H” : (A A I)” — X induced by H and H’ (using the universal
property of the pushout). We have H” 0i"” = (H o ig) U (H' o 4}) = f U h.

A" anTy

|

ANT—— (ANT)

Using axiom|[MC5| write i = g o j, where j : ALUUA — C'is acofibrationand g : C' — (AAI)”
is an acyclic fibration. Then A LU A 24 C °3' A is a cylinder object for A, and H" 0 ¢ : C' — X
is a left homotopy from f to h. So we have proved that f L h.

]

Definition VI.2.1.10. Let A, X € Ob(%). We denote by 7! (A, X) (resp. 7" (A, X)) the set of
equivalence classes in Homg (A, X) for the equivalence relation generated by L (resp. ~).
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Corollary VI.2.1.11. Let X, Y, Z € Ob(%).

(i). If Z is fibrant, then the composition law Homg(X,Y) x Hom (Y, Z) — Homy (X, Z),
(f,9) — go finduces amap 7" (X,Y) x 7(Y, Z) — 7Y(X, Z).

(ii). If X is cofibrant, then the composition law Hom (X, Y) x Home (Y, Z) — Homg (X, Z),
(f,g9) — go finducesamap 7" (X,Y) x " (Y, Z) — 7" (X, Z).

Proof. As before, it suffices to treat the case of left homotopies. Let f,f : X — Y and
9,9 Y — Z such that f L f'and g L g'. We need to show that g o f and ¢’ o f’ define the
same element of 7'(X, Z). By Proposition [VL.2.1.8(i), we have g o f ~ g o f'; by (iii) of the

same proposition and the assumption that Z is fibrant, we have g o f L g’ o f'. This implies the
desired conclusion.

]

Proposition VI.2.1.12.  (i). Let A be a cofibrant object of € and h : X — Y be an acyclic
fibration or a weak equivalence between fibrant objects. Then composition (on the left) by
h induces a bijection 7'(A, X) = wl(A,Y).

(ii). Let X be a fibrant object of € and h : A — B be an acyclic cofibration or a weak

equivalence between cofibrant objects. Then composition (on the right) by h induces a
bijection n" (B, X) — m" (A, X).

Proof. 1t suffices to prove (i).

The fact that composition on the left by h gives a well-defined map « : w/(A, X) = 7l(A,Y)

follows from Proposition |[VI.2.1.8(1). Note also that by Proposition [VI.2.1.9} the relation Lisan
equivalence relation on Homy (A, X') and Homg¢ (A, Y).

Suppose first that £ is an acyclic fibration. We show that « is surjective. Let g € Homy (A, Y).
Consider the commutative square

— X
A

6]
f
|l
s
A

——Y

As A is cofibrant and A is an acyclic fibration, there exists a morphism f : A — X such that
h o f = g, and then « sends the class of f to the class of g. We show that « is injective. Let

f, [ € Homg (A, X) such that h o f Lho f'. Choose a left homotopy H : AN T — Y from
ho ftoho f,where AUA = AANA — Ais acylinder object for A. As h is an acyclic fibration
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VI.2 Homotopy in model categories

and 7 is a cofibration, we can find K : A A I — X making the following diagram commute:

Ug

Af—>X

A

This morphism K is a left homotopy from f to g, so f and g have the same class in (A, X).
This finishes the proof in the case where h is an acyclic fibration.

Now suppose that X and Y are fibrant and that h is a weak equivalence. Let ¥ = Set and
W4 be the set of isomorphisms in Z; this set Wy clearly contains the identity morphisms and
satisfies the two out of three axiom. Consider the functor F' : ¢ — 2, Z — n'(A, Z). By
the first case, the functor F' sends acyclic fibrations to morphisms in Wy, so, by Ken Brown’s
lemma (Lemma [VI.1.2.5), it sends any weak equivalence between fibrant objects to a bijection.
Applying this to h gives the result.

]

VI.2.2 Comparing left and right homotopies

Proposition VI.2.2.1. Let f,g : A — X be morphisms of €.

(i). Suppose that f L g and that A is cofibrant. If X LXxTS X xXis a path object for
X, then there exists a right homotopy H : A — X' from f to g.

XI

-

A——s X x X
Ixg

(ii). Suppose that f ~ g and that X is fibrant. If A A LAANT S Aisa cylinder object for
A, then there exists a left homotopy H : AN T — X from f to g.

AuatY x

s

ANT
Proof. If suffices to prove (i). Let K : A AT — X be a left homotopy from f to g, where

AUA % AN > Aisacylinder object for A. As A is cofibrant, the morphisms ig, i1 : A — AAI
defined in Lemma|VI.2.1.4|are acyclic cofibrations. Also, as K o¢ = fllgand soi = id Uida,
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we have (s X K)oig=1id4 x fand (s X K)oi; =idy X g. In particular, as pot : X — X x X
is the diagonal morphism, we have a commutative diagram:

A—t sx—t L x!
-

iol _ - lp

As p is a fibration and i, is an acyclic cofibration, we have a morphism H : A AT — X!
making the diagram commutative, and then H o iy : A — X! satisfies
po(Hoi) = (f xidy) o (s x K)oi; = f X g, hence is a right homotopy from f to
g.

O

Corollary VI.2.2.2. Let f,g : A — X be two morphisms of €, with A cofibrant and X fibrant.
Fix a cylinder object A1 A — AN — Afor A and a path object X — X! — X x X for X.
Then the following conditions are equivalent:
) !

(i) f~g

(ii). there exists a left homotopy H : ANIT — X from f to g;
(iii). f~g;

(iv). there exists a right homotopy K : A — X! from f to g.

In particular, the relations L and X are equal equivalence relations on Homg (A, X). We
denote the quotient by (A, X).

VI.2.3 The Whitehead theorem

Definition VL.2.3.1. Let X, Y € Ob(%). We say that two morphisms f,g : X — Y are
homotopic if they are both left and right homotopic; in that case, we write f ~ g. We say that
f: X — Y is a homotopy equivalence if there exists f' : Y — X such that f o f’ ~ idy and
flof~idx.

In algebraic topology, the Whitehead theorem says that a continuous map between CW com-
plexes that induces isomorphisms on all homotopy groups is a homotopy equivalence. The fol-
lowing theorem is a formal version of this.

Theorem VI.2.3.2. Let A and B be two objects of € that are fibrant and cofibrant, and let
f A — B be a morphism. Then f is a weak equivalence if and only if it is a homotopy
equivalence.
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VI.3 The homotopy category

Proof. First suppose that f is a weak equivalence. Let X be a cofibrant object of &’; by Proposi-
tion[VI.2.1.12]and Corollary [VI.2.2.2] the map f o (-) : 7(X, A) — m(X, B) is bijective. Taking
X = B, we get a morphism g : B — A such that f o g ~ idp. By Proposition [VI.2.1.8] this
implies in particular that f o g o f ~ f, so, taking X = A in the first sentence, we deduce that
g o f ~id 4. This shows that f is a homotopy equivalence.

Now suppose that f is a homotopy equivalence. We want to show that f is weak equivalence.
By axiomMC3] we can write f = poi, wherei : A — C'is an acyclic cofibrationand p : C' — B
is a fibration, and it suffices to prove that p is a weak equivalence. Let g : B — A be a morphism
such that go f ~idyq and f o g ~ idg, and let H : B A I — B be a left homotopy from f o g
to idg, where BU B — B A I — B is a cylinder object for B. Let ig,7; : B — B A I be the
morphisms of Lemma by that lemma and the fact that B is cofibrant, they are acyclic
cofibrations. In particular, by axiom [MC4] there exists a morphism K : B A I — C making the
following diagram commute:

BLC

o 27

B/\[T>B

If ¢ = K o1y, then K is a left homotopy from K o iy = 7 o g to gq. Moreover, we have
poq =poKoi = Hoiu = idg. Note that C' is fibrant and cofibrant, so, by the first
part of the proof, the weak equivalence ¢ is a homotopy equivalence. Choose a morphism
j:C — Asuchthat joi ~ idy and i 0 j ~ idc. Then we have p ~ poioj = f o,
sogop~ (iog)o(foyj)~ioidgoj ~ide. Let H : C N1 — C be aleft homotopy from id¢
to g o p, where C' U C' — C' A I — C'is a cylinder object for C, and i, i, : C — C A I are the
morphisms of Lemma [VI.2.1.4} by that lemma again, these morphisms are acyclic cofibrations.
As H' o ij = id¢, the two out of three property for weak equivalences (axiom implies
that H' is a weak equivalence, hence so is g o p = H' o #}. (We are reproving part of Remark

VI1.2.1.7)) But we have a commutative diagram

id id
C -0 %

p qop

Q——Q

B q C p

(remember that p o ¢ = idp), so p is a retract of ¢ o p, hence it is a weak equivalence by axiom

[]

V1.3 The homotopy category

As before, we fix a model category %'
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VL.3.1 Fibrant and cofibrant replacements

Definition VI.3.1.1. Let X be an object of €. A cofibrant replacement of X is an acyclic fibra-
tion Q(X) — X with Q(X) cofibrant, and a fibrant replacement of X is an acyclic cofibration
X — R(X) with R(X) fibrant.

Example VI1.3.1.2. If ¥ = C~ (<) with the model structure of problem |A.10.2|(where <7 is an
abelian category that has enough projective objects), then a projective resolution of an object of
7 is a cofibrant replacement.

By axiom [MC3|applied to the morphisms @ — X and X — =, cofibrant and fibrant replace-
ments of X always exist. Note that, despite the notation, we are not claiming that we can make
these functorial in X. The best we can do is the following proposition.

For every X of ¢, we choose a cofibrant replacement px : Q(X) — X of X and a fi-
brant replacement iy : Q(X) — RQ(X) of Q(X), such that py = idy if X is cofibrant and
ix = idg(x) if Q(X) is fibrant. As iy is a cofibration and Q)(X) is cofibrant, the object RQ(X)
1s also cofibrant, so it is fibrant and cofibrant.

Proposition VI.3.1.3. Let f : X — Y be a morphism of €. Then there exists a commutative
diagram:

X 2 Q(X ) 25 RQ(X)

|

Vi (Y — RQ(Y)

~

Then the morphisms f, and fo are uniquely determined up to homotopy.

Moreover, if f is a weak equivalence, then so are f and f,.

Proof. The last sentence follows immediately from the two out of three property for weak equiv-

alences (axiom MC2).

We get the morphism f; : Q(X) — Q(Y) by applying axiom to the following commu-
tative square:

@—>Q(Y)
Q( fopx Y

Suppose that f1, f1 : Q(X) — Q(Y') are two morphisms such that py o f; = fopx = py o f],
and let Q( X)L Q(X) — Q(X) AT — Q(X) be a cylinder object for Q(X). As py is an acyclic
fibration, axiom implies that there exists H : Q(X) A I — Q(Y) making the following
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diagram commute:

QX)UQ(X) — Q)

QXA —Q(X) ——Y

fopx

This morphisms H is a left homotopy from f; to f{, so f; is uniquely determined up to left
homotopy. By Proposition [VI.2.2.1| (and the fact that QQ(X) is cofibrant), it is also uniquely
determined up to right homotopy.

We get the morphism f, : RQ(X) — RQ(Y) by applying axiom to the following
commutative square:

Q( >’Y—°f1> RQ(Y)

f2 - l
ZX

RQ(X) —

Suppose that f1, f] : Q(X) — Q(Y") are two morphlsms such that py o f; = fopx = py o f],
and that fo, f} : RQ(X) — RQ(Y) are two morphisms such that f; o ix = iy o f; and
f4 0ix = iy o f|. We have already seen that f; L f1, so, by Proposition [VI.2.1.8] we have
iy o f1 L iy o f]; as Q(X) is cofibrant and RQ(Y') is fibrant, this implies that iy o f; ~ iy o f
thanks to Corollary Let K : Q(X) — RQ(Y)! be right homotopy from iy o f; to
iy o f], where RQ(Y) — RQ(Y)' & RQ(Y) x RQ(Y) is a path object for RQ(Y'). Then
po K = (iy o fi,iy o f{) : Q(X) — RQ(Y) x RQ(Y), so the following square commutes:

Q(X) Lﬁ%@( Y)!

le l”

RQ(X) S RQ(Y) x RQ(Y)

By axiom [MC4] there exists a morphism H' : RQ(X) — RQ(Y)! such that p o H' = (fs, f3),
and this morphisms is a right homotopy from f, to f;. As RQ(X) and RQ(Y) are fibrant and
cofibrant, Corollary [VI1.2.2.2|implies that f, and f} are homotopic.

[]

Definition V1.3.1.4. Let €. (resp. 6, resp é.) be the full subcategory of 4" whose objects are
the cofibrant (resp. fibrant, resp. fibrant and cofibrant) objects. We consider the following four
categories:

(i). The category w(%.) having the same objects as %. and such that
Hom ) (X,Y) =7"(X,Y).

(ii). The category 7(%;) having the same objects as %y and such that
Homﬂ((é)f)(X, Y) = 7TZ<X, Y)
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(iii). The category =(%.;) having the same objects as %, and such that
Homﬂ(%zef)(X, Y) = 7T(X, Y)

(iv). The category Ho(%’) having the same objects as ¢ and such that, for all A, B € Ob(%),
HomHO(%’) (Av B) = W(RQ(A)v RQ(B))

The Hom sets of 7(%.s) and Ho(%') are well-defined by Corollary [VI1.2.2.2} and Corollary
VI1.2.1.11|implies that composition is well-defined on all four of the categories.

Corollary VI.3.1.5.  (i). The assignement X — Q(X) extends to a functor Q) : € — w(6,).
More precisely, if f : X — Y is a morphism of € and f; : Q(X) — Q(Y) is as in
Proposition|VI.3.1.3| then Q(f) is the class of f in 7" (X,Y).

This functor () sends weak equivalences to weak equivalences, where a weak equivalence
in w(6,) is the class of a weak equivalence in €..

(ii). Similary, if we choose a fibrant replacement X — R(X) for every X € Ob(%), then the
assignment X — R(X) extends to a functor R : € — w(%6}), and this functor sends
weak equivalences to weak equivalences.

(iii). The assignement X — RQ(X) extends to a functor RQ) : € — m(6.y). More precisely,
if f: X — Y is amorphism in € and f : RQ(X) — RQ(Y) is as in Proposition
VI.3.1.3| then we take RQ)(f) equal to the class of fs in T(RQ(X), RQ(Y)).

This functor sends weak equivalences to isomorphisms.

(iv). The functor w(6.;) — Ho(%¥) induced by the inclusion 6. C € is an equivalence

of categories, and the composition € fe 7(6.r) — Ho(¥) is equal to the functor
p 1 € — Ho(%€) that sends every X € Ob(%) to X and every f : X — Y to the
class of fo in m(RQ(X), RQ(Y)), where fo : RQ(X) — RQ(Y) is as in Proposition

Proof. We prove (i) (note that (ii) is just (i) in the opposite category). Let f : X — Y be a
morphism of ¢ and let f; : Q(X) — Q(Y) is as in Proposition By that proposition,
the morphism f; is uniquely determined up to homotopy. So its class in 7" (X, Y") only depends
on f, and it makes sense to take Q( f) equal to this class. It is easy to see that () is a functor. The
last statement of (i) follows immediately from the last statement of Proposition [VL.3.1.3]

Proposition|VI.3.1.3|immediately gives the first part of (iii), and the second part of (ii1) follows
from Theorem [VI.2.3.2] As for (iv), it is an easy consequence of (iii).

]
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VI.3.2 Calculation of the homotopy category

Theorem V1.3.2.1. The functor p : € — Ho(%) is a localization of the category € by W. It
sends left or right homotopic morphisms of € to the same morphism of Ho(€'). Moreover, a
morphism f of € is a weak isomorphism if and only if p(f) is an isomorphism.

In particular, we get equivalences of categories
CIW 1 ~Ho(€) ~ n(C.y).

Note that we could have exchanged the roles of () and R in the theorem (and the results preceding
it).

Proof. We check the conditions of Definition|V.2.1.1] We already know that p sends weak equiv-
alences to isomorphisms, so we get condition (a).

Let F' : € — & be a functor such that G(s) is an isomorphism for every s € W. We
construct a functor G’ : Ho(¥) — & such that G' o p = (. As p is the identity on ob-
jects, we take G'(X) = G(X) for every X € Ob(%). Let ¢ € Hompo)(X,Y), and let
f2 : RQ(X) — RQ(Y') be a morphism of ¢ representing ¢. By Lemma[V1.3.2.2] the morphism
G(f2) only depends on . We have a diagram:

X 2 Q(X) 25 RQ(X)

|

Y 2= Q(Y) = RQ(Y)
where every horizontal morphism is a weak equivalence, so we can define G'() by
G'(¢) = G(py) o G(iy) " 0 G(f2) 0 G(ix) o G(px)

this only depends on ¢ and not on the choice of f;. It is easy to see that G’ is a functor (for
example, if f> : RQ(X) — RQ(Y) and g» : RQ(Y) = RQ(Z) represent ¢ € Homp,) (X, Y)
and ) € Hompo(«)(Y, Z), then g, o f, represents 1) o ), and we have G’ o p = G by definition
of p. This shows condition (b).

We check condition (c). Let G, Gy : Ho(%) — % be two functors. We want to show that
composing by p on the right induces a bijection

o Hommnc(Ho(%),_@)(Gb Gz) — HomHo(%)(Gl op,Gyo p)-

Let ¢ : X — Y be a morphism in Ho(%), and let f5 : RQ(X) — RQ(Y') be a morphism in
% representing . Then we have ¢ = p(py) o p(iy) " o p(f2) o p(ix) o p(px)~' in Ho(¥). As
in the proof of Theorem [V.2.1.4] this implies that « in injective (that is, a morphism of functors
GG1, — (5 is determined by its restriction to the image of p). Conversely, letu : Gop — Goopbe
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a morphism of functors. If there exists a morphism of functors v : G; — G5 such that u = «(v),
then we have v(X) = u(X) : G1(X) — G2(X) for every X € Ob(%’). So, to show that « is in
the image of «, we have to show that the family (u(X)) xcob(«) defines a morphism of functors
from GG, to Go, that is, that the diagram

is commutative for every morphism ¢ : X — Y in Ho(%). As ¢ is a composition of morphisms
p(f) and p(s)~", for f a morphism of ¢ and s € W, it suffices to treat the case where ¢ = p(f)
or ¢ = p(s)~!, but then the conclusion is clear.

The second statement follows immediately from Lemma [VI.3.2.2(iii).

We prove the last statement. Let f be a morphism of €. If f is a weak equivalence, we
already know that p(f) is an isomorphism. Suppose that p(f) is an isomorphism. Then the
morphism f> : RQ(X) — RQ(Y’) of Proposition [VI.3.1.3]is a homotopy equivalence, hence a
weak equivalence by Theorem As we have a commutative diagram

X 2 Q(X) 25 RQ(X)

! l f 1l lf 2
Y+ QY) == RQ(Y)
where all the horizontal morphisms are weak equivalences, this implies that f; is a weak equiv-

alence, hence that f is a weak equivalence.

O
Lemma V1.3.2.2. Let G : € — & be a functor.

(i). Suppose that G sends weak equivalences between cofibrant objects to isomorphisms, and
let f,g : X — Y be two morphisms of €, with X and Y cofibrant. If f ~ g, then

G(f) = Glg)

(ii). Suppose that G sends weak equivalences between fibrant objects to isomorphisms, and let
frg: X — Y be two morphisms of €, with X and Y fibrant. If f ~ g, then G(f) = G(g).

(iii). Suppose that G sends weak equivalences to isomorphisms, and let f, g : X — Y be two
morphisms of €. If f L gor f~ g, then G(f) = G(g).

Proof. Note that (ii) is just (i) in the opposite categories. We prove (i). Let H : X — Y! be a

right homotopy from f to g, where Y LYl By xYisa path object for Y. By axiom ,
we can write t = p’ o t/, where t' : Y — (Y1) is an acyclic cofibration and p’ is a fibration;
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by the two out of three property for weak equivalences, the morphism p’ is actually an acyclic
fibration. As X is cofibrant, there exists a morphism H' : X — (Y) making the following
diagram commute:

Then Y % (yhy P8y % Y is also a path object for Y, and H' : X — (Y1)’ is a right homotopy
from f to g. In other words, we may (and will) assume that ¢ : Y — Y is an acyclic cofibration.
As Y is cofibrant, this implies that Y is also cofibrant. Also, as t is a weak equivalence, the
hypothesis on GG implies that G(t¢) is an isomorphism. Write p = (po,p1), where pg, p; are
morphisms from Y/ to Y. Then pgot = p; ot = idy, so G(py) = G(p1) = G(t)~L. On the other
hand, we have py o H = f and p; o H = g, so this implies that G(f) = G(g).

We prove (iii) in the case where f L g. (The other case follows by considering the opposite
categories.) Let H : X A I — X be a left homotopy from f to g, where X U X — X AT 3> X
is a cylinder object for X. Let ig,i; : X — X A [ be the morphisms of Lemma As
soip = soi; = idx, we get G(s) o G(ip) = G(s) o G(i1) = idg(x). As s is a weak equivalence,
the morphism G/(s) is an isomorphism, and so G(iy) = G(i;). As f = H oipand g = H o iy,
this implies that G(f) = G(g).

[]

V1.4 Localization of functors

We fix a model category % .

Vi1.4.1 Existence of the localization

Theorem V1.4.1.1. Let I : € — 9.

(i). Suppose that F' sends weak equivalences between cofibrant objects to isomorphisms. Then
F'is left localizable.

More precisely, we can construct a left localization of F'in the following way: By Lemma
VI1.3.2.2(i), the restriction of the functor F to €, induces a functor F' : w(6.) — 9. For
every X € Ob(%¥), applying F to the morphism px : Q(X) — X gives a morphism

7(X) : F' o Q(X) — F(X); by Proposition|V1.3.1.3|and Lemma|VI.3.2.2(i), this defines

a morphism of functors 7' : F' o Q — F. The hypothesis on F' and the last statement of
Corollary|VI.3.1.5|imply that F' o Q) : € — & sends weak equivalences to isomorphisms,
and the universal property of the localization gives a functor LF : Ho(€¢) — 2 and an
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isomorphism of functors LF op ~ F' o (). We denote by 7 : LF o p — F' the composition
of the isomorphism LF op ~ F' o  and of the morphism 7' : F' o Q — F. Then (LF,T)
is a left localization of F'.

€
/ ¢
Ho(%) (€)= )F

\ |-

(ii). Suppose that F' sends weak equivalences between fibrant objects to isomorphisms. Then
F' is right localizable, and we can construct a right localization of ' by applying the
construction of (i) in the opposite categories.

Proof. We prove (i). Let G : Ho(%¢) — 2 be a functor and s : G o p — F be a morphism of
functors. We want to show that there exists a unique morphism of functors v : G — LF such
that s = 7(u o p).

Suppose that such a u exists. Then, for every X € Ob(%’), we have a commutative diagram:

s(Q(X))

u(Q(X)) T(Q

(Gop)(QX)) —=(LF op)(Q(X)) ——="F(Q(X))
(Gop) (px)lk l(LFOp) (px) lF(px

(G o p)(X) —5— (LF 0 p)(X) — F(X)

s(X

~

where 7(Q(X)) is an isomorphism because ((X) is cofibrant (hence
T(Q(X)) = F(pawx)) = idgex))-
This implies that:
*) u(X) = (LF o p)(px) o 7(Q(X)) ™" 0 s(Q(X)) o (G op)(px) -
In particular, the morphism of functors « is uniquely determined by the property that 7(uop) = s.

To show the existence of u, we need to prove that formula (*) defines a morphism of functors
from G to LF'. So we need to check that, for every morphism f : X — Y in Ho(%), the diagram

(X)X, LX)

G( f)l lLF(f)

G(Y) iy LF(Y)
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commutes. If f is of the form p(g) or p(¢g)~! where g is a morphism of ¢, this follows easily
from formulas (*) and the fact that s is a morphism of functors. But we have seen in the proof of
Theorem [VI.3.2.1|that every morphism of Ho(%) is a composition of morphisms of that type, so
we are done.

]

VI1.4.2 Quillen adjunctions and Quillen equivalences

In this subsection, we fix two model categories (¢, Wy, Fiby, Cofy) and (2, W4, Fibg, Cof »),
and we denote by py : € — Ho(%) and py : Z — Ho(2) the localization functors.

Definition VI.4.2.1. Let F' : € — & be a functor. A (total) left derived functor (resp. (total)
right derived functor) 1is a left (resp. right) localization of the functor py o F' : 4 — Ho(2).

Proposition V1.4.2.2. Let (F : € — 9,G : 9 — €) be a pair of adjoint functors; we don’t
assume anything about teh categories ¢ and 9. Let S (resp. T) be a set of morphisms in ¢
(resp. 9), and let f (resp. g) be a morphism in € (resp. &). Then:

(i). f has the left lifting property relatively to G(T) if and only F'(f) has the left lifting property
relatively to T';

(ii). g has the right lifting property relatively to F(S) if and only if G(g) has the right lifting
property relatively to S.
Proof. The proofs of (i) and (ii) are dual, so we only prove (i).

Write f : A — B, consider two morphisms v : A — G(X) andv : B — G(Y) in ¢, and let
p: X — Y be an element of 7. By Lemma (that is, by Problem A.1.7)), the square

F(A) % X
i /Zl
// p
Y

F(f)l

F(B)/—>

ol

is commutative if and only if the square

A" G(X)

fl /’b g lcoo)

B G(Y)
is commutative. If f has the left lifting property relatively to G(7'), then there exists

h : B — G(X) making the second diagram commute, and then h* : F(B) — X makes the first
diagram commute (by Lemma again), so F'(f) has the left lifting property relatively to 7.
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Conversely, if F(f) has the left lifting property relatively to 7', then there exists h* : B — G(X)
making the first diagram commute, and then h : F(B) — G(Y) makes the second diagram
commute, so f has the left lifting property relatively to G(T).

]

Corollary V1.4.2.3. Assume again that ¢ and 9 are model categories. Let F' : € — % and
G : 9 — € be two functors, and suppose that (F,G) is a pair of adjoint functors. We denote
the functorial isomorphism Homg (-, G(-)) = Homgy (F(+),-) by f — f%

Then the following conditions are equivalent:

(a) F(Cofy) C Cofy and G(Fiby) C Fiby;

(b) F(Cofy) C Cofy and F(Cofy NWy) C Cofy N Wy,
(c) G(Fiby) C Fiby and G(Fibg N W) C Fiby N We.

Proof. Suppose that G preserves fibrations (i.e. that G(Fiby) C Fiby). We show that F pre-
serves cofibrations if and only if GG preserves acyclic fibrations, which shows the equivalence of
(a) and (c). (The equivalence of (a) and (b) then follows by considering the opposite categories.)
If G preserves acyclic fibrations, then any cofibration ¢ in ¢ has the left lifting property relatively
to G(W4 N Fibgy), so, by Proposition the morphism F(i) has the left lifting property
relatively to Wy N Fibgy, hence is a cofibration by Proposition Conversely, if F pre-
serves cofibrations, then any acyclic fibration p in & has the right lifting property relatively to
F(Cofy), so, by Proposition[VI.4.2.2] the morphism G(p) has the right lifting property relatively
to Cof, hence is an acyclic fibration by Proposition

]

Definition VI4.24. let FF : ¥ — 2 and G : ¥ — % be two functors, and sup-
pose that (F,(G) is a pair of adjoint functors. ~We denote the functorial isomorphism
Homg (-, G(+)) = Homg(F(-),-) by f —> f*.

(i). We say that (F, G) is a Quillen adjunction between ¢ and Z (or that F' is a left Quillen
functor, or that G is a right Quillen functor) if the equivalent conditions of Corollary

are satisfied.

(ii). We say that (F, ) is a Quillen equivalence between % and ¥ if it is a Quillen adjunction
and if, for every cofibrant A € Ob(%’), every fibrant X € Ob(Z) and every morphism
f:A— G(X)in €, we have:

feWs e ffeW,.

Theorem VI.4.2.5. Let (F,G) be a Quillen adjunction between € and %. Then the to-
tal left derived functor LF : Ho(%¢) — Ho(Z) of F and the total right derived functor
RG : Ho(Z2) — Ho(%) of G exist, and the functors (LF, RG) form a pair of adjoint func-

tors.
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If moreover (F, G) is a Quillen equivalence, then the functors LF and RG are mutually quasi-
inverse equivalences of categories.

Proof. The functor F' sends acyclic cofibrations to weak equivalences, so, by Ken Brown’s
lemma (Lemma [VL.I.2.5), it sends any weak equivalence between cofibrant objects to a
weak equivalence. In particular, the functor py o F' sends weak equivalences between cofi-
brant objects to isomorphisms. By Theorem this functor has a left localization
LF : Ho(¥¢) — Ho(Z). A similar proof shows that py o G : 2 — Ho(%') has a right lo-
calization RG : Ho(Z) — Ho(%).

As F'is a left adjoint, it preserves all colimits by Proposition |[. , so it sends initial objects
of ¥ to initial objects of &; as F' also preserves cofibrations, it preserves cofibrant objects.
Similarly, the functor G preserves fibrant objects. So, to show that LF' and RG form an adjoint
pair, it suffices by the construction of these functors in Theorem to show that, for every
cofibrant A € Ob(%’) and every fibrant X € Ob(2), the adjunction isomorphism

Homy (A, G(X)) ~ Homg(F(A), X)

preserves the homotopy relation (which is equal to the left and right homotopy relations by
Corollary and is an equivalence relation by Proposition [VI.2.1.9).

Let f,g : A — G(X) be two morphisms. Suppose that f L g. Let H : AN — G(X) be aleft
homotopy from f to g, where A LI A = A AT 3 Ais a cylinder object for A. As A is cofibrant
and ¢ is a cofibration, the object A A I is also cofibrant. In particular, the objects F'(A A I)
and F'(A) are cofibrant, so, by the start of the proof, the morphism F'(s) : F(AAI) — F(A)
is a weak equivalence; as moreover F' preserves cofibrations and commutes with colimits, the
diagram F(A)UF(A)A — i F(ANI) i F(A) is a cylinder object for F'(A). By Lemma|l.4.2}
the morphism H* : F(A A I) — X makes the diagram

F(AY U FA) Y panT)

f
Mlﬂ
X

commute, so it is a left homotopy from f% to g*. A similar proof shows that, if f* ~ ¢, then we
have f ~ g.

We prove the last statement. Let 7 : idy — G o Fand € : F' o G — idy be the unit and counit
of the adjunction (F,G), and let 0’ : idpo) = RG o LF and €' : LF o RG — idpo(g) be the
unit and counit of the adjunction (LF, RG) It suffices to show that " and &" are isomorphisms
of functors. Let A be a cofibrant object of %, and let i : F(A) — R(F(A)) be a fibrant
replacement of F'(A) in 2. We have LF(A) ~ F(A), hence LG(LF(A)) ~ G(R(F(A))), and,
by definition of the adjunction between LF' and RG, the morphism 7'(A) : A — RG(LF(A))
is the composition

A" GrA) Y GR(F(A)) ~ LG(LF(A)).
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By Proposition [[.4.6, we have i = (G(i) o (A))*. As A is cofibrant and R(F(A)) is fibrant, and
as i is a weak equivalence, the definition of a Quillen equivalence implies that G(i) o n(A) is a
weak equivalence. This implies that 7'(A) is an isomorphism in Ho(%). The proof that ' is an
isomorphism of functors is similar.

]

VI.5 Construction of model structures

We fix a universe % and a % -category % that has all % -small colimits.

For simplicity, we will limit ourselves in this section to compositions of sequences of mor-
phisms indexed by N, so we will not get the most general definition of a cofibrantly generated
model category. It is relatovely easy to generalize everything to arbitrary ordinals o € % (see
for example Section 2.1 of [3]).

VI.5.1 Transfinite composition

Definition VI.5.1.1. An w-sequence (of morphisms of %) is a functor X : N — %. We often
write the functor X as
Xo—=-Xi—=>Xo—> ...

The composition of the w-sequence X is the morphism X, — @00 X,

Note that the composition of an w-sequence is only defined up to (unique) isomorphism.

Definition VL.5.1.2. Let [ be a set of morphisms of €. If X : N — % is an w-sequence that
sends every morphism in N to an element of 7, we call its composition a transfinite composition
of morphisms of .

Definition VI.5.1.3. Let / be a set of morphisms of ¢ and A € Ob(%).

(1). We say that A is small relative to I if, for every w-sequence X : N — % sending every
morphism of N to an element of /, the canonical map

limy Homg (A, X)) — Homg (A, lim X,)

r>0 r>0
is bijective. E]

(i1). We say that A is small if it is small relative to the set of all morphisms of €.

2If we were working with arbitrary ordinals, we could x-smallness for  a cardinal. What we are calling “small”
here would then be called “0-small”.
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VI.5.2 Sets of morphisms defined by lifting properties

Proposition VL.5.2.1. Let S be a set of morphisms in €, and let T be the set of morphisms that
have the left lifting property relatively to every element of S. Then T is stable by pushouts, by
(% -small) coproducts, by transfinite compositions and by retracts.

Of course, we have a dual result saying that the set of morphisms that has the right lifting
property relatively to every element of S is stable by all the pullbacks that exist in %', by products,
by compositions (even by infinite compositions “in the other direction”, that is, limits of functors
N°P — %) and by retracts.

Proof. The stability by pushout is proved exactly as in Corollary [VI.1.2.4; Consider a commu-
tative diagram

where the first square is cocartesian, ¢ € 7"and s € S. By definition of 7', there exists a morphism
h : B — X making the diagram commute. As hot =wuo f, thepair (h: A = X, u: A" — X)
induce a (unique) morphism A’ : B" — X such that b’ ot' = w and h/ o g = h. The fact that
s o h = v follows from the universal property of the pushout.

We show that 7" is stable by coproducts. Let (¢; : A; — B;);c; be a family of morphisms of
T, with I a%-set,lett = [[t; : A= ]],.; Ai = B = [l,; Bi, and consider a commutative
diagram

with s € S. We want to find a morphism i : B — X that makes the diagram commute. For
every ¢ € I, restricting f and g to A; and B; gives a commutative diagram

Ai— X

A
hi ,
t; Y s
/

B,—Y

and we can a find a morphism h; : B; — X that makes the diagram commute because ¢; € T'.
So we cantake h = [[h; : B — X.

Now consider a w-sequence A iy A 2N Ay — ...such that ¢, € T for every r > 0, let
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t: Ay — B be its composition, and consider a commutative diagram

AOL)X

h A
L)
7/
with s € S. We want to find a morphism h : B — X that makes the diagram commute. For

.. - tr
every r > 0, we denote by u, the composition of the w-sequence A, LN Arpr B Ay — .
sothatu,ot,_jo...0otyg =t. Lethg = f. Ast, inin T for every r, we can construct by 1nduct10n
onr>1la morphlsm h, : A, — X that makes the following diagram commute

hr—1
Ar 17—>X

"

A gou

Then we can take h = ligrZ ol

Finally, we show that 7" is stable by retracts. Suppose that we have a commutative diagram
ida

S T—

—

[T

with ¢ € T, and consider a commutative square
A" X
B——Y
with s € S. Ast’ € T, there exists a morphism A’ : B’ — X such that so h’ = v o fp and
Wot =wuo fyu.
Al—— A —> X

-~ - g
t _ W s
-~

B/f—>B—>Y
B

Let h = W' ogg. Then hot = W oggot = W ot ogs = uwo fyogs = u and
soh=soh'ogg =vo fgogp =, so the following diagram commutes

A5 X

L AL
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This shows that ¢t € T'.

VI.5.3 The small object argument

Let I be a set of morphisms of €.

Definition VI.5.3.1. (i). A morphism p of ¥ is called [-injective if it has the right lifting
property relatively to any element of /.

(i1). A morphism ¢ of ¥ is called a I-cofibration if it has the left lifting property relatively to
any /-injective morphism.

(iii). A morphism f of € is called I-cellular if it is a transfinite composition of morphisms
A — B that fit in a cocartesian square

Hie] Uz —)A

]|

Hie[ Vi— B
where every f; : U; — V; is an element of /.

We denote by I — inf (resp. I — cof, resp. I — cell) the set of I-injective morphisms (resp.
I-cofibrations, resp. /-cellular morphisms).

Of course, we have dual notions of /-projective morphisms and /-fibrations, but we will not
use them in these notes.

Corollary VL.5.3.2. Every I-cellular morphism is a [-cofibration.

Proof. By definition of /-cofibrations, the set / — cof contains /. By Proposition [VI.5.2.1] the
set [ — cof is stable by pushouts, coproducts and by transfinite compositions, so it also contains
I — cell.

]

Proposition V1.5.3.3. (The small object argument.) Suppose that I is a % -set (i.e. isomorphic
to an element of U ), E] for every morphism vy : U — V in I, the source U of vy is small relative
to the set of I-cellular morphisms. Then, for every morphism f : X — Y of €, there exists a
factorization

X,z 2.y

N S

f

3In other words, the set I and sets built from it are small enough so that colimits indexed by them exist in %
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of fwithi € I — cell and p € I — inj, and moreover this factorization is functorial in f.

Proof. Let f : X — Y be a morphism of €. Let Z; = X and f; = f. We construct by induction
onr > 1 a family of morphisms i, | : Z, 1 — Z, and f, : Z, — Y such that f,. oi, 1 = f,_1.
Suppose that > 1 and that we have constructed f,._;. Let S, be the set of commutative squares
s of the form

Us B— erl

7{ [

Vo—Y

with v, € I; as [ is a % -set, so is S,.. We define i, : Z,_; — Z, by the commutative diagram

HSEST- Us — Zr—l

H%l () ir—ll

HSGST ‘/3 ZT
\\fr
Y

where the square (*) is cocartesian. (That is, we take Z, to be the pushout of the morphisms
HeesUs = Zy—1and [, ¢ [[,eqUs — [l,eqVsr and fr 0 Z, — Y to be the morphism
induced by the morphisms f,_; : Z,_y — Yand [[,.¢ Vs = Y.)

seS

The morphisms (i, ),>¢ define a w-sequence, and we take i : X — Z = ligT>0 Z, to be its
composition and p : Z — Y to be the morphism hﬂwo f». This will be our factorization. If

we make make colimits into a functor from w-sequences to ¢ (using Proposition [I.5.1.4), then
the construction of ¢ and p is functorial in f. Also, the morphism i is I-cellular by definition of
I-cellular.

It remains to show that p is /-injective. Consider a commutative square

U——7

V—Y

with v € 1. We want to find a morphism £ : V' — Z making the following diagram commute:

U——7

A
’Yl //h lp
7/

V—Y

As U is small relative to I — cell, the morphism U — Z has a factorization U — 7, — Z for
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some 7 > (. But then the square
U——7Z7,

]
V—Y

isin S, by definition of S, 1, so, by definition of Z,., 1, there exists a morphism ' : V' — Z,
making the following diagram commute:

U— 7y — Z, s

fr - 7
AT

VI—Y Y

We get the desired morphism ~ : V' — Z by taking the composition V' LN L1 — 2.
O

Corollary V1.5.3.4. Under the hypotheses of Proposition |VI.5.3.3| every [-cofibration is a re-
tract of a I-cellular morphism.

Proof. Let f : X — Y be an element of I — cof. By Proposition|VI.5.3.3| we can write f = pot,
with?: X = Zinl —celland p : Z — X in I — inj. By definition of I — cof, there exists a
morphism h : Y — Z making the following diagram commute:

X'z
v
Y:Y

So we get a commutative diagram

S
|
S
|
S

~
«—
.
~
—

|
|

which shows that f is a retract of i.

VI.5.4 Cofibrantly generated model categories

Definition VI.5.4.1. Let (¥, W, Fib, Cof) be a model category. We say that € is cofibrantly
generated if there exist %/ -small sets of morphisms / and .J in % such that:
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(1). The sources of the morphisms of / are small relatively to I — cell.
(i1). The sources of the morphisms of .J are small relatively to J — cell.
(iii). Fib = J — inj.
(iv). W NFib = I — inj.

We call [ the set of generating cofibrations and J the set of generating acyclic cofibrations.

Remark V1.5.4.2. Because we restricted ourselves to colimits index by N in the definition of
small objects, the categories of the previous definition are actually a special class of cofibrantly
generated model categories, called finitely generated model catgeories in Definition 2.1.17 of

[S].

Corollary VI.5.4.3. Let € be a cofibrantly generated model category, with generating set of
cofibrations (resp. acyclic cofibrations) I (resp. J). Then Cof = I —cof and W NCof = J —cof.

Proof. This follows immediately from the characterization in Proposition of cofibra-
tions (resp. acyclic cofibrations) as the morphisms having the left lifting property relatively to all
acyclic fibrations (resp. all fibrations), and from conditions (iii) and (iv) in Definition |[VI.5.4.1

]

Corollary V1.5.4.4. If € is a cofibrantly generated model category, then the factorizations of
axiom[MC3|are functorial in the morphism f in €.

Theorem V1.5.4.5. Let € be a % -category having all % -small limits and colimits and W a set
of morphisms of € containing all identity morphisms, stable by retracts and satisfying the two
out of three property. Let I and J be two % -small sets of morphisms of € such that:

(a) the sources of the morphisms of I are small relatively to I — cell and the sources of the
morphisms of J are small relatively to J — cell;

(b) J—cof C W NI — cof;
(c) I —inj C W N J—inj,
(d) one of the inclusions in (b) and (c) is an equality.

Then there exists a model structure on € with set of weak equivalences W that makes ¢ a
cofibrantly generated model category with generating set of cofibrations (resp. acyclic cofibra-
tions) I (resp. J). In particular, we have Fib = J — inj, W N Fib = I — inj, Cof = I — cof and
W N Cof = J — cof, hence the inclusions in (b) and (c) are both equalities.

Proof. We set Fib = J — inj and Cof = I — cof. By Proposition [VI.5.2.1| (applied to ¢ and
©°P), the sets Fib and Cof are stable by composition and by retracts; they also clearly contain
the identity morphisms. So far, we have checked axioms MCI], [MC2] and MC3]
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Let f be a morphism of %, and let f = p; o i; = ps o i3 be the two factorizations of f
that we obtain by applying the small object argument (Proposition to I and J. Then
pp € I —inj c WnNnJ—inf = WnNFiband i, € [ —cell C I — cof = Cof (the
first inclusion is Corollary [VI.5.3.2). On the other hand, we have p, € J — inj = Fib and
ip € J—cell C J—cof C WNI—cof =W NCof. This gives axiom MC3]

It remains to check axiom Consider a commutative square

f
—

A
be
l h
¢ s/
v
B

—
g

S

—
i)

~

We want to show that there exists a diagonal morphism / : B — X making the diagram commute
under some conditions on ¢ and p. There are two cases:

(1) Suppose that J — cof = W NI — cof = W N Cof. If 7 is an acyclic cofibration and p is a
fibration, then ¢ € W N Cof = J —cof and p € J —inj, so h exists by definition of J — cof.

Suppose that p is an acyclic fibration, that is, p € W N .J —inj, and that : € Cof = I — cof.
Write p = qo j, where ¢ € I —injand 7 : X — Z is cofibration; as p € W and W
has the two out of three property, the morphism j is actually an acyclic cofibration. By
the previous paragraph, the morphism j has the left lifting property relatively to p. So, by
considering the commutative square

X

p

X
1w,
J %

/s

we get a morphism i : Z — X suchthat poh = g and hoj = idyx. So we have a
commutative diagram

showing that p is a retract of g. As ¢ € I — inj, another application of Proposition[VL.5.2.]
shows that p € I — inj, so ¢ has the left lifting property relatively to p. Note that we have
also proved that W N J —inj C I —inj, sowe get [ —inj = W N J —inj = W N Fib.

(2) If I —inj = W N J — inj, the proof is similar. If ¢ is a cofibration and p is an acyclic
fibration, then i € I — cof and p € W N J —inj = I — inj, so h exists by definition of
I — cof.
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Suppose that 7 is an acyclic cofibration, thatis, ¢ € W NI —cof, and that p € Fib = J—inj.
We want to show that p has the right lifting property relatively to :. By Proposition
[VI.5.3.3] we can write i = go j,withj: A — CinJ —cell C J —cofandq: C — B
inJ —inj. Asj € J —cof C W and i € W, the two out of three property for I/ implies
that ¢ € W N J — inj = I — inj. By the previous paragraph, the morphism ¢ has the left
lifting property relatively to ¢, so there exists h : B — (' making the following diagram
commute:

AN

2

— B
ldB

i

—

Sy

So we get a commutative diagram

A=—A=—7=A

B—(C——

N

idp

(_

Sy

which shows that 7 is a retract of j, hence that ¢ € J — cof has the left lifting property
relatively to p € J — inj. Note that we have also proved that W N I — cof C J — cof, so
we get J — cof = W N T — cof.

]

Example VI.5.4.6. (1) Let R be aring. We use the notation of problem[A.10.2] In that prob-
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lem, we proved that the category 4 = C~(rkMod) has a model structure with the set
of quasi-isomorphisms as weak equivalences. By problem [A.11.1] this is a cofibrantly
generated model structure, with set of generating cofibrations

I={S"— D" ' ncZ},
and set of generating acyclic cofibrations

J={0—D,, n€Z}.

On ¢’ = C=(rMod), we also have a cofibrantly generated model structure with the set
of quasi-isomorphisms as weak equivalences. The set of generating cofibrations is

I'={S" - D" ' n<0}u{0— S°,
and the set of generating acyclic cofibrations is

J ={0— D,, n<—1}.
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(2) The classical Quillen model structure on Top (defined after Definition [VI.1.3.6)) is cofi-
brantly generated, with
I={S""1'—= D" n>0}

and
J={D" = D" x[0,1], n > 0},

where D" C R" is the closed unit ball, S"~* C D" is the unit sphere, S~! = @, and the
map D" — D" x [0,1] in J send x € D™ to (x,0). The morphisms in /-cell are called
relative cell complexes.

Proposition VI.5.4.7. Let (F : ¢ — 2,G : 9 — € ) be a pair of adjoint functors, with € and
9 model categories. Suppose that € is cofibrantly generated, with set of generating cofibrations

I and set of generating acyclic cofibrations J. Then (F,G) is a Quillen adjunction if and only if
F(I) C Cofy and F(J) C Wy N Cof 4.

Proof. If (F,G) is a Quillen adjunction, then F(I) C F(Cofy) <C %p and
F(J) C F(Wg N COfcg) C Wg4 N Cof ».

Conversely, suppose that F'(I) C Cofy and F(J) C W4 NCofy. By Proposition[VL.4.2.2] if ¢
is a morphism of &, we have g € F(I) —inj if and only if G(g) € I — inj; in particular, we have
G(F(I)—inj) C I —inj. So, if f € Cofy = I —cof, then f has the left lifting property relatively
to every element of G(F'(I) — inj), so, by Proposition again, the morphism F'(f) has
the left lifting property relatively to every element of F'(I) — inj; as F'(I) C Cofy, we have
F(I)—inj D W4NFibg, so we finally get that F'(f) € Cof 4. This shows that F'(Cofy) C Cof 4.
If we run through the same proof using .J instead of I, we get that F'(W4 N Cofy) C W4yNCof 4.

O

VI.5.5 Promoting a model structure

Theorem VIL.5.5.1. Let (¢, W, Fiby, Cofy) be a cofibrantly generated model category, with
set of generating cofibrations I and set of generating acyclic cofibrations J. Let 9 be a U -
category that has all 7 -small limits and colimits, and let (F : € — 2,G : 9 — € ) be a pair
of adjoint functors. Suppose that:

(1) the sources of the morphisms of F(I) are small relatively to F(I) — cell and the sources
of the morphisms of F(J) are small relatively to F(J) — cell;

(2) G(F(J) — cell) C We.

Then the sets F'(I) and F(J) are the sets of generating cofibrations and generating acyclic
cofibrations of a cofibrantly generated model structure (Wg,Fiby, Cofy) on & such that
Wy = G (Wy), Fiby = G7(Fiby) and F(Cofy) C Cofy. Moreover; the pair (F,G) is
a Quillen adjunction.
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Proof. We check the hypotheses of Theorem for 9, Wy, F(I) and F(J). The
fact that W4 contains all identity morphisms, has the two out of three property and is stable
by retracts follows immediately from its definition (and from these properties for Wy). As
G(F(J) — cell) C Wy, we have F(J) — cell C Wy, so, by Corollary and the fact
that 1V is stable by retracts, we get that F'(.J) — cof C Wo.

Condition (a) of Theorem is just property (1). Also, by that Theorem, we know
that J — cof = W NI —cof and I — inj = Wy N J — inj. By Proposition if p
is a morphism of 2, then p € F(I) — inj if and only if G(p) € I — inj; in other words,
we have F(I) —inj = G7!(I — inj). Similary, we have F(J) —inj = G~'(J — inj). As
I —inj = Wy N J — inj, we get that F'(I) — inj = Wy N F(J) — inj. In particular, we have
F(I)—inj C F(J)—inj, so F'(J)—cof C F(I)—cof; we already proved that F'(.J) —cof C Wy,
so we get that F'(J) — cof C Wy N F(I) — cof. This finishes the proof of conditions (b), (c)
and (d) of Theorem[V1.5.4.5] Also, we have Fiby = F(J) —inj = G~'(J — inj) = G~(Fibg).
Moreover, if ¢ € Cofy = I — cof, then ¢ has the left lifting property relatively to every element
of I —inj; as I —inj D G(F(I) — inj), Proposition[VL.4.2.2)implies that F'(i) has the left lifting
property relatively to every element of F'(I) — inj, i.e. that F'(i) € Cof 4.

Finally, as F'(Cofy) C Cofy and G(Fibgy) C Fiby, the pair (F, G) is a Quillen adjunction.
O]
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Problem sets

A.1 Problem set 1

A.1.1

(a).

(b).

(c).

(d).

(e).

().
().

In the category Set, show that a morphism is a monomorphism (resp. an epimorphism) if
and only it is injective (resp. surjective).

Let ¢ be a category and F' : 4 — Set be a faithful functor, show that any morphism f
of ¥ whose such that F'(f) is injective (resp. surjective) is a monomorphism (resp. an
epimorphism).

What are the monomorphisms and epimorphisms in zplMod ?

What are the monomorphisms in Top ? Give an example of a continuous morphism with
dense image that is not an epimorphism in Top.

Find a category %, a faithful /' : ¥ — Set and a monomorphism f in & such that F'(f)
is not injective.

Find an epimorphism in Ring that is not surjective.

The goal of this question is to show that any epimorphism in Grp is a surjective map. Let
¢ : G — H be a morphism of groups, and suppose that it is an epimorphism in Grp. Let
A =TIm(¢). Let S = {x} U (H/A), where {x} is a singleton, and let & be the group of
permutations of .S. We denote by o the element of S that switches * and A and leaves the
other elements of H/A fixed. For every h € H, we denote by ¢ (h) the element of & that
leaves * fixed and acts on H /A by left translation by H; this defines a morphism of groups
Y, : H— &. We denote by ¢, : H — & the morphism o¢);0 1.

(1) Show that ¢1 = ¢2.
(ii) Show that A = H.

Solution.

(a).

Let X, Y besetsand f : X — Y be a map.

'In fact, the epimorphisms in Top are the surjective continuous maps.
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(b).

(©).

(d).

222

Suppose that f is injective. If g1, g5 : Z — X are maps such that f o g; = f o g, then, for
every z € Z, we have f(g1(2)) = f(g2(2)), hence g1(2) = g2(2); s0 g1 = go. This shows
that f is a monomorphism.

Conversely, suppose that f is a monomorphism. Let z,2’ € X such that x # z/. Let
{*} be a singleton, and consider the maps ¢, go : {*} — X defined by g;(%) = x and

Ga(¥) = a'. As g1 # g2, we have f o g1 # f o g, s0 f(x) # f(2'). This shows that f is
injective.

Suppose that f is surjective. If hy,ho : Y — Z are maps such that hy o f = hy o f,
then, for every y € Y, there exists x+ € X such that f(x) = v, and then
hi(y) = hi(f(x)) = ho(f(z)) = ha(y); so hy = hs. This shows that f is a monomor-
phism.

Conversely, suppose that f is an epimorphism. Let yg € Y, let Z = {a, b} be a set with
two distinct elements, and define hy, hy : Y — Z by hy(y) = aforeveryy € Y, ha(y) = a
forevery y € Y — {yo} and ha(yo) = b. We have hy # hy, so hy o f # hy o f. As h; and
hy coincide on Y — {yo}, this implies that yo € Im(f). So f is surjective.

Let f : X — Y be a morphism of %. Suppose that F'(f) is injective. Let 1,92 : Z — X
be morphisms of ¢ such that f o g; = f o go. Then F(f) o F(g1) = F(f) o F(g2), so
F(g1) = F(g2) by a). As F is faithful, this implies that g; = g». So f is a monomorphism.

Suppose that F'(f) is surjective. Let hy,hy : Y — Z be morphisms of & such that
hyo f = hgo f. Then F(hy) o F(f) = F(hy) o F(f),so F(hy) = F(hy) by a). As F'is
faithful, this implies that h; = hy. So f is an epimorphism.

By b), any R-linear that is injective (resp. surjective) is a monomorphism (resp. epimor-
phism) in pkMod.

Conversely, let f : M — N be a monomorphism in pMod. Consider the inclusion map
g1 : Ker(f) — M and the map go = 0 : Ker(f) — M. By definition of the kernel, we
have fo gy = fogs =0,80 g1 = go, so Ker(f) =0, so f is injective.

Now let f : M — N be an epimorphism in pkIMod. Consider the obvious surjection
hy : N — Coker(f) and the zero map hy : N — Coker(f). By definition of the cokernel,
we have hy o f = hgo f =0, s0 hy = hg, so Coker(f) = 0, so f is surjective.

By b), we know that any (continuous) injection is a monomorphism in Top. Conversely,
let f : X — Y be a monomorphism in Top. Let x, 2’ € X such that x # z’. Let {x} be
a singleton with the discrete topology, and consider the maps ¢, go : {*} — X defined
by ¢1(*) = x and go(*) = 2’; these maps are continuous, hence morphisms in Top. As
g1 # g, we have f o g1 # f o g, s0 f(x) # f(a'). This shows that f is injective.

Let X = {s,n} be a set with two distinct points. We put the topology on X for which
the open sets are @, X and {n}. Note that {n} is dense in X. Let f : X — X be the
map sending every point of X to 7. Then f has dense image, but f is not an epimorphism,
because idx o f = f o f, while f # idx.
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(e). Let & be the subcategory of Set whose objects are {0} and {0, 1}, and whose morphisms
are the identities and the unique map f from {0, 1} to {0}. Then f is a monomorphism in
%, but it is not injective. (And the inclusion is a faithful functor from % to Set.)

(f). Consider the inclusion f : Z — Q. It is an epimorphism in Ring. Indeed, let R be
a ring and let hy,hes : Q — R are morphisms of rings such that h; o f = hy o f.
For every m € Z — {0}, the image of m in Q is invertible, so hi(m), ha(m) € R*.
For every x € Q, we can write z = nm ™! withn € N and m € Z — {0}, and then
hl(l') = hl(n)hl(m)’l = hg(n)hg(m)il = hQ(ZE)

More generally, if A is a commutative ring and S is a multiplicative subset of A, then the
canonical map A — S~ A is an epimorphism in Ring.

(8).
(i) Note that 11 (h)|s—{«,a} = ¥2(h)s—{s,a} forevery h € H.

Let h € A = Im(¢). We have ¢;(h)(*) = *. On the other hand, the action of h
on H/A by left translation fixes A, so 11 (h)(A) = A. So 91(h){. 4} is the identity
morphism of {*, A}. This implies that 1)5(h)¢, 4} is also the identity morphism of
{*, A}, hence that 1)1 (h) = 15(h). So ¢; and 1) are equal on the image of ¢, which
implies that ¢); o @105 0 ¢. As ¢ is an epimorphism, we deduce that ¢, = 1)s.

(ii) Let h € A. Then ¢1(h)(*) = *, and 1o (h) (%) = g o Y1 (h)(A) = o(hA). By (i), we
know that 11 (h) = 1s(h), so x = o(hA). This is only possible if hA = A, i.e. if
he A So H=A=1Im(¢),and ¢ is surjective.

OJ

A1.2

Let F': € — %" be a functor.
(a). If F has a quasi-inverse, show that it is fully faithful and essentially surjective.
(b). If F is fully faithful and essentially surjective, construct a functor G : 4" — % and
isomorphisms of functors ' o G =~ idy and G o F' ~ id.
Solution.

(a). Let G : €' — € be a quasi-inverse of F',andletu : Go F S idyandv : F o G = idy
be isomorphisms of functors.

Let X,Y € Ob(C). We denote by § the map Hom(X,Y) — Home (F(X), F(Y))
given by F. Consider the map « : Homg (F(X), F(Y)) — Homg(X,Y) that we get

2This proof comes from [9].
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(b).
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by composing G : Homg (F(X), F(Y)) — Homy (G o F(X),G o F(Y')) and the map
Homy (G o F(X),Go F(Y)) = Homg(X,Y), g — u(Y) o g o u(X)~!. We claim that
a o 3 is the identity on Homy (X, Y). Indeed, let f € Hom¢ (X, Y'). As u is a morphism
of functors, the following diagram is commutative :

Go F(X) D60 ()

o |

Xfﬂ/

This shows that u(Y) o G o F(f)ou(X)™! = f,i.e. that a o 3(f) = f. In particular, the
map (3 is injective and the map « is surjective. This shows that F’ is faithful. Applying this
result to G (which is also an equivalence of categories, with quasi-inverse F’), we see that

the map « is also injective, hence it is bijective, hence [ is also bijective. This shows that
F is fully faithful.

Let X’ € Ob(%”). Then v : F(G(X’)) = X' is an isomorphism, and G(X') € Ob(%).
This shows that F' is essentially surjective.

We construct the functor G. Let X’ € Ob(%”’); we choose an object X of ¥
and an isomorphism u(X’) : F(X) = X', and we set G(X) = X' Let
XY € Ob(%’), and let X = G(X') and Y = G(Y’'). We define a map
Homy: (X', Y") — Homeg: (F(X), F(Y)) by f' +— u(Y")"t o f' o u(X’). Composing
this with the inverse of the bijection £ : Homg (X, Y) = Home (F(X), F(Y)), we get a
map Homge (X', Y’) — Homg (X, Y'), which we denote by G.

Next we show that G is a functor If X' € Ob(%), then
U(X/)_l o idX/ o U(X/) = idF(G’(X’)), SO G(ldx/) = idg(X/). Let f/ s X =Y
and ¢ : Y’ — Z' be two morphisms of %', and let f : X — Y and
g Y — Z be their images by . By definition of G on morphisms, we
have F(f) = uY)™ o ff o w(X') and F(g) = u(Z)™' o g o u(Y’), so
F(go f) = Flg)o F(f) = u(Z) o (g of)oulX) = F(G(g' o f)). AsF
is faithful, this implies that g o f = G(¢’ o f), i.e. that G(¢') o G(f') = (g of").So G
is a functor.

Finally, we show that G is a quasi-inverse of F'. For every X’ € Ob(%”), we have by defini-
tion of G(X’) an isomorphism u(X’) : F(G(X')) = X'. We need to show that this defines
an isomorphism of functors F' o G = idg. Solet f' : X’ — Y’ be a morphism of ¢”. By
definition of G(f’), we have u(Y") o F(G(f')) = f' o u(X ) which is what we wanted.
We still need to define an isomorphism of functors v : G o F' = idy. Let X € Ob(%). By
definition of (7, we have an isomorphism u(F (X)) : F(G(F(X))) = F(X). As F is fully
faithful, there is a unique v(X) € Home (G(F(X)), X) such that F(v(X)) = u(F (X)),
and v(X) is an isomorphism because a fully faithful functor is conservative. It remains to
show that this defines a morphism of functors. So let f : X — Y be a morphism of .
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Then F(G(F(f))) = u(F(Y))™ o F(f) ou(F(X)), so
F(f)oF(v(X)) = F(f)ou(F(X)) = u(F(Y))oF(G(F(f))) = F(v(Y))oF(G(F(f)))

Using the fact that F' is faithful (and is a functor), we get f o v(X) = v(Y) o G(F(f)),
which is what we wanted.

A1.3

Let € be the full subcategory of Ab whose objects are finitely generated abelian groups.

(a).
(b).

Show that every natural endomorphism of id¢ is multiplication by some n € Z.

Consider the functor ' : 4 — % that sends an abelian group A to Ay @ (A/Ao:) (and
acts in the obvious way on morphisms), where Ay, is the torsion subgroup of A. Show
that there is no natural isomorphism F' = idg.

Solution.

(a).

(b).

Let u : idy — idy be a morphism of functors. Then u(Z) € Enday(Z), so u(Z) is of the
form nidy for some n € Z. Let A be an arbitrary abelian group. We want to show that
u(A) = nid4. Let a € A. We consider the morphism of groups f : Z — A sending 1 to a.
As u is a morphism of functors, we have a commutative diagram :

7%, 7

! f

A—— A
u(A)

In particular, u(A)(a) = u(A)(f(1)) = f(w(Z)(1)) = f(n) = na. So u(A) = nid,.

Suppose that u : F' = idy is a natural isomorphism. For every abelian groups A, consider
the morphism v(A) : A — A/A;r® Ao that is the composition of the canonical surjection
A — A/Ayor and of the injection A/Ao — A/ Aior @ Agor- It is easy to see that this defines
a morphism of functors v : idy — F. So u o v is an endomorphism of id¢, and, by a),
there exists n € Z such that u o v is the multiplication by n. As v(Z) = idz by definition
of v and u(Z) is an isomorphism, we must have n = +1. Now take A = Z/27Z. Then
v(A) = 0,s0uowv(A) =0, son is divisible by 2. This is a contradiction.

OJ
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A1.4

Let £ be a field, and let F' : Mod;, — Mod; be the functor sending a k-vector space V' to
V ®; V and a k-linear transformation f to f ® f. Show that the only morphism of functors from
idnoa, to F'is the zero one, i.e. the morphism v : idypod, — F' such that u(V') = 0 for every
k-vector space V.

Solution. Let u : idyoa, — F' be a morphism of functors. Then (k) is a k-linear map from k
to k ®y, k, so there exists a unique A € k such that u(k)(1) = A1 ® 1).

Let V be a k-vector space, and let v € V. We denote by f; k — V the unique k-linear map
such that f(1) = v. As u is a morphism of functors, we have u(V) o f = (f ® f) o u(k), and in
particular u(V)(v) = u(V)(f(1)) = (f @ /A1 ®1)) = Av®v).

Take V' = k2 and let (ey,e;) be the canonical basis of V.  We know that
(61 ® e, 61 ® eg,69 ® eg,63 ® ey) is a basis of V ®, V. Using the previous paragraph, we
see that

w(V)(er +e2) = AMep +e2) ® (e1 +e2) = AMeg ®@eq) + Aer ® ea) + Ae2 ® e1) + AMea @ e2).
On the other hand, as u(V/) is k-linear, we have

u(V)(er + e2) = u(V)(er) + u(V)(e2) = Aler @ e1) + Aez @ e2).
This is only possible if A = 0. But then, by the calculation of the previous paragraph, we have

u(W) = 0 for every k-vector space W.

Note that we did not use the fact that k is a field, so the result is also true for the catgeory of
modules over a commutative ring.

OJ

A.1.5

Let € be a category. Remember that the category PSh(%) of presheaves on % is the category
Func(%°P, Set).

Let I be a presheaf on ¢ and X be an object of ¢". Let ® : Hompgh(#)(hx, F') — F(X)
be the map defined by ®(u) = u(X)(idx). Let ¥ : F(X) — Hompgn)(hx,F) be
the map sending + € F(X) to the morphism of functors V(z) : hx — F such that
U(z)(Y) : hx(Y) = Homg(Y,X) — F(Y)sends f : Y — X to F(f)(z) € F(Y). Show that
® and W are bijections that are inverses of each other.

Solution. We show that ¥ o @ is the identity of Hompgy)(hx, F'). Let u € Hompgn) (hx, F).
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Let Y be an object of €. As u is a morphism of functors, we have a commutative diagram

Homy (X, X) — F(X)
hx(f)l F(f)
Homy (Y, X) —— F(Y)

In particular, we have

F()(@(u) = F(f)(u(X)(idx)) = u(Y)(hx (f)(idx)) = u(Y)(f).

As F(f)(®(u)) = U(P(u))(Y)(f) by definition of W, this shows that ¥(®(u))(Y) = u(Y),
hence that U (®(u)) = u.

Now we show that & o ¥ is the identity of F(X). Let x € F(X). Then
O(V(x)) = U(x)(X)(idx) = F(idx)(z) = idpx) (z) = 2.

A.1.6

(a). Show that the categories Set and Set°” are not equivalent. (Hint : If F' : Set°® — Set is
an equivalence of categories, show that (@) is a singleton and that F/(X) = & for X a
singleton.)

(b). Let € be the full subcategory of Set whose objects are finite sets. Show that € and € °P
are not equivalent.

(¢). Show that Rel and Rel°® are equivalent.

(d). Let Z be the full subcategory of Ab whose objects are finite abelian groups. Show that &
and Z°P are equivalent.

Solution.

(a). Suppose that there exists an equivalence of categories F' : Set — Set°’. For every set X,
the set

Homgetor (F'(X), F(@)) = Homget (F(@), F(X)) ~ Homget (2, X)

is a singleton (because there is a unique map from the empty set into X). So F(©) is a
singleton.

Similarly, if X is a singleton, then, for every set Y, the set

Homgetor (F(X), F(Y)) = Homget (F(Y), F(X)) ~ Homget (Y, X)
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(b).
(c).

(d).

is a singleton. So F'(X) is the empty set.

Now let X be a singleton and Y be a set with two elements. Then Homget (X, Y') is a set
with two elements. But on the other hand, we have

Homget (X, Y) >~ Homgetor (F/(X), F(Y)) = Homget (F(Y), 9),

and Homge (F'(Y'), @) has at most one element (it is empty if F(Y) # &, and it only
contains idg if F/(Y') = ). This is a contradiction.

The proof of a) works just as well.

Let ' : Rel — Rel® be defined by F'(X) = X for every set X and, for all sets X,Y
and every subset f of X x Y, F(f) = {(y,z) | (z,y) € f}. We want to show that
F'is a functor. (Then it will clearly be an equivalence, and even an isomorphism of cat-
egories.) Let XY, Z besetsand f : X — Y, g : Y — Z be morphisms in Rel;
that is, f is a subset of X x Y and ¢ is a subset of Y x Z. Then, in Rel, we have
gof=A{(x,2) | y €Y, (z,y) € fand (y,z) € g}. On the other hand, in Rel’”, we
have F'(f) o F(g9) ={(z,2) € Zx X |y €Y, (y,x) € F(f)and (z,y) € F(g)}. This
is clearly equal to F'(g o f).

Consider the functor /' = Homay (-, Q/Z) : Ab®® — Ab. If A is a finite abelian group,
then so is F'(A). So F induces a functor Z°° — 2, which we still denote by F'. We can
also see F' as a functor from & to Z°P. We claim that F' is an equivalence of categories,
and in fact that it is its own quasi-inverse. To show this, it suffices to construct an func-
torial isomorphism idy, — F o F'. For every finite abelian group A, we consider the map
u:A— F(F(A)) = Homap(Homap(A,Q/Z),Q/Z), a — (f —— f(a)). The fact
that this defines a morphism of functors is a straightforward verification. The fact that is
an isomorphism if Pontrjagin duality for finite abelian groups. (By the structure theorem
for finite abelian groups, it suffices to check that u(A) is an isomorphism for A of the form
Z/nZ, which is easy.)

O

A1.7

Let € and €' and I : € — €', G : €' — € be two functors. We consider the two bifunc-
tions Hy, Hy : €°° x € — Set defined by H; = Homg/ (F(-),-) and Hy = Homg(-, G(+)).
Suppose that we are given, for every X € Ob(%) and every Y € Ob(%’), a bijection
a(X,Y) : Hi(X,Y) = Hy(X,Y). Show that the two following statements are equivalent

(i) The family of bijections («(X,Y"))xcob(#),yeon(s) defines an isomorphism of functors

228
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(ii) For every morphism f : X; — X5 in &, every morphism ¢ : Y7 — Y5 in %", and for all
u € Homeg/ (F(X4), Y1) and v € Home (F(X3), Y2), the square

ol ]

is commutative if and only if the square

X]_ a(Xlzyl)(“) G(}/l)

fl lc:(g)

G(Y2)

X2 a(X2,Y2)(v)

1S commutative.

Solution. The key is to write explicitly what it means for the (a(X,Y")) to define a morphism of
functors. It means that, for every morphism f : X; — X5 in € (that is, a morphism X, — X,
in ¢°?) and for every morphism g : Y} — Y5 in %", the following square commutes :

Homg: (F(X2), Y1) — 9 Home: (F(X1), Ya)

oz(Xg,Yl)l la(Xl,Yg)

Homy (Xo, G(Y1)) AT Homy (X1, G(Y3))

The fact that the square commutes says exactly that, for every morphism w : F'(X,) — Y] in ¢”,
we have
a(X1,Y2)(g o wo F(f)) = G(g) o a(Xy, Y1) (w) o f.
Suppose that (i) holds. Using the calculation of the previous, we get :

(a) Taking X; = X, f =idy, and g : Y] — Y5 arbitrary : for every u : F(X;) — Y7, we
have
O‘(XDY?)(Q © U’) = G(g) © a(Xh)/l)(u)'

(b) Taking f : X; — X arbitrary, Y1 = Yo and g = idy, : forevery v : F/(X3) — Ys, we have

a(X1, Ya)(vo F(f)) = a(Xz, Y2)(v) o f.

Suppose that we are in the situation of (ii), that is, we are given morphisms f : X; — X5 in
€,q9:Y, — Yoin €', and u € Homy/ (F(X;),Y1) and v € Homg (F(X32),Y2). We want to
show that the top square of (ii) commutes if and only if the bottom squqre commutes.
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Suppose that the top square commutes, that is, that v o F'(f) = g o u. Applying (a) and (b),
we get

G(g) 0 a(X1, Y1) (u) = a(X1, Y2)(g o u) = a(Xy, Ya)(vo F(f)) = a( Xy, Ya)(v) o f.
This shows that the bottom square commutes.

Conversely,  suppose that the bottom square commutes, that is, that
G(g) o (X1, Y1)(u) = a(X2,Y2)(v) o f. Again, applying (a) and (b), we get

a(X1,Y2)(gou) = G(g) o (X1, Y1) (u) = a(X2, Y2)(v) o f = Xy, Vo) (v 0 F(f)).

As a(X1,Y5s) is bijective, this implies that g o u = v o F(f), which means that the top square
commutes.

Now we assume that (ii) holds, and we want to show that (i) also holds. Let f : X; — X5 be
a morphism in %, g : Y1 — Y3 be a morphism in ¢”, and w : F(X3) — Y; be a morphism in
¢’'. We want to show that a( X1, Y2)(gow o F(f)) = G(g) o (X3, Y1) (w) o f. We apply (i) to
u=woF(f): F(X;) = Yiandv = gow : F(X5) — Y,. We obviously have gou = vo F'(f),
so, by (i), this implies that
*) a(X2, Y2)(gow) o f =G(g) o a(Xy, Yi)(woe F(f)).
Applying (*) to the particular case where Y; = Y5 and g = idy,, we get:
(*%) a(X2, Y1) (w) o f = (X1, Y1) (w o F(f)).
Applying (**) with w replaced by g o w : F/(X3) — Y3, we get
(%) (X2, Y2)(gow) o f =a(Xy,Y2)(gowo F(f)).
Putting (*), (**) and (***) together gives

which is what we wanted to prove.

A.1.8

Remember that a functor F' : ¥ — Set is called representable if there exists an object X of ¢
and an element = of F'(X) such that the morphism of functors u : Hom (X, ) — F defined
by u(Y) : Homy(X,Y) = F(Y), (f : X = Y) — F(f)(x) is an isomorphism. The couple
(X, x) is then said to represent F'.

The following functors are representable. For each of them, give a couple representing the
functor. (If the functor is only defined on objects, it is assumed to act on morphisms in the
obvious way.)
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(a).
(b).
(c).
(d).
(e).
(®).
(2

(h).
).

Q-

).

D.

A.l1 Problem set 1

The identity endofunctor of Set.

The functor F' : Grp — Set, G —— G", where n € N.

The forgetful functor Modyr — Set, where R is a ring.

The forgetgul functor Ring — Set.

The functor Ring — Set, R — R*.

The functor F': Cat — Set that takes a category to its set of objects.

The functor F' : Cat — Set that takes a category to its set of morphisms (i.e.
Ux yeon(es) Homes (X, Y)).
The functor /' : Cat — Set that takes a category to its set of isomorphisms.

The functor F' : Top, — Set that takes a pointed topological space (X, x) to the set of
continuous loops on X with base point z.

The functor F' : Set®® — Set such that F'(X) = P(X) and, for every map f : X — Y,
F(f) :B(Y) — B(X) is the map A — f1(A).

The functor F' : Top°” — Set that sends a topological space to its set of open subsets. (If
f: X — Y isacontinuous map, F(f) : F(Y) — F(X) is the map U — f~1(U).)

If k is a field, the functor F' : Mod;” — Set that sends a k-vector space to the underlying
set of V* (so F is the composition of the duality functor Mod;” — Modj, and of the
forgetful functor from Mod,, to Set.)

Solution.

(a).

(b).

(c).

(d).

(e).

Take X = {x} to be a singleton and x to be the unique element of F(X) = X.
Then, for every set Y, u(Y) : Homget(X,Y) — F(Y) = YV sends f : X — Y to
f(z) € F(Y) =Y itis clearly bijective.

Let X = [F, be the free group on n generators (zy,...,x,), and
x = (x,...,x,) € F(F,) = (F,)"  For every group G, the map
u(G) : Homgyp(Fn,G) — G™ sends f : F, — G to (f(z1),...,f(z,)) € G™
The fact that this is bijective is the universal property of the free group F,.

Take X = R with the obvious right R-action, and x = 1 € F(R) = R. Then, for every
right R-module M, the map u(M) : Homg(R, M) — F(M) = M sends f : R — M to
f(1). This is bijective because R is a free R-module with base {1}.

Take X equal to the polynomial ring Z[z] and x € F(X) = X to be the indeterminate.
For every ring R, the map u(R) : Homging(Z[z], R) — F(R) = Rsends f : Z[z] - R
to f(x) € R. The fact that this is bijective is the universal property of the polynomial ring.

Take X = Z[z,27!] (the polynomial ring Z[z] localized at the indeterminaye )
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and z to be the indeterminate in F(X) = Z[z,z7'|*. For every ring R, the map
w(R) : Homging(Z[z],R) — F(R) = R* sends f : Z[z] — R to f(z) € R*. The
fact that this is bijective follows from the universal properties of the polynomial ring of the
localization.

Let X be the category with only one object * and such that Endx () = {id.}, and let
x € F(X) = {x} be the unique object. (Note that X is the category corresponding to
the poset [0].) If € is a category, the map u(%) : Func(X, %) — F(%) = Ob(%) takes
a functor G : X — % to G(x) € Ob(%). This map is bijective, with inverse the map
v(€) : Ob(¥¢) — Func(X, %) sending ¢ € Ob(%) to the functor G : X — ¥ defined by
G(*) = cand G(id,) = id..

Let X be the category corresponding to the poset [1], that is, X has two objects 0 and 1,
and a unique non-identity morphism « : 0 — 1. Let z € F(X) be the morphism «. If
¢ is a category, the map u(%) : Func(X,%) — F(X) sends a functor G : X — % to
G(a) € Homg(F(0), F(1)). Let v(%) : F(X) — Func(X, %) be defined as follows :
if f: ¢y — ¢ is a morphism of ¢, that is, an element of F'(%), we defined a functor
G:X — by G(0) =cy, G(1) = ¢; and G(«) = f. Then v(%) is an inverse of u(%),
so u(%) is bijective.

Let X be the category such that Ob(X) = {0, 1}, and such that the only two non-identity
morphisms of X are morphisms o : 0 — 1 and § : 1 — 0 such that « o § = id; and
foa =idy. If € is a category, the map u(%’) : Func(X,%¢) — F(X) sends a functor
G : X — ¢ to G(a) € Homy(F(0), F(1)), which is an isomorphism with inverse G([3).
Let v(%¢) : F(X) — Func(X, %) be defined as follows : if f : ¢g — ¢ is an isomorphism
of &, that is, an element of F'(%), we defined a functor G : X — % by G(0) = co,
G(1) = ¢, G(a) = fand G(B) = f~1. Then v(%) is an inverse of u(%), so u(%) is
bijective.

Remember that a loop on a topological space Y with base point y is just a continuous
map ~ from S! (the unit circle in C) to Y such that v(1) = y. In other words, it is a
morphism from (S, 1) to (Y, y) in the category Top,. So we can take X = (S',1) and
r=1idg1 € F(X)

For every set Y, we have a bijection v(Y) : B(Y) = Homget (Y, {0, 1}) sending a subset
A of Y to its characteristic function. So we can take X = {0,1} and x = {1} € B(X).
Indeed, if YV is a set, then the map u(Y") : Homgegor (X, Y) = Homget (Y, X) — P(Y)
sends f : Y — {0,1} to f~*({1}), which is the inverse of the bijection v(Y).

Let X be the Sierpinski space, that is, the topological space {s, n} where the open subsets
are &, {n} and {s,n}, and let = {n} € F(X). Then, if Y is a topological space,
the map u(Y") : Homgeor(X,Y) = Homge (Y, X) — B(Y) sends f : Y — {s,n} to
the open subset f~1({n}) of Y. Conversely, if U is an open subset of Y, then the map
f:Y = {s,n}suchthat f(y) =nfory € Y and f(y) = sfory € Y — U is continuous.
So u(Y) is bijective.
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(k). For every k-vector space V, we have F'(V) = Homg(V, k). So we can take X = k
(with the obvious action of k) and z = id; € Homy(k, k). Indeed, for every k-vector
space V/, the map u(V) : Hompgoqer (K, V) = Homy(V, k) — F(V) = Homy(V, k) sends
f:V — ktoidy o f = f. This is the identity of F'(V), so it is obviously bijective.

OJ

A1.9

The simplicial category A is defined in Example 1.2.1.8(5) of the notes. It is the category whose
objects are the finite sets [n] = {0, 1, ..., n} with their usual order and whose morphisms are the
nondecreasing maps between these sets.

The category sSet of simplicial sets if Func(A°P, Set). So a simplicial set is by definition a
functor X : A°° — Set; in that case, we write X,, for X ([n]) and, if f : [n] — [m], we often
write f* : X,, — X, for X(f). For example, for each n € N, the standard simplex of dimension
n is the simplicial set Homa (-, [n]).

If X is a simplicial set, a simplicial subset Y of X is the data of a subset Y,, of X,,, for every
n € N, such that o*(Y,) C Y, for every morphism « : [n] — [m] in A. We can form images of
morphisms of simplicial sets, and unions and intersections of simplicial subsets, in the obvious
way.

If we see each poset [n] as a category in the usual way, then the morphisms of A become
functors, so this allows us to see A as a subcategory of Cat.

Let € be a category. Its nerve N(%) is the restriction to A°P of the functor Homcat (-, €)
on Cat®?; it is a functor from A°P to Set, i.e. a simplicial set. As Homgyy is a bifunctor, this
construction is functorial in %', and we get a nerve functor N : Cat — sSet.

(a). If ¢’ is a category, show that N (%")o 2 Ob(%’) and N(%')1 = [y ycope) Home (X, Y).
Can you give a similar description of N(%),, forn > 2?
(b). Let n € N. Show that the nerve of [n] is isomorphic to A,,.

(c). Let n € N. Show that there exists e, € A,([n]) such that, for every simplicial set X, the
map Homgget (A, X) = X, sending u to u,(e,) is bijective.

(d). For every category € and every simplicial set X, if u,v : X — N(%) are two morphisms
of simplicial sets such that u;, v; : X; — N(%); are equal for i € {0, 1}, show that u = v.

(e). We denote by A<, the full subcategory of A whose objects are [0], [1] and [2]; if X is a
simplicial set, we denote by X< its restriction to A<, (which is a functor AZ, — Set).

Let X be a simplicial set and € be a category. Show that every morphism X<; — N (%)<,
extends to a morphism X — N(%).
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Show that the functor N : Cat — sSet is fully faithful.

Letn € NForevery k € [n], we denote by 0y, the unique injective increasing map [n—1] — [n]
such that k£ & Im(¢y). This induces a map A,,_; — A, that we also denote by Jy; the image of
this map is called the kth facet of A,,.

If k € [n], the horn A} is the union of all the facets of A,, except for the kth one; in other
words, it is the simplicial subset of A,, defined by

AL ([m]) = {f € Homa([m],[n]) | 3l € [n] —{k} and g € Homa([m], [n—1]) with f = §,0g}.

(2). (1 point) Let € be a category. If n > 3 and k € [n] — {0, n}, show that every morphism of
simplicial sets A} — X extends uniquely to a morphism A,, — X.

(h). Let € be a category. Show that every morphism of simplicial sets A? — X extends
uniquely to a morphism A, — X.

(i). Show that a simplicial set X is the nerve of a category if and only if, for every n € N,
every 0 < k < n and every morphism of simplicial sets u : A} — X, the morphism u
extends uniquely to a morphism A,, — X.

Solution.
(a). By problem f), the functor Cat — Set, ¥ —— Ob(%) is represented by [0].

234

As N(€')o = Homeat([0], %), this gives an isomorphism N(%)g ~ Ob(%), natural in
%. Similarly, by g), the functor Cat — Set, ¢ +— [[y ycop) Home(X,Y)
is represented by [1]. As N(%); = Homcat([1],%), this gives an isomorphism
N(€)1 = [lxyeon Homg (X, Y), also natural in €. Note that, if do,d1 : [0] — [1]
are the two maps defined by 6,(0) = 1 and §,(0) = 0, then 6] : N(%); — N(%€ '), sends a
morphism to its source and & : N(€"); — N(%)o sends a morphism to its target.

Let € be category. For n > 1, consider the set M, of sequences of n composable

morphisms ¢ ELN c1 Lo~ ¢, of €, which we will also write as (f1,..., fa)-
We have a map o : N(%), — M, sending a functor F' : [n] — % to the sequence
F0) — F(1) — ... — F(n), where the morphism F'(i) — F(i + 1) is the image
by F' of the unique morphism ¢ — ¢ + 1 in [n]. This uniquely determines the func-
tor F, because, for ¢ < j in [n], the unique morphism i — 7 is the composition of
1t —+1+1 — 142 — ... = j. For the same reason, every element of },, comes
from a functor F' : [n] — %. So we get a bijection N(%),, — M,,. (We can easily make
M, into a functor Cat — Set, and then this bijection is an isomorphism of functors.)

We will identify N (%), with M,, in the rest of this solution. We also write My = Ob(%).
(we can think of ¢ € Ob(%’) as a length 0 sequence of composable morphisms (c).)

Let « : [m] — [n] be a nondecreasing map. We can give an explicit description of the
map o* : N(€),, — N(%),, by chasing through the identifications. If » = 0 and m > 1,
then o* sends ¢ € Ob(%) to the sequence (id.,...,id.) € M,,. If n > 1 and m = 0, let



(b).
(c).

(d).

(e).
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i = a(0); then o* sends the sequence ¢ Dy c1 LG ¢ to ¢;. Suppose that n,m > 1,

let ¢ f# c1 fi . f# ¢, be an element of M,,, and let dy & d; & ... 28 d,, be its image
by o*. Fori € {1,...,m}, we have :

Ca(i) ;
- ifa(i — 1) < a(i), then g; = fo@ 0 ... 0 fa-1)41-
As we have identified A to a subcategory of Cat, this is just the definition of A,,.

Let e, = idp) € Ay([n]) = Homa([n], [n]). The fact that the map of the statement is
bijective is exactly the Yoneda lemma (Theorem [[.3.2.2]).

Suppose that u,v : X — N(%) satisfy the condition of the question. Let n > 2, and let
r € X,. Write u(z) = (¢ Ko Iy cp) and v(z) = (dy & dy B ... B d,).
We want to show that u(z) = v(x), that is, that f; = ¢; for every ¢ € {1,...,n}. Fix
i €{1,...,n}, and consider the map « : [1] — [n] sending 0 to ¢ — 1 and 1 to i. Then « is
a morphism in A, so we have a commutative diagram

X, 25 N(€),

“*l l“*

X1 u—1> N((g)l

and a similar commutative diagram for v. By definition of the bijection N (%), — M,,

the map o* sends a sequence e Iy el L S e, to h; : e, — e;. So we get
fi=a"(uy(2)) = w(a(2) = vi(a”(z)) = " (va(2)) = gi-

Letu : X<o — N(%)<2. We want to show that u extends to a morphism of simplicial sets
v : X — N(%). The solution of question (d) tells us how we must extend u: Let n > 2,
and, fori € {1,...,n}, let o = «; : [1] — [n] be the map m — m + i — 1. Then, for
every © € X, v,(x) must be the sequence (ui(a;(z)),...,u1(a(z))) of morphisms of
% . These morphisms are composable : indeed, if we denote by dy, d; : [0] — [1] the two
maps defined by do(0) = 1 and §;(0) = 0, then ; 0 §p = ;11 09y for1 <i < n—1,so
the target uo (g0 (x)) of uy (o (x)) is equal to the source ug (7o, () of ui (a4 (x)).

We have to check that v, = us and that v is a morphism of simplicial sets. The proof that
V9 = Uy 1s exactly as in the solution of (d). To show that v is a morphism of simplicial
sets, we take a nondecreasing map « : [m| — [n]| and we show that v,,, o a* = a* o v,,.
We can write o = o/ o o with o/, o’ both nondecreasing, o/ injective and «” surjective,
and it suffices to show the statement for o/ and o”. Moreover, we can write o (resp. o)
as a composition of injective (resp. surjective) nondecreasing maps [p] — [p + 1] (resp.
[p + 1] — [p]). So we may assume that « is injective or surjective and that n = m =+ 1.

Suppose first that « : [n + 1] — [n] is a surjective nondecreasing map. Then there
is a unique ¢ € [n] such that a(i) = a(i +1) = ¢, a(j) for 0 < j < ¢ and
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a(j) =j—1fori+1 < j <n+1 Letx € X,, and let (f1,...,f,) = vu(x).
The map o : N(%), — N(%)..1 sends the sequence of composable morphisms
(fi, - s fo) to (f1,---, fi,ide, fiv1, .-, fa), where c is the target of f;. By definition,

Unt1(a*(z)) = (91,...,9ns1), With g; = ul(a?Jrl*oz*(x)). If 1 < j < 4, then
aoa}”l =a},s0g; = f;. fi+2<j< n—ir1,thenozooz;.”rl =l 4,50 g; = fi_1.

Finally, o, o o : [1] — [n] is the map sending every element of [1] to 4, so it is equal
to o o o, where o’ : [0] — [n] sends 0 to i and o” : [1] — [0] is the unique map; so
Gir1 = ur(a” o (x)) = " up(a’*(x)) is idw, where ¢ = ug(a’*(x)); as o’ = a? o dy,
we have ¢ = §5(f;), thatis, ¢ is the target ¢ of f;, as we wanted.

Now we take « : [n — 1] — [n] injective and increasing; we may also assume n > 3, as we
already the result for n < 2. There exists ¢ € [n] such that Im(«) = [n] — {7}, that is, such

that « is the map d; defined before (g). Let x € X,,, and let ¢ f# o f# ¢, be v, (x) and
(g1, -+, gn_1 be v,_1(a*(z)). As we saw in the solution of (a), the map o* : M,, — M,,_;

sends the sequence of composable morphisms ¢ Nt ¢, to the sequence :
- cofé Iy Cnq if i = n;
- clfi...gcnifz’:O;
- CDA...Ci_l fii;jficiﬂ...ﬁl)cnifl <i:<n-1.

If1 <j<i—1,wehave aoa?’l = o, which implies that g; = f;. If i+1 < j <n—1,

we have a o oz;?_l = ajyy, which implies that g; = fj;1. To finish the proof that
a*(vp(z)) = vp_1(a*(x)), it remains to consider the case j =i € {1,...,n — 1}. Then

aoa) ™t = oby, where o : [2] — [n]is the map 2 — x +i — 1 and &; : [1] = [2]

is the map sending 0 to 0 and 1 to 2. Hence g; = u1(dj¢/"(2)) = Ojus(a’ ), so if
us(a*(x)) = (hq, he) then g; = hy o hy; but it is easy to see that us(o/"(z)) = (fi, fi+1)

(by looking at the composition of o with o, a3 : [1] — [2]), so we are done.

Let ¥ and %' be -categories. We want to show that the map
N : Func(%,%’") — Homgset(N(%), N(%")) is bijective, so we try to construct an
inverse of this map.

Let u : N(%) — N(%’) be a morphism of simplicial sets. We denote by F' the map
Ob(%) ~ N(€)g = N(€")o ~ Ob(%€"). Let f : ¢cg — ¢, be a morphism of %'. We saw in
(a) that this morphism corresponds to a functor 7" : [1] — ¥, that is, an element of N (%);.
We denote by F'(f) : dy — d; the morphism of ¢ corresponding to u,(7") € N(€");.
We want to show that dy = F'(¢g) and d; = F(¢p). Leti € {0, 1}, and consider the map
a : [0] — [1] sending O to ¢. This is a morphism of A, and a* : N(%); — N(%), sends
a morphism of € to its source if ¢ = 0 and its target if = 1. Using the commutativity of
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the diagram
N(€)1 —— N(%)

| |-

N(6) —= N (%)

we see that dy = F'(¢g) and d; = F'(¢;). Now we show that F' is a functor. There are two
conditions to check :

(1) Consider the unique map « : [1] — [0]. This is a morphism of A, and
a* 1 N(€)y — N(%); sends the element of N (%), corresponding to an object ¢
of & to the element of N (%), corresponding to id.. As u; o a* = a* o uy, we get
that, for every ¢ € Ob(%), F(id.) = idp(

(2) Consider the map « : [1] — [2] sending 0 to 0 and 1 to 2, and the map o; : [1] — [2],
m +—— m+i, fori € {0,1}. Then a* (resp. o, resp. o) sends the element of N (%),

corresponding to a sequence ¢ EES c1 2L ¢y to the element of N (%), corresponding
to fy o fi (resp. fi, resp. f2). (This is clear on the identifications of (a).)

Let ¢ EES c1 EE co be a sequence of composable morphisms of 4. Using the pre-
vious paragraph and the fact that u is a morphism of functors, we see that the im-

age by u of the element of N (%), corresponding to this sequence is the sequence

F(co) e F(c1) ) F(cz), and using this and the fact that a* o us = u; o a*, we

finally get F'(f2) o F'(f1) = F(f20 f1).

So we have constructed a map ® : Homgget (N (%), N(¢")) — Func(¢,%”), and 1t is
clear on the construction that, for every functor F' : 4 — %", we have ®(N(F)) =

Now letu : N(¢) — N(%") be a morphism of simplicial sets, and let F' = ®(u). We want
to show that N (F') = u. Again, it is clear from the construction of ¢ that N (F")y = u and
N(F)1 = u;. But then the fact that N(F') = u follows from (c).

If n > 4, then, for every k € [n], the morphism A} ., — A, <, induced by the inclusion
A} C A, is the identity morphism. So, by (d) and (e), every morphism A} — N(%)
extends uniquely to a morphism A,, — N(%).

We still need to treat the case n = 3. Note that the uniqueness of the extension will follow
from the fact that A} ., = Az <.

Let OA3 be the union of all the faces of As. Then the inclusion 0A3; C Aj induces an
equality 0A3 <5 = Az <, so it suffices to show that the morphism u : A} — N(¥)
extends to OA3. As A3 = A} U 6. (Az) and A7 N 05 (A2) = 0k (0A2), it suffices to
extend u from 0y, (0A2) to 6. (Az). For 0 < i < j < 3, let o ; : [1] — [3] be the map
sending 0 to 7 and 1 to j; note that a; ; € AF([3]). Let f; = ug(a;_1,), for 1 <i < 3. We
treat the case k = 1, the case k = 2 is similar. Factoring both o » and « 3 through the
morphism ¢y : [2] — [3], we see that f3 and f, are composable, and that f3o fo = us(aq 3).
Factoring both o1 = f1 and «ay 3 through the morphism dy : [2] — [3], we see that
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fso fo = us(ay 3) and f; are composable, and that f3 o fo o fi = us(c3). Similary, using
3 : [2] — [3], we show that fy o f1 = us(a2).

In particular, we see that uz(cp3) = f30 fao fi = us(as2) o us(apz2). This is exactly the
condition that we need to extend u from 01, (0As) to d1.(As). (See the solution of the next
question.)

Letu : A2 — N(%). We want to extend v to a morphism v : Ay — N(%). Remember
that, by the Yoneda lemma, giving v is the same as giving an element e of N (%),; the fact
that v extends u then says that, for every « : [m] — [2] such that o € A?([n]), we have

a*(e) = up(a).

Note that the maps d, and &, from [1] to [2] are in A%([1]) by definition of the horn A%, We
set f1 = u1(09) and fo = uq(dy). Comparing the compositions of dy and d, with the two
maps [0] — [1], we see that (f1, f2) is a sequence of composable morphisms of %, hence
an element of e of N(%)2; we denote by v : Ay — N(%) the corresponding morphism,
that is, the unique morphism such that v5(e2) = (f1, f2). Using the method of the solution
of (d), we see that this is the only possibility for a morphism extending v (such a morphism
must send e € Ay([2]) to (f1, f2)).

It remains to show that v does extend u. Let o : [m] — [2] be an element of A?([2]);
by definition of the horn, this means that we can write & = §; o 3, with 8 : [m] — [1]
nondecreasing and i € {0,2}. Then va(a) = a*(e) = 5*(;(e)) and uz(a) = f*uy(9;), so
it suffices to show that §;(e) = wu;(d;); but this follows from the definition of f; and f, and
the description of 6} : N(%)s — N(%); in (a).

Let X be a simplicial set, and suppose that every morphism v : A} — X with0 < k <n
extends uniquely to A,,. We denote by dy, d; : [0] — [1] the two maps sending 0 to 0 and
1 respectively, and by s the unique map from [1] to [0]. We construct a category % in the
following way :

(1) We take Ob(%") = Xo.
(2) If ¢,d € Xy, we have Homy (c,d) = {f € X1 | d§(f) = cand dj(f) = d}.
(3) For every ¢ € X, we denote by id.. the element s*(¢) of X.

(4) Let ¢,d,e € Xy and f € Homg(c,d), g € Home(d,e). We want to construct a
morphism u : A — X. Let a : [m] — [2] be an element of A$([m]). By defini-
tion of A, there exists 3 : [m] — [1] and j € {0,2} such that o« = 4§, o 5. We set
um(a) = B*(f;), with f; = fif j = 2and f; = g if j = 0. We must check that this is
well-defined; if a can be written as 3 o §y and 3’ o 0o, with 5 : [m] — [1], this means
that Im(a) = {1}, so Im(5) = {0} and Im(8’) = {1}, so there exists 7 : [m] — [0]
such that 5 = dy oy and 8/ = d; o7, hence 5*(g) = v*(d) = 8 (f). We now check
that v is a morphism of simplicial sets. If « : [m] — [2] is an element of A%([m]),
write o« = §; o 3, with 3 : [m] — [1] and j € {0, 2}; then, for every 7 : [m/] — [m],
we have 0107 = ;0 (3.07), 50 e (7) = (301)° () = (8" (£)) = 7* (m(5)).
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So w is a morphism of simplicial sets, and, by assumption, it extends uniquely to
a morphism v : Ay — X. We take g o f = wy(d1). It is easy to check that
go f € Homg(c,e).

It is easy to check that the identity morphisms are unit elements for the composition.

We check that the composition law of & is associative. Let (f1, fa, f3) be a sequence of
composable morphisms in . Remember that we have maps ¢; : [2] — [3], inducing
morphisms of simplicial sets d;. : Ay — Ajz. As in the construction of the composition
in (4), we use the pair (f1, f2) to construct a morphism d3,(As) — X, the pair (fs, f3) to
construct a morphism 91,(As) — X, and the pair (f1, f3 o f) to construct a morphism
02.(Ay) — X. These three morphisms glue to a morphism A3 — X, which extends
uniquely to v : Ay — X. In particular, if we define maps «; ; : [1] — [3] as in (g), we see
as in that question that

Ul(Oéo,3) = U1(043,2) © 111(042,0) = fzo (fz o fl) = Ul(as,l o Oé1,0) = (f3 o fz) o f1.

Forn > 1and 1 <i < n,letthe af : [1] — [n] be as in the solution of (e).

Letn >2.If1 <m<n0<iy<ip <...<i, <n,wedenote by a;, ; :[1] = [n]
the map sending r € [m] to i, € [n]. If z € X,,, we define morphisms f ,,..., f,, in €
by fi = o*(x). Asaf ody = o, od; for1 < i < n — 1, the f; form a sequence of
composable morphisms, so (fi1, ..., f,) € N(%),. We claim that :

(A) For every (fi,...,fn) ni N(%), there exists * € X such that
(fl,l‘;" -yfn,a:) - (fla”‘?fn)-

(B) If z,y € X,, are such that f; , = f;, for1 <i <n,thenz =y.

We prove (A). Let (fi,..., f.) be a sequence of composable morphisms in . For
0 <y < i3 < n, we define a morphism w;, ;, : @, (A1) — X by sending o, i, «(€1)
to fi, o ... fis+1 € X1, where e; € A;([1]) is the element defined in (c). Suppose that
0 < ip < 11 < 12 < n. Then the morphisms w;, ;,, u;, s, and u;, ;, agree on the inter-
sections of their domains (because the f; are composable), so they glue to a morphism
Ui i1 iy * Qig,ininx(002) — X; by the property of X, this morphism extends uniquely to a
morphiSm ;g i, i, © Qig.iy.ins(Da) = X. Now take 0 < ig < iy < ip < i3 < n. Then the
morphiSms ;g i, s Uig iy iss Wio,iniz aNd U;, 4, 7, agree on the intersections of their domains
(we just recover one of the u;, ; on such an intersection), so they glue to a morphism

tosiinds © Qligiininisx(0A3) — X by the property of X, this morphism extends uniquely
to @ MOrphiSm Uy, i.is © Qig iy in.is.«(A3) — X. We continue in this way until we get a
morphism g1, : A, — X extending the original w,, ;,; the corresponding element of
X, has the required property.

Now we prove (B). By the Yoneda lemma, the elements u,v € X, correspond to two
morphisms u,,u, : A, — X, and the condition of (B) says that u, and u, agree on
Qi iy (A7) for all ig,41 € [n] such that iy < ¢;. But we saw in the proof of (A) that
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there is a unique way to extend a family of morphisms «;, ;, (A1) — X (agreeing on the
intersections of the o ;, «(A1)) to a morphism A,, — X. So u, = u,, thatis, z = y.

Finally, we define u : X — N(%) by taking u; and u, to be the obvious bijections and by
sending © € X, to the sequence of maps (fi ., .., fns), for every n > 2. This induces a
morphism of functors from X<, to N(%")<2 by the definition of the composition and the
description of the maps between the N (%), in (a). Then the solution of (¢) shows that u
i1s a morphism of simplicial sets. Points (A) and (B) imply that « is an isomorphism.

U

A.2 Problem set 2

A.2.1 Monoidal categories

A monoidal category is a category € equipped with a bifunctor () ® () : € x € — € (the
tensor product or monoidal functor), with an identity (or unit) object 1 and with three natural
isomorphisms (4, B, C) : (A®B)®C = AQ(BRC), \(A) : 10 A = Aand ps : A®1 = A,
satisfying the following conditions :

- forall A, B,C, D € Ob(%), the following diagram commutes :

(A® B)® O) @ D" 2290 4 o (Bo ) @ D P2 A o (Be €)@ D)

a(A®B,C,D)l lidA®a(B,C,D)

(A® B)® (C ® D) A® (B® (C ® D))

a(A,B,C®D)

- forall A, B € Ob(%), the following diagram commutes :

a(A,1,B
(A®1)® B ULB A9 (1®B)
p(A)@idp MB)
A® B

Here are some examples :
- % = Set or Top, ® = X, 1 is a singleton;
- ¢ =Grp,®=x,1={1}
- ¢ = rRMod with R a commutative ring, ® = g, 1 = R;

¢ = Func(2, 2) with Z a category, ® = o, 1 = idg.
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A monoid in € is an object M of € together with two morphisms p : M ® M — M
(multiplication) and n : 1 — M (unit), such that the two following diagrams commute :

M (M M) 22N @M1 M

a(M,M,M)T f

(M&M) @M ——M®M

and
n®idar

M e M 1M

idM®nT \ P(M )

Ml — 3 M
© p(M)

(We can also define morphisms of monoids, and monoids in % form a category.)
Examples :

- A monoid in (Set, X ) is a monoid (in the usual sense).

- A monoid in (Top, x) is a topological monoid.

- If R is a commutative ring, a monoid in (rRMod, ®) is a R-algebra. (In particular, a
monoid in (Ab, ®;) is a ring.)

- A monoid in (Func(2, 2), o) is called a monad on 9.

(a). Let Mon be the category of (usual) monoids. It is a monoidal category, with the monoidal
functor given by x and the unit object {1}. If (M, i, n) is a monoid in Mon, show that
M is a commutative monoid and x is equal to the multiplication of M.

(b). Let FF : € — Z and G : ¥ — % be two functors such that (F,G) is a pair of adjoint
functors, and let ¢ : F oG — idy and np : idy — G o F be the counit and unit of
the adjunction. Define a morphism of functors p1 : (G o F)o (Go F) — G o F by
w(X) = G(e(F(X))) : G(F o G(F(X))) — G(F(X)). Show that (G o F,u,n) is a
monad on €.

Solution.

(a). We denote the monoid operation of M by (a,b) — a - b and its unit element by 1. We
also denote the map p : M? — M by (a,b) — a x b. The fact that i is a morphism of
monoids says that, for all a, b, c,d € M, we have

(*) (axb)-(cxd)=(a-c)x(b-d).

Asn: {1} — M is a morphism of monoids, it sends 1 to 1 € M, so - and x have the same
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unit. E] So, if a,d € M, we have
a-d=(ax1l)-(1xd)=(a-1)%(1-d) =a=xd,
and also
a-d=(1xa)-(dx1)=(1-d)*x(a-1) =dx*a.
This proves both statements.

(b). Note that the operations (-) o id¢ and idy o () are the identity functor of the category
Func(%, %), so the functorial isomorphisms p and A are just the identity in that case;
similarly, as (H o H') o H” = H o (H' o H") for any H, H', H" € Func(%,%), the
functorial isomorphism « is also the identity. So we have three things to prove :

(1) Mo (idGoF (9 T}) == idGoF;
(2) po(n®idgor) = idgors;
(3) po(p®idgor) = po (idgor @ ).

To prove (1), we note that, by definition of ® and p, for every X € Ob(%’), the left-hand
side of (1) applied to X is the image by GG of the composition

FX) 20 pa(R(X))) F(X).

So (1) follows from the first statement of Proposition . The proof of (2) is similar :
by definition of ® and p, for every X € Ob(%), the left-hand side of (2) applied to X is
the composition

e(F(X))

))n(G(F(X))) G(e(F(X)))

G(F(X GF(G(F (X)) —— G(F(X)),
and we can apply the second statement of Proposition [[.4.4].

It remains to prove (3). Let X € Ob(%’). Then, when applied to X, the square

(GoF)o(GoF)o(GoF) " (GoF)o(GoF)

idGoF ®.U‘l llu‘

(GoF)o(GoF) . (G o F)
becomes
*) G(F(G(F(G(F(X)))))) — N, G(F(G(F(X))))
G(F(G(E(F(X)))))l G(e(F(X)))
G(F(G(F(X)))) e G(F(X))

3This would be automatic even if we did not assume that 7 is a morphism of monoids : Let ¢ be the unit of *. Then
1=1-1=(ex1l)-(1xe)=(e-1)x(l-e) =exe=c.

“Note that we did not use the associativity of - and . In fact, we could deduce the associativity of - and * from
property (¥).
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LetY = F(X)andu =¢(Y) : F(G(Y)) - Y. Ase : FF'o G — idy is a morphism of
functors, the following square is commutative

FGF(GY))) 2, pa(v))
F(G(u))l lu
F(G(Y)) - Y

Applying the functor F' to this square, we recover the square (*), so (*) is also commuta-
tive.

OJ

A.2.2 Geometric realization of a simplicial set

Remember that the simplicial category A is the subcategory of Set whose objects are the
sets [n] = {0,1,...,n}, for n € N, and whose morphisms are nondecreasing maps
(where we put the usual order on [n]). The category of simplicial sets sSet is defined by
sSet = PSh(A) = Func(A°P, Set); if X is a simplicial set, we write X,, for X ([n]) and
o X, = X, for X(«) : X([m]) = X([n]) (if @ : [n] — [m] is a nondecreasing map). The
standard n-simplex A is the simplicial set represented by [n], i.e. Homa (-, [n]).

(a). Let & be a category and F' : €°° — Set be a presheaf on 4. We consider the category
%/ F whose objects are pairs (X, z), with X € Ob(%) and z € F(X), and such that a
morphism (X, z) — (Y,y) is a morphism f : X — Y in ¢ with F(f)(y) = =. Note
that we have an obvious faithful functor Gp : ¢ /F — € (forgetting the second entry in a
pair), so we get a functor hy o Gp : € /F — PSh(%).

(i) When does %'/ F' have a terminal object ?

(i1) Show that l‘ug(hg oG ) = F. (Hint : Use the second entries of the pairs to construct
a morphism from hﬂ(fup oGp)to F.) E|

For every n € N, let |A,| = {(zo,...,2,) € [0,1]" | 2o + ... + z, = 1} with
the subspace topology. If f : [n] — [m] is a map, we define |f| : |A,| — |A,| by
|fl(@o, ..., 2n) = (D15 Ti)o<j<m- (With the convention that an empty sum is equal to
0.) Consider the functor |.| : A — Top sending [n] to |A,| and f : [n] — [m] to |f].

Let X be a simplicial set, and consider the functor Gx : A/X — A of (a). The geometric
realization of X is by definition the topological space | X | = hﬂ“ JoGx).

(b). Show that this construction upgrades to a functor |.| : sSet — Top. E]

3So every presheaf is a colimit of representable presheaves.
®This functor is called the left Kan extension of |.| : A — Top along the Yoneda embedding A — sSet.
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(c). Show that, if X is A, then | X| = |A,|.

(d). Give a simplicial set whose geometric realization is
{(xg,z1,72) € [0,1*> | 7y = Oorxzy, = 0}. (Hint: why are the horns called
horns ?)

2
0 1

(e). Consider the functor Sing : Top — sSet given by
Sing(X) = Hommep(].|,X) : A°® — Set. (That is, if X is a topological space,
then Sing(X) is the simplicial set such that Sing(X),, is the set of continuous maps from
|A,| to X, and, if f : [n] — [m] is nondecreasing, then f* : Sing(X),, — Sing(X),
sends a continuous map u : |A,,| — X to u o |f].) The simplicial set Sing(X) is called
the singular simplicial complex of X of X.

Show that (].|, Sing) is a pair of adjoint functors.
Solution.
(a). (i) Suppose that (X, x) is a terminal object of ¥’/ F. Let Y be an object of &, and con-

244

sider the map ¢ : Homg (Y, X) — F(Y) sending f : Y — X to F'(f)(x) € F(Y).
(Remember that F' is a contravariant functor on 4.) We claim that ¢ is bijective.
Indeed, if f, g : Y — X are two morphisms such that F'(f)(z) = F'(g)(z), then they
define morphisms from (Y, F'(f)(x)) to (X, z) in the category 4’/ F’, hence must be
equal; so ¢ is injective. Also, if y € F(Y'), then (Y, y) is an object of €/ F, so there
exists a morphism h : (Y, y) — (X, z) in €/ F, that is, amorphism h : Y — X in ¢
such that F'(h)(x) = y; so ¢ is surjective.

This proves that a terminal object in ¢’/ F is exactly a pair representing the functor
F', so such a terminal object exists if and only if ' is representable.

(ii) If X € Ob(%) and z € F/(X), then, by the Yoneda lemma, there is unique morphism
uz : hx — F in PSh(%) such that u,(X)(idx) = x. We claim that the family of
these morphisms defines a cone under hy o G with nadir F'. This claim means that,
for any two objects (X, x) and (Y, y) in €’/ F and any morphism f : (X, z) — (Y,y),
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the following diagram commutes :

hf
hX E— hy

Uy
Uy

F

As the morphism u, o hy : hx — F sends idy € hx(X) to
uy (X)(f oidx) = F(f)(y) = F(z) = u,(X)(idx), we have u, o hy = u, by
the Yoneda lemma, so the diagram commutes, as desired.

By the universal property of the colimit, this gives a morphism ¢ : hg(hchG r)— F
in PSh(%).

Now we show that ¢ is an isomorphism. Let /' = hgn(hé o G). This is a colimit
in the category of presheaves on &, so we can use Proposition to compute
it. Let Z be an object of €. Then F'(Z) = lig(xwe()b(%/m Homy (Z, X)), and the
map ¢(Z) : F'(Z) — F(Z) sends a morphism f : Z — X to F(f)(x) € F(Z).
If z € F(Z), then (Z, z) is an object of €/ F, and ¢(Z)(idz) = z; this shows that
¢(Z) is surjective. Let (X, x) and (Y, y) be two objects of €/F, let f : Z — X
and g : Z — Y be morphisms of %, and suppose that F'(f)(z) = F(g)(y). Let
z = F(f)(z). Then (Z,z) is an object of ¢’ /F, the morphisms f and ¢ induce
morphisms (Z, z) — (X, z) and (Z,z) — (Y,y) in €/ F, and, in the square

Hom%(Z,f)
_—

Homy (2, 7) Homy (2, X)
Home (Z,g)J{ J,d)(Z)

the element id; of Homg (Z, Z) is sent to the same element z of Z by both paths. So
the images of f and g in F’(Z) are equal, which proves that ¢(7) is injective.

(b). For X asimplicial set, we set

LX) =T IT a4l

neNzeX,

so that | X| is the quotient of L(X) by the equivalence relation ~ of Theorem|[[.5.2.1], with
the quotient topology. If f : X — Y is a morphism of simplicial sets, we denote by L(f)
a continuous map L(X) — L(Y') that, for each n € N and each x € X,, sends the compo-
nent |A,| of L(X) corresponding to (n, z) to the component |A,, | of L(Y") corresponding
to (n, fo(x)) by idja,|. This clearly defines a functor L : sSet — Top. To show that ||
upgrades to a functor, it suffices to show that, for every morphism f : X — Y in sSet,

the map f : L(X) “y L(Y) — |Y| factors through the quotient map L(X) — |X].
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Fix f,letn,m € N,z € X,,y € X, s € |A,| and t € |A,,| such that the im-
ages of (n,z,s),(m,y,t) € L(X) in | X| are equal; we want to show that the images of
(n, fu(z),s), (m, fm(y),t) € L(Y) in |Y| are also equal. We may assume that there exists
« : [n] = [m] such that z = o*(y) and t = |a|(s). Then f,,(x) = f.(a*(y)) = *(fin(v)),
s0 (n, fu(z),s) and (m, f.,(y),t) have the same image in |Y'|.

(¢). By (a)(i), the category A/A,, has a terminal object, which is ([n], idf,)). It follows imme-
diately from the definition of a cone under a functor that a cone (.S, (Um,z)menzea, (jm]))
under |.| o G, is uniquely determined by the continuous map u ja,,, : [An| — S, and
that this map can be arbitrary. In other words, the functor sending a topological space .S to
the space of cones under |.| o G, with nadir S is representable by |A,,|. This means that
[An| = lig(|.[ 0 Ga,) = |An].

(d). Let’s take X = A? (see problem [A.1.9). The geometric relaization | X | is the quotient of
[ en Haex, [An| by the equivalence relation ~ of Theorem [.5.2.1].

By definition, for every n € N, the set X, is the set of nondecreasing maps « : [n] — [2]
such that {0,2} ¢ Im(«a). In particular, such a map always factors as & = (3 o v with
v :[n] = [1] and 5 : [1] — [2] two nondecreasing maps such that 5 € X, so a = y*(f3),
so, for every s € |A,|, we have (n,a,s) ~ (1,5, |v|(s)). This means that |.X| is homeo-
morphic to the quotient of J [, 1y 1 A, | by the relation of ~.

r€Xp

For every i € [2], let «; : [0] — [2] be the map 0 — ¢, and ¢; : [1] — [2] be the unique
increasing map such that Im(d;) = [2] — {i}. Let § be the unique map from [1] to [0].
Then Xy = {g, a1, a2} and X; = {0y, 92, g © 8, 1 © B, ap 0 B}. Also, for every i € [2]
and every s € |A;|, we have (1,a; 0 5,s) ~ (0,0, |B|(s)). So | X| is the quotient of the
disjoint union of three points corresponding to ag, a1, o, say 0, 1 and 2, and of two line
segments (homeomorphic to [0, 1]) corresponding to dy, d, say Iy and I5, by the restriction
of ~. It is easy to see that this equivalence relation identifies the two extremities of [
(resp. I5) with 1 and 2 (resp. 0 and 1), so | X | is homeomorphic to the space of the figure.

(e). Let X be a simplicial set and Y be a topological space. By definition, we have
| X| = ligA/X(H o G'x), so, by Proposition [[.5.3.2f, we have an isomorphism

Hommop (| X, Y) 1&1 Hommop (|AL],Y) = 1&1 Sing(Y),,.
(n,z)€Ob((A/X)°P) (n,z)€EOb((A/X)°P)

Also, by question (a)(ii), we have X = hﬂ AJX G'x, so, by the same proposition, we have

Homgges (X, Sing(Y')) ~ m Homgget (A, Sing(Y)) ~ @ Sing(Y),,
(n,z)€Ob((A/X)°P) (n,z)€Ob((A/X)°P)

(the last isomorphism comes from the Yoneda lemma). So we get an isomorphism
Hommop (| X, Y) =~ Homgget (X, Sing(Y')),

and checking that it is an isomorphism of functors is straightforward.
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A.2.3 Yoneda embedding and colimits

Let k be a field, and let € be the category of k-vector spaces.

(a). For every n € N, let k[z]<, be the vector space of polynomials of degree < n in k[z].
Using the inclusions k[z]<, C k[z]<,, for n < m, we get a functor F' : N — &,
n +— k[x]<,. Show that lim " = k[x].

(b). Show that hy : € — PSh(%) does not commute with all colimits.

Solution.

(a). Note that the colimit is filtrant, because N is a directed poset. By an easy analogue Proposi-
tion[[.5.6.2] to conclude that the lim " is the quotient of ), k[x]|<,, by the subspace gen-
erated by the images of all the maps w,,; : k[z]<, — @,y k[7]<, sending f € k[z]<,,
to (f,—f), where the first entry is in the summand k[z]<,, and the second entry is in
the summand k[z]<,;, for every m € N and every i > 1. IZ] So the sum map from
@D..cn klr]<n — k[z] (sending a family (fo, f1,...) with finite support to fo + f1 +...)
factors through lim F" and induces an isomorphism lim F° = k]

(b). Let V. = k[z]. We have seen in (a) that V = hﬂneN k[x]<,, so we get a morphism of
presheaves u : hﬂneN Pkfa) o = hy. If W is a k-vector space, u(W) is the map from
(@neN P, ) (W) = lim Homy (W, k[z]<,) to Homy (W, V') induced by the obvious
injections Homy, (W, k[z]|<,) C Homy (W, V). So the image of (V) is the set of k-linear
maps from W to V' whose image is contained in one of the subspaces k[z]<, of V. In
particular, idy € hy (V) is not in the image of u(V), so w is not an isomorphism.

OJ

A.2.4 Filtrant colimits of modules

Let R be a ring, let .# be a filtrant category and let ' : .# — pMod be a functor. For every
i € Ob(J), we write M; = F(i). Let ~ be the equivalence relation on [ [;q,( ) M; defined

in Proposition 1.5.6.2 of the notes; so (i,z) ~ (j,y) if there exist morphisms « : ¢ — k and
B:j — kin .7 such that F'(a)(z) = F(8)(y)). Let M = [1;co1,() Mi/ ~; this is the colimit

of the composition .# EN rMod ™ Set. Denote by q; : M; — M the obvious maps.
Show that there exists a unique structure of left £Z-module on M such that all the ¢; are R-linear

maps, and that this structure makes (M, (¢;)) into a colimit of F.

Solution. Let X = [[,.; M;. If (i,m) and (4, n) are elements of X such that (i,m) ~ (j,n), and

7 We could also use problem to calculate the colimit.

247



A Problem sets

if a € R, then (i,m) ~ (j,n) (because the maps F'(«) are all R-linear). So the action of R by
left multiplication on X descends to an action on M. Now let (i1, m1) and (i9, m2) be elements
of X. Choose morphisms o : i3 — j and oy : ip — ¢ in . Then (i1, m1) ~ (i, F(aq)(mq))
and (ig,mo) ~ (i, F(ay)(ms)), so, if M has a structure of abelian group such that the map
M; — M is additive, this forces the image of (i, F'(ay)(m1) + F(az)(ms2)) in M to be the sum
of the images of (i1, m;) and (i2,m2) in M. We must check that this definition of addition does
not depend on the choices, so we take (ji,71), (j2,n2) € X such that (ji,n1) ~ (i1, m1) and
(j2,m2) ~ (i, m9). Choose morphisms o : j; — j and o} : jo» — j. We want to check
that (i, F'(c1)(my) + F(ag)(ms)) ~ (7, F(c))(n1) + F(a4)(ng)). The hypothesis on (jq,n;)
and (jo,no) means that there exist morphisms 51 : i1 — ki, 71 @ j1 — ki, B2 ¢ ia — ko and
Y2 1 jo — ko in . such that F'(f;)(m1) = F(y1)(ny) and F(Bs)(ma) = F(y2)(ne). As 7 is
filtrant, we can find an object [ of .# and morphisms 0 : ¢ — [, 0; : k1 — [, 05 : ks — [ and
0" : j — [, and then we can find a morphism € : [ — [’ such that

codoa; =€00, 08 :4; =,
codoqg =€009008y:19 — 1,

codoaj=codiom:j =1,

and
cod oay=codyoryy:ip — 1.

Then

(', F(e 0 0)(F(an)(ma) + F(az)(mz)))

(I', F(e)(F(d1 0 1) (m1) + F(02 0 B2)(m2)))
(I', F(e)(F (01 0 m)(n1) + F(02 0 72)(n2)))
(I', Fe o &) (F(a))(n1) + F(ah)(n2))),

which implies that (i, F'(«1)(my) + F(ag)(ms)) ~ (4, F(a))(n1) + F(ad)(ns)).

The fact that these two operations define a left R-module structure no M follows easily from
their definition and from the fact that the M, are left R-modules.

The obvious R-module maps ¢; : M; — M define a cone under F' with apex M in the
category pMod. Let (N, (v;)rcon(.#)) be another cone under F' in zkMod. In particular, this
defines a cone under For o F' in Set, where For : pkMod — Set is the forgetful functor.
So there is a unique map f : M — N such that f o ¢; = v; for every i € Ob(.¥). We
need to show that f is R-linear. Let x1,25 € M and a € R. We choose elements (i1, m;)
and (iz,m2) of ]_LEOb( /) M; representing z; and xo; as we have seen in the definition of
the addition on M, we may assume that i; = 4. Then ax; is represented by (iy,am;), so
flazy) = v, (amy) = av;,(m1) = af(x1), and z1 + x5 is represented by (i1, m1 + ma), SO
f(@1+ x2) = vy, (my + ma) = vy, (ma) + i, (m2) = fla1) + f(22).

O
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A.2.5 Filtrant colimits are exact

Let R be a ring and ¥ be a filtrant category. Show that the functor
limy : Func(.#, pMod) — sMod is exact, i.e. thatif u : F' — G and v : G — H are morphism

of functors from .# to gkMod such that the sequence 0 — F'(7) ) G(7) o) H(i) — 0is

lim limv
exact for every i € Ob(.#), then the sequence 0 — lim F° =, lim & = lim /1 — 0 is exact.

(Remember that we say that a sequence of R-modules 0 — M LN % P 5 0is exact if
Kerf =0,Kerg =Im fand Img = P.)

Solution. First we note that, if f : M — N is a morphism of zkMod, then Ker(f) = Ker(f,0)
is a finite limit in pkMod and Coker(f) = Coker(f,0) is a (finite colimit). Also, we have
Im(f) = Ker(Coker(f)), and so Im(f) = N if and only if Coker(f) = 0.

By Subsection[[.5.4.T]and Corollary , we have (with the notation of the problem)

Ker(ligu): limy Ker(u(i)) = lim 0=0

i€Ob(7) i€Ob(7)

and
Coker(lig v) = lim Ker(v(7)) = lim 0 =0.

i€Ob(.#) i€Ob(.#)

Also,
Coker(limu) = lim  Coker(u(z)),
icob(.7)

SO

Im(lim u) = Ker(Coker(lim u)) = lim  Ker(Coker(u(i)))
i€Ob(7)

=l Im(u()
i€Ob(.7)

= lim Ker(v(i))
icOb(.#)

= Ker(liﬂ v).

A.2.6 Objects of finite type and of finite presentation

Let ¢ a category that admits all filtrant colimits (indexed by small enough categories). An object
X of € is called of finite type (resp. of finite presentation or compact) if, for every filtrant
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category .# and every functor F' : .# — %, the canonical map

lim Homg (X, F(i)) — Hom%»(X,liglF)
icOb(.7)

(see the beginning of Subsection 1.5.4.2 of the notes) is injective (resp. bijective).

(a). Let R be aring and M be a left R-module.

(1) If M is free of finite type as a R-module, show that it is of finite presentation as an
object of pMod.

(i1) If M is of finite type (resp. of finite presentation) as a R-module, show that it is of
finite type (resp. of finite presentation) as an object of pMod.

(iii) Let .# the poset of R-submodules of M that are of finite type, ordered by inclu-
sion, and let ' : .#/ — gzrMod be the functor sending N C M to M/N; if
N C N' C M, we send the unique morphism N — N’ in .# to the canonical
projection M /Ncat — M/N'. Show that lim F = 0.

(iv) If M is of finite type (resp. of finite presentation) as an object of pMod, show that it
is of finite type (resp. of finite presentation) as an R-module.

(b). Let R be a commutative ring and S be a commutative R-algebra. Show that S is finitely
presented as an R-algebra if and only if it is of finite presentation as an object of R—CAlg.

(c). (1) If X is a finite set with the discrete topology, show that X is of finite presentation as
an object of Top.

(i1) Let X be a topological space. Let .# be the poset of finite sets of X ordered by
inclusion; wee see .# as a subcategory of Top (we use the subset topology on each
finite Y C X), and we denote by F' : .¢# — Top the inclusion functor. Show that
X = hﬂ F' if the topology on X is the indiscrete (= coarse) topology.

(i11) Let X be a topological space. If X is of finite presentation as an object of Top, show
that it is finite.

(iv) Forn € N, let X,, = N5, x {0,1}, with the topology for which the open subsets
are @ and (N>, x {0}) U (Ns,, x {1}), for m > n. Define f, : X,, — X,11
by fu(n,a) = (n+ 1,a) and f,(m,a) = (m,a) if m > n. Show that the X,, are
topological spaces and that the maps f,, are continuous.

(v) Show that lim _ X, is {0,1} with the indiscrete topology. By lim X, we
mean the colimit of the functor ' : N — Top such that F'(n) = X,, and that,

for each non-identity morphism o : n — m in N, that is, for n < m in N,
F(a):fm—lofm_go...ofn:XnﬁXm_

(vi) Let X be a topological space. If X is of finite presentation as an object of Top, show
that X is finite and has the discrete topology.
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(d). Let X be a topological space, and let Open(X) be the set of open subsets of X, ordered

by inclusion. Show that X is compact if and only if X is of finite presentation as an object
of Open(X).

Solution.
(a). (1) We can deduce this from the facts that :

- Hompg(R, N) = N for every left R-module N (so R is of finite presentation as
an object of pkMod);

- Hompg(M; & My, -) = Hompg(M;, ) @ Hompg(Ms, -) (so the direct sum of two
objects of pkMod of finite type (resp. of finite presentation) is also of finite type
(resp. of finite presentation)).

Alternately, here is a very categorical way to answer the question. Let (F,G) be a
pair of adjoint functors, with F' : 4 — Z and G : ¥ — €. Suppose that all filtrant
colimits exist in ¢ and & and that G commutes with filtrant colimits. Then we claim
that F' sends objects of finite presentation in € to objects of finite presentation in Z.
Indeed, let X € Ob(%). Then, for every functor o : .¢ — &, with . filtrant, we
have a commutative diagram :

lighlz'GOb(J) HOIIl@(F(XL a(l)) ligieo};,(j) HOHIQAX, G(“(l)))

l l

Homg (F/(X), lim or) —=— Homg (X, G(lim «)) —— Homy (X, lim(G o a))

If X is of finite presentation, then the rigth vertical morphism is an isomorphism, so
the left vertical morphism also is.

We apply this to the pair of adjoint functors (®, For), where For : RMod — Set is
the forgetful functor and ® : Set — rMod sends a set X to the free left R-module
on X. The fact that For commutes with filtrant colimits is Corollary [[.5.6.3]. So it
suffices to prove that finite sets are objects of finite presentation in Set. This follows
from the fact that Homge (X, -) = (-)* for every set X, and from Proposition
(It 1s also easy to see directly.)

(i) Suppose that M 1is of finite type. Then we have an exact sequence
0 — P — N — M — 0, with N free of finite type. Let F' : .#/ — rMod be
a functor, with .# filtrant. By problem and the exactness properties of Hompg,
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we have a commutative diagram with exact columns :

(*) 0 0

. . (1) .
hgieOb(y) Hompg(M, F(i)) —— Hompg(M, hgrlF)

. . (2) .
hﬂieOb(ﬂ) Hompg (N, F(i)) —— Homg(N, lim F)

i . 3) .
11ﬁnz'eouy) Hompg(P, F'(i)) —— Homp(P, limy F)

By question (i), the arrow labeled (2) is an isomorphism, so the arrow labeled (1) is
injective, which is what we wanted to prove.

Now assume that M is of finite presentation. Then we have an exact sequence
0—= P — N —= M — 0, with N free of finite type and P of finite type. So, if
we write the diagram (*) again, the arrow labeled (2) is an isomorphism by (i), and
the arrow labeled (3) is injective by the previous paragraph. This implies that the
arrow labeled (1) is an isomorphism,ﬁ which is what we wanted.

(ii1) Note that .# is a filtrant category, because it comes from a directed poset. (If NV and
N are two submodules of finite type of M, then they are both contained in NV + N’,
which is also of finite type.) So we can use problem to calculate hﬂ F. Let
z € lim I, and let (N, m) be an element of [ [ yqy,()(M/N) representing it (so N
is a submodule of M of finite type, and m € M /N). Then there exists a submodule
N’ of M of finite type such that N C N’ and that the image of m in M /N’ is 0
(just take the submodule N’ generated by N and by a preimage of m in M), so
(N,m) ~ (N',0) in [ [ ycop (s (M/N), and so z = 0. This shows that lim £ = 0.

(iv) Suppose that M is of finite type as an object of pkMod. Using the functor
F : % — grMod of (iii), we see that the canonical morphism

lim Homp(M, M/N) — Hompg(M,0) =0

NeOb(.#)
is injective, which means that theOb( ) Hompg(M, M/N) = 0.
Consider idy; € Hompg(M, M/0). Its image in the filtrant colimit

@NeOb(/) Hompg(M,M/N) is 0, so there exists a morphism 0 — N in .

(that is, an object N of .#) such that the image of idy; in Homg(M, M/N) is 0.
In other words, there exists a submodule N of M of finite type such that M = N,
which means that M is of finite type.

8By the 4 lemma in the category Ab, which I am assuming that you have seen in a previous class. This also
follows from an easy diagram chase.
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Now suppose that M is of finite presentation as an object of pMod. By the pre-
vious paragraph, M is a R-module of finite type, so there exists an exact sequence
0 - P = N — M — 0 with N a free R-module of finite type. We want to
show that the R-module P is also of finite type. As in (iii), we consider the cate-
gory .# associated to the poset of finite type R-submodules of P, and the functor
F.G : #/ — grMod defined by F'(Q) = P/Q and G(Q) = N/Q. For every
() € Ob(.#), we have an exact sequence 0 — F'(Q)) — G(Q) — N/P — 0. Using
problem [A.2.5 and (iii), we get an exact sequence 0 — 0 — lim G — N/P — 0.
In other words, the canonical morphism hﬂ QeOb(#) N/Q — N/P (induced by the
projections N/ — N/P, for Q C P) is an isomorphism. Using the isomorphism
N/P = M, we get an isomorphism [ : M = hﬂQE%(ﬁ N/Q. As M is of fi-
nite presentation as an object of pkMod, there exists () € Ob(.#) and a morphism

g : M — N/Q such that f is the composition M EN N/Q — N/P, where the
second map is the canonical projection. This implies that the kernel of the morphism
N — M is contained in (), hence that P = () is of finite type.

(b). First we show that polynomial rings over R on finitely many indeterminates are of finite
presentation as objects of R — CAlg. For this, we apply the second proof of (a)(i) to the
pair of adjoint functors (®, For), where For : R—CAlg — Set is the forgetful functor and
® : Set - R — CAlg sends a set X to the free commutative R-algebra on X, that is, the
polynomial ring R[X]. We already know that finite sets are objects of finite presentation
in Set. So it remains to check that For : R — CAlg — Set commutes with filtrant
colimits. The proof is exactly the same as for R-modules : using the procedure of problem
A.2.4] we show that, if FF : .4/ — R — CAlg is a functor with .# filtrant, then there
is a unique R-algebra structure on lim(For o F') that makes all the canonical morphisms
F(i) — ligi(For o F') into R-algebra morphisms, and that lig(For o F') with this R-algebra
structure satisfies the universal property characterizing the colimit of F'. (We already know
how to define the addition and the action of R, and we define the multiplication using the
same trick as for the addition. See the solution of problem[A.2.4])

Let S be a commutative finitely presented R-algebra. We show that S is of fi-
nite presentation as an object of R — CAlg. Choose a surjective R-algebra mor-
phism f : Sy = R[zy,...,z,] — S whose kernel is finitely generated; write
Ker(f) = (a1,...,a,) with ay,...,a, € Sy, and let g : S1 == R[y1,...,Ym] — So
be the unique R-algebra morphisms such that ¢(y;) = a; for 1 < j < m. For any commu-
tative R-algebra 7', we denote by e : S; — T the unique R-algebra morphism sending
every y; to 0. Then, if 7" is a commutative R-algebra, we have a sequence of maps

HomR—CAlg(Sa T) = HomR—CAlg(So, T) S HomR—CAlg(Sla T),

where up(h) = ho fand vp(h') = W' og. As f : Sy — S is surjective, the map
ur is injective. As the image of g : S; — Sy generates the ideal Ker(f), a morphism

h' : Sy — T factors as Sy i> S s T if and only if it is zero on the image of g; in other
words, the image of uy is exactly the set of 2’ € Homp_ca1g(S0, ') such that vy (h') = er.
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In other words. we have just proved that the map w identifies the set Homp_caig(S, )
with the fiber product of the diagram :

Homp_caig(So, T)

lw

{eT} —_— HomR_CAlg(Sl, T)

Let x : R — CAlg — Set be the functor sending 7 to the singleton {er}. The inclusion
{er} € Homp_calg(S1,T) defines a morphism of functors e : * — Homp_caig(S1, ).
Note also that u; and vy define morphisms of functors v and v. So u identifies the functor
Homp_caig(So, -) with the fiber product of the diagram

HomR—CAlg(S(b )

P

ES T> HomR_CAlg(Sl, )

(in the category Func(R — CAlg, Set)). As the three functors in this diagram commute
with filtrant colimits by the first paragraph, as filtrant colimits commute with finite lim-
its in Set (Proposition |[.5.6.4), the functor Homp_caig(S, -) also commutes with filtrant
colimits.

It remains to show that a commutative R-algebra S that is of finite presentation as an
object of R — CAlg is a finitely presented R-algebra. First, consider the poset .
of finitely generated sub-R-algebras S’ C S, seen as a category, and the obvious (in-
clusion) functor from .# to R — CAlg. The category .# is clearly filtrant (because
the union of two finitely generated subslalgebras of S is contained in a finitely gener-
ated subalgebra), and th = S because we saw in the first paragraph that the for-
getful functor R — CAlg — Set commutes with filtrant colimits. So the canonical
map @S,EOb(j) Homp_caig(S,S") — Hompg_caig(S,S) is bijective, which implies
that there exists a finitely generated subalgebra S’ of S such that the identity of S fac-
tors through the inclusion S’ C S, i.e. such that S = S. So S is a finitely gen-
erated R-algebra. We write S = R|xy,...,x,|/I, with I an ideal of R[z1,...,z,).
Let .#’ be the poset of finite generated ideals J C I, seen as category; again, this is
a clearly a filtrant category. Define a functor G : ¢’ — R — CAlg by sending J
to R[xy,...,x,)/J. Forevery J € Ob(SZ'), let uy : G(J) = Rlzy,...,x,] — S
be the quotient morphism. Then (5, (uy)) is a cone under GG, and we claim that it is
a colimit of G. Indeed, let (T, (v,)) be another cone under G. In particular, all the
morphisms R[zy,...,z,] — Rlz1,...,2,]/J 23 T are equal, so we get a morphism
f: Rlzy,...,xz,] — T. Also, Ker(f) contains every finitely generated subideal of /, so
it contains every element of I, so I C Ker(f), so f factors as R[zy,...,x,] — S 5 T.
The morphism g is clearly a morphism of cones, and it is the only possible morphism of
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cones from (5, (u,)) to (7', (v,)) because all the maps u, are surjective. As S is of finite
presentation as an object of R — CAlg, the canonical map

ligl HOIIIR_CAlg(S, R[l’l, R ,l’n]/J> — HOIIIR_CAlg(S, S)
JEOb(.s)

is bijective. In particular, there exists a finitely generated ideal J C [ such that the identity
morphism of S factors as S — R[z1,...,2,]/J — S, where the second map is the
quotient map; this forces J and I to be equal, so [ is a finitely generated ideal, and so .S is
a finitely presented [2-algebra.

(c). (i) Asin (a)(i), we can do this directly or categorically. If we do it directly, we use
the fact that a singleton is clearly of finite presentation in Top, and that a finite
discrete set is a finite coproduct of singletons in Top. If we do it categorically, we
apply the fact that we proved in (a)(i) to the pair of adjoitn functors (F, For), where
For : Top — Set is the forgetful functor (which preserves all colimits by Section
[.5.5.1]) and F is its left adjoint, i.e. the functor that sends a set X to itself with the
discrete topology (Example [[.4.8). Then the result follows from the fact that a finite
set is of finite presentation as an object of Set, which we proved in (a)(i).

(i) Let For : Top — Set be the forgetful functor. It is easy to see that
For(X) = hg(For o F') (this just says that X is the union of all its finite subsets).
We use this to identify X and lim F' as sets. Then X and lim /' are isomorphic as
topological spaces if and only if the original topology on X coincides with the col-
imiit topology. Let U be a subset of X. It is open in the colimit topology if and only
UNY isopeninY for every finite subset Y of X (using the subset topology on Y).
This is certainly true if X has the coarse topology. ﬂ

(iii) Let X, be the underlying set of X with the coarse topology. Then the identity map
1 : X — Xj 1s continuous. As X is of finite presentation, question (ii) implies that ¢
factors through a finite subset of X, hence that X is finite.

(iv) Letn € N, and let (m;);c; be a family of integers > n. Then
UMz, x {0}) U (Non % {1}) = (Naint,ym, x {0}) U (Na x {1})
iel
with inf,c; m; > n. Also, if [ is finite, then
M X {01 U N X {11) = Nouapeym X {01 U (N x {1)
iel
So the family of “open sets” of the statement does define a topology on N, x {0, 1}.
Letn € N, and let m > n + 1. Then

s O 1) = { (e N S ) A s

°It is also true if X has the discrete topology...
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So f,, is continuous.

(v) We put the coarse topology on {0,1}. Then the second projections maps
X,, — {0, 1}, hence define a cone under the functor F. So we get a continuous

map f : lim X, — {0,1}.

If a € {0,1}, then the image of (0,a) € X, so its image by the obvious map
Xo = Ien Xn — @neN X, is a preimage of a by f. So f is surjective.

We prove that f is injective. Let (m,a) € X,, and (m/,b) € X,,, and suppose that
the images of (m, a) and (m’, b) by the maps X,, — [[,.y Xi — lim, _ Xi EN {0,1}

and X,,, — [[,.nXi — ligZEN X; EN {0,1} are equal. We want to prove that
(m,a) and (m/,b) have the same image in lim, _ Xi. As the f; do not change the
second coordinate of elements of X;, the assumption implies that a = b. If m > n,
then f,,_10...0 fu(m,a) = (m,a) € X,, has the same image as (m,a) € X,, in
ligieN X;; so we may assume that n = m. Similarly, we may assume that n’ = m/.
Up to switching n and n/, we may assume that n’ > n. If n’ = n, we are done.
Otherwise, we have (n',a) = fu_10...0 f(n,a),so (n',;a) € X,y and (n,a) € X,
have the same image in ligieN X;.

It remains to prove that f~! is continuous. If it were not, this would mean that {0} or
{1} is open in lim. _ X;. But the preimages of {0} and {1} by the continuous map
Xy — lim, X are N>y, x {0} and N,, x {1} respectively, and these are not open
subsets of X,,. So neither {0} nor {1} is open in lim, o X

(vi) We already know that X is finite by (iii). Let U be a subset of X, and let
f X — {0,1} be the indicator map of U. Then f is continuous if we put the
coarse topology on {0, 1}, so, by the hypothesis on X and question (v), there exists
a continuous map X - X, such that f is the composition of g and of the second
projection X,, — {0,1}. As X is finite, there exists m > n such that, for every
x € X, the first coordinate of g(z) € N>,, x {0,1} is < m. Then

U=g" (N>px {1}) = g7 (Nop x {0}) U (N>n x {1})).

As g is continuous, this proves that U is open in X. As U was an arbitrary subset of
X, this shows that the topology of X is discrete.

(d). Let ZZ = (U;)ier be a family of open subsets of X. Let .#; be the category associ-
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ated to the poset of finite subsets of I, ordered by inclusions; then .#; is filtrant. Let
Fy + 91 — Open(X) be the functor sending a finite subset J C I to ., Uj; if
J C J', then the image by Fy, of the corresponding morphism of .#; is the inclusion
Ujes Ui € Ujes Us- Thenitis easy to see that lim Fyy = ¢, Us.

Suppose that X is finite presentation as an object of Open(X), and let Z = (U;);cr be an
open covering of X. Then the identity morphism X — hg Fy comes from a morphism



A.3 Problem set 3

X-=U e U; with J € Ob(.#;), or, in other words, there exists a finite subset ./ of I such
that X C Uje ; U;. This means that X is compact.

Conversely, suppose that X is compact, and let ' : .# — Open(X) be a functor, with .%/
filtrant. Let U = lim F'. We claim that U = Uicon(s) £'(@). Forevery i € Ob(.%), we have
a morphism F'(z) — U in Open(X), so F'(i) C U. Conversely, let U’ = ;.o F'(0)-
Then we have a morphism F'(i) — U’ in Open(X) for every i € Ob(.#), and this defines
a cone under F’ with apex U’, so the universal property of the colimit implies that we have
a morphism U — U’ in Open(X), that is, that U C U’.

Now we show that the map « : hﬂieOb(ﬂ) Homopen(x) (X, F(7)) = Homopen(x)(X, U) is
bijective. Note that, as all Hom sets in Open(.X ) are empty sets or singletons, and as .# is
filtrant, the source of o has at most one element. If U # X, then Homopen(x)(X,U) = @
and Homopen(x)(X, F(7)) = @ for every i € Ob(.¥), so «a is bijective. Suppose that
U = X; then Homgpen(x) (X, U) = {idx}, and we want to show that idx has a preimage
by «. This is equivalent to the fact that X = F'(i) for some i € Ob(.#). As X is compact
and as X = U = J;cop (s £'(), we know that there exist iy, ..., i, € Ob(.#) such that
X = F(i1)U...UF(i,). As .# is filtrant, there exists j € Ob(.#) and morphisms i; — 7,
.evs iy = j. So we have morphisms F'(i,.) — F'(j) in Open(X) for 1 < r < n, that is,
F(j) contains F'(i1), ..., F(i,); this implies that F'(j) = X.

OJ

A.3 Problem set 3

A.3.1 Free preadditive and additive categories.

Remember that Cat is the category of category (the objects of Cat are categories, and the
morphisms of Cat are functors). Let PreAdd be the category whose objects are preaddi-
tive categories and whose morphisms are additive functors; let Add be the full subcategory
of PreAdd whose objects are additive categories. We have a (faithful) forgetful functor
For : PreAdd — Cat; we also denote the inclusion functor from Add to PreAdd by F'.

(a). Show that For has a left adjoint, that we will denote by ¢ — Z[%].

(b). Show that F has a left adjoint, that we will denote by 4’ —— ¢®. (Hint : If ¢ is pread-
ditive, consider the category ¢® whose objects are 0 and finite sequences (X7, ..., X,,) of
objects of &, where a morphism from (X7,..., X)) to (Y3,...,Y},) is am x n matrix of
morphisms X; — Y}, and where the only from 0 to any object and from any object to 0 is
0.)

Solution. One subtlety is that the categories Cat, PreAdd and Add are actually 2-categories,
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so the Homs in these categories are themselves categories, and it is not reasonable in general to
expect the adjunction isomorphism to be an isomorphism of categories; it it much more natural
to require it to be an equivalence that is natural in both its entries in the appropriate sense. There
are several natural ways to make this precise, and it can quickly become extremely painful. See
for example https://ncatlab.org/nlab/show/2-adjunction for a discussion and
further references.

(a).

(b).
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Let % be a category. We defined the category Z|[%] in the following way :
- Ob(Z[¥]) = Ob(?¥);
- forall X,Y € Ob(%), Homg (X,Y) = ZHome (X)),
- the composition law of Z|%] is deduced from that of & by bilinearity.
Note that ¢’ is naturally a subcategory of Z[%].

This construction is functorial in ¢, that is, any functor F' : 4 — 2 defines in an obvious
way a functor Z[F| : Z[¢] — Z[Z)], and we have Z|G o F| = Z|G] o Z[F]. (In other
words, € — Z[%)] is a strict 2-functor, see https://ncatlab.org/nlab/show/
strict+2-functor). Let € be a category, Z be a preadditive category and F' be a
functor. Then there is an obvious additive functor (%, Z)(F) : Z|¢] — Z; it is equal
to F' on the objects of Z[%'] and equal to the unique extension of F' by linearity on the
groups of morphisms. Also, any morphism u : F' — G of functors € — & gives rise to a
morphism of additive functors o (u) : a(€, Z)(F) — a(%€, Z)(G). This defines a functor
a(€,2) : Func(€, ) — Funcaqq(Z[€], 2), that is natural in ¢ in Z. In this case, the
functor a(%€, 2) is actually an isomorphism of categories. Indeed, if G : Z[¢] — Z is an
functor, then its restriction F' to the subcategory ¢ of Z[%] is a functor € — 2 such that
G=a(€,2)F).

Let € be a preadditive category. We show that the preadditive category ¢’ ® defined in the
problem is additive. It has a zero object by construction, so it suffices to show that the
product of two objects always exists. Let X = (Xi,...,X,) and Y = (Y3,...,Y},)
be two objects of €%. Let Z = (Xy,...,X,,Y1,...,Y,) and p : Z — X,
q : Z — Y be the morphisms given by the matrices (I, 0,,,) and (0,,,, 1), where
idx, 0 idy, 0
I, = , Iy, = and 0, ,, (resp. O, ) iSan X m
0 idy, 0 idy,,
(resp. m x m) matrix with all its entries equal to 0. We claim that this makes Z into the
product of X and Y. Indeed, we have morphisms 7 : X — Z and j : Y — Z with matri-
ces ( OI” ) and (0”m> respectively, and it is easy to check the conditions of Proposition

m,n Im

II.1.1.6(1i1) .

Note that we have an obvious inclusion 4 C 4%, which is fully faithful. If € is additive,
then (X1, ..., X,,) is isomorphic to X; @ ... ® X,, forall Xi,..., X, € Ob(%) (and the
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zero object of €® is isomorphic to the zero object of €), so the inclusion € C €% is
essentially surjective in this case, hence an equivalence of categories.

If € is a preadditive category, & is an additive category and F' : ¢ — & is an additive
functor, then we can extend F' to an additive functor o(%’, 2)(F) : €°° — %. However,
this requires the choice of a particular direct sum for every finite family of objects of &,
so this construction is not unique (just unique up to unique isomorphism); in particular, if
F is obtained by restriction from an additive functor G : €% — &, we can only say that
a(€, 2)(F) and G are isomorphic (and the isomorphism between them is unique). So we
still get a functor (%, Z) : Func,gq (¢, Z) — Func,gq (€%, 2) (natural in ¢ and 2),
but it is an equivalence of categories, not an isomorphism.

O

A.3.2 Pseudo-abelian completion.

Let % be an additive category. If X is an object of %", an endomorphism p € Endg (X)) is called a
projector or idempotent if pop = p. A pseudo-abelian (or Karoubian) category is a preadditive
category in which every projector has a kernel.

(a). Let % be a category and p € Endy(X) be a projector. Show that :
- Ker(p, idx) exists if and only if Coker(p, idx) exists;

- ifu:Y — X isakernel of (p,idx) and v : X — Z is a cokernel of (p,idy), then
there exists a unique morphism f : Z — Y such that uo f ov = p, and this morphism
f is an isomorphism.

(b). If ¥ is a pseudo-abelian category, show that every projector has a kernel, a cokernel,
a coimage and an image and that, if p € End¢(X) is a projector, then the canonical
morphisms Ker(p) — X and Im(p) — X make X into a coproduct of (Ker(p), Im(p)).
(In other words, the coproduct Ker(p) @ Im(p) exists, and it is canonically isomorphic to
X))

(c). Let % be a category. Its pseudo-abelian completion (or Karoubi envelope) is the category
kar (%) defined by :

- Ob(kar(%)) = {(X,p) | X € Ob(¥), p € End¢(X) is a projector};
- Homuar(#) (X, p), (Y, q)) = {f € Homg(X,Y) [go f = fop= [}
- the composition is given by that of ¢, and the identity morphism of (X, p) is p.

Show that kar(%) is a pseudo-abelian category, and that the functor ¢ — kar(%’) sending
X to (X, idx) is additive and fully faithful.

(d). If ¥ is an additive category, show that kar(%’) is also additive.
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(e). Let PseuAb be the full subcategory of PreAdd (see problem [A.3.1)) whose objects are

pseudo-abelian categories. Show that the inclusion functor PseuAb — PreAdd has a
left adjoint.

Solution.

(a). We prove the first statement. Let v : Y — X be a kernel of (p,idx). Consider the

(b).

260

morphism p : X — X. Aspop = p = poidy, there exists a unique morphism
v : X — Y such that p = u o v. We claim that v : X — Y is the cokernel of (p,idy).
First, note that uocvop =pop =p = uwowvoidy; as u is a monomorphism by Lemma
11.1.3.3] we get that v o p = v oidx. Also, we have uovou =pou = u,sovou =idy,
again because u is a monomorphism. Let v’ : X — Y’ be a morphism such that v’ op = v'.
Letw=vou:Y =Y. Thenwov=vouov=vop=v.Letw :Y — Y'be
another morphism such that w’ o v = ¢/; then w’ = w’ ov o u = v/ o u = w. This shows
that v : X — Y is indeed a cokernel of (p,idy).

|
w ! P
v idx

4
Yé —X X

!

Conversely, if v : X — Y is a cokernel of (p,idy), then applying the previous paragraph
to ©°P shows that (p,idx) has a kernel.

We prove the second statement. Let v : Y — X be a kernel of (p,idy) andv : X — Z
be a cokernel of (p,idx). By the first paragraph of the proof, there exists a morphism
v' : X — Y such that v’ is a cokernel of (p,idx), v" o u = idy and u o v' = p. By
the uniqueness of the cokernel, there exists a unique morphism f : Z — Y such that
f owv =4/, and this morphism is an isomorphism. Finally, as « is a monomorphism, the
condition f o v = v is equivalenttouo fov =wuov = p.

Let p € Endg(X) be a projector. Then ¢ = idx — p is also a projector, because
goq=idx —p—p+pop = q. As Ker(p) = Ker(q, idx) and Coker(p) = Coker(q,idx),
question (a) implies that p has a cokernel, and that we may assume that Ker(p) = Coker(p)
(as objects of ¥). Let Y = Ker(p), and letu : Y — X and v : X — Y be the kernel
and cokernel morphisms. We saw in the solution of (a) that w o v = ¢ = idx — p and
vou = idy. Similarly, let Z = Ker(q), andleta : Z — X and b : X — Z be the kernel
and the cokernel morphisms; we have boa = idz and aob = p. We claim thata : Z — X
is the kernel of v : X — Y, that is, the image of p. As a is the kernel of ¢, we have
goa = 0,thatis,poa =a;sovoa=vopoa=0.Leta : Z/ — X be a morphism such
that voa’ = 0. Then goa’ = uowvoa’ = 0, so there exists a unique morphismc : 7' — 7
such that a o ¢ = d’. This finishes the proof that @ : Z — X is the image of p. A similar
proof (actually, the same proof in € °P) shows that ¢ : X — Z is the coimage of p. Note in
particular that the canonical morphism Coim(p) — Im(p) is an isomorphism.
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It remains to show that X is the coproduct of (v : Y — X,a:Z — X). Letv/ : Y — X’
and ¢’ : Z — X’ be morphisms. We must show that there exists a unique morphism
f:X — X' suchthat fou = v and foa = a'. Take f = v’ ov + a’ o b. Then
fou=uovou+aobov =u oidy = v (the fact that b o v = 0 follows from the
previous paragraph applied to ¢, which shows that v : Y — X is the kernel of 0); similarly,
foa=uovoa+doboa=adoidy =d'. Let f/: X — X’ be another morphism such
that " ou = v’ and f' o a = d’. Then

f'=folp+q) =folaobtuov)=dob+uov=.

(c). We first show that kar(%) is a pseudo-abelian category. First, kar(%) is clearly a pread-
ditive category, because Homy,.#)((X, p), (Y, q)) is a subgroup of Home (X, Y") for all
(X,p). (Y. q) € Ob(kar(%)).

Let (X,p) be an object of kar(%), and let f € Endu.«)((X,p)) be a projector. We
need to show that f has a kernel. By definition of the morphisms and composition in
kar(%’), f is an endomorphism of X in % such that po f = f op = f, and such that
fof=/f Letg=p—f=idxp — f € Endia)((X,p)). Then g € Endy(X) and
gog=pop—pof—fop+fof=p—f=g, so(X,g)isan object of kar(%),
and g € Homy(4)((X, 9), (X,p)). We claim that g : (X, g) — (X, p) is the kernel of f.
First, we have go f = po f — fo f = 0. Let (Y, ¢q) be another object of kar(%), and
let u : (Y,q) — (X,p) be a morphism such that f ou = 0. So u € Homg(Y, X) and
uoqg=pou=u. Thenhave gou=pou— fou=pou=qou=u,soualso define
a morphism from (Y, ¢) to (X, g) in kar(%’), and the following diagram commutes:

(X, 9) —= (X, p) —1= (X, p)

N

Suppose that v : (Y, q) — (X, g) is another morphism (in kar(%’)) such that g o v = w.
Then v € Homy (Y, X) and gov = v o ¢ = v, so we get v = u.

The last statement is clear.

(d). The object (0,idy) of kar(%’) is initial and final, so it suffices to show that the prod-
uct of two objects of kar(%) always exists. (We’ll get finite products by an obvious
induction.) Let (X,p) and (Y, q) be two objects of kar(%), let Z7 = X & Y and

0
For every object (7, s) of kar(%), we have
Homyw () (T, 5),(Z,1)) = {f € Homy(T,Z) [ ro f = fos= f}
= {(f1, f2) € Homg (T, X) x Home(T,Y) | po fi = fros = fi
andqo fo = foos = fo}
~ Homye () (T, ), (X, p)) x Homya ) (T, 5), (Y, q)),

r = (p 2) € End¢(Z). Then r is clearly a projector, so (Z,r) is an object of kar(%).
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(e).
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so (Z,r) is the product of (X, p) and (Y, ¢) in kar(%).

We denote by & : PseuAb — PreAdd the inclusion functor. Note that, if € is a
preadditive category, then the construction of kar(%’) is functorial in % and the functor
(%) : € — kar(¥) defined in (c) gives a morphism of functors idpseuan — P o kar.
Indeed, if F': € — & is an additive functor between preadditive categories, then we get a
commutative diagram of functors

by taking kar(F) to be the functor sending (X,p) €  Ob(kar(¥)) to
(F(X),F(p)) € Ob(kar(Z)) and sending f € Homiu«)((X,p),(Y,q)) to F(f)
(we obviously have F'(f) € Homiay (o) ((F(X), F(p)), (F(Y), F(q))).

We claim that (kar, ®) is a pair of adjoint functors. We already constructed a candidate
unit morphism 7 : idpseuanr — P okar. Let & be a pseudo-abelian category. We claim that
n(€) : € — kar(%) is an equivalence of categories. We already know that it is fully faith-
ful, so it suffices to show that it is essentially surjective. Let (X, p) be an object of kar (%),
and leta : Z — X be the image of X in . We claim that a € Homy,,«((Z,idz), (X, p)),
and that it is an isomorphism. The first statement just says that p o a = a, and we proved it
in (b). For the second statement, remember that we also know by (b) that 7 is the cokernel
ofidx — p, and let b : X — Z be the corresponding cokernel morphism. Thenbop = b
by (a), so b € Homu,:)((X,p), (Z,idz)), and we have seen in (a) that b o a = idz and
aob=p=1idixp.

Now let % be a preadditive category and Z be a pseudo-abelian category. Then we have
functors, clearly functorial in 4 and Z:

n(Z)o(-)
<—

Func(€, 2) —=— Func(kar(%), kar(2)) Func(kar(%¢), 2).

Also, the functor on the right is an equivalence of categories. To construct a quasi-inverse
of this equivalence, we need a quasi-inverse of 7(%) that is functorial in 2. It would
be painful to show by hand that we can choose a quasi-inverse of 77(Z) in a way that is
(weakly) natural in &, unless we have the good idea of using a left (or right) adjoint of
n(2) as quasi-inverse, and then things are slightly less annoying. Still, the functors ®
and kar are only adjoint in the sense of 2-categories. See the discussion in the solution of

problem
O
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A.3.3 Torsionfree abelian groups

Let Aby; be the full subcategory of Ab whose objects are torsionfree abelian groups.

().
(b).

Give formulas for kernels, cokernels, images and coimages in Aby;.

Show that the inclusion functor ¢ : Aby — Ab admits a left adjoint «, and give this left
adjoint.

Solution.

().

(b).

Let f : A — B be a morphism of groups, with A and
B torsionfree. Let ¢ = {a € A | flag = 0} and
D ={be B|3dne€Z—-{0}anda € Asuchthat f(a) = nb}. (This subgroup
D is called the saturation of f(A)in B.)

We claim that ¢ : C' — A is the kernel of Aby;. Indeed, C' is torsionfree because it is a
subgroup of A, and, as Aby; is a full subcategory of Ab, we have, for every torsionfree
abelian group G,

Homap, (G, C) = {u € Homap, (G, A) | fou=0}.

We show that B/ D is torsionfree. Let 2 be a torsion element of B/D, and let b € B be
a lift of z. Then there exists n € Z — {0} such that nb € D, and it is obvious on the
definition of D that this implies that b € D, hence that z = 0. We claim that B — B/D is
the cokernel of f in Aby. Let p : B — B/D be the canonical projection. As D contains
all the f(a), for a € A, we clearly have po f = 0. Let g : B — G be a morphism in
Abys such that g o f = 0. Let b € D; then there exists a € A and n € Z — {0} such that
nb = f(a),song(b) = g(f(a)) =0, so g(b) = 0 because G is torsionfree; this shows that
Ker g D D, so there is a unique morphism A : B/D — G such that g = h o p.

To find the image and coimage of f, we use their definitions, as well as the description of
kernels and cokernels that we just obtained. The image of f is the kernel of the cokernel
of f,soitisequal to D. The coimage of f is the cokernel of the kernel of f, so it is equal
to the quotient A/C’, where C' = {a € A | In € Z— {0}, na € C'}. Note that, in general,
f(A) :=={f(a), a € A} is neither the image nor the coimage of f.

We define a functor x : Ab — Aby by k(A) = A/ Ao, where Ay, is the torsion subgroup
of A. If f : A — B is a morphism of abelian groups, then f(A,;) C Bior, S0 f induces a
morphism x(f) : A/Aior — B/ Bior. This clearly defines a functor Aby; — Ab. Let A be
an abelian group and B a torsionfree abelian group. Then every group morphism A — B
factors uniquely through A/A,,, so we get a bijection

Homap (A4, «(B)) ~ Homap(A/Ator, B) = Homay,, (k(A), B),

and this bijection is clearly an isomorphism of functors.
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A.3.4 Filtered R-modules

Let R be a ring, and let Fil(kMod) be the category of filtered R-modules (M, Fil, M) (see

Example) such that M = |, ., Fil, M.

(a).
(b).

(c).
(d).

Give formulas for kernels, cokernels, images and coimages in Fil(zkMod).

Let ¢ : Fil(kMod) — Func(Z, gRMod) be the functor sending a filtered R-module
(M, Fil, M) to the functor Z — zpMod, n — Fil, M. Show that ¢ is fully faithful.

Show that ¢ has a left adjoint x, and give a formula for «.

Show that every object of the abelian category Func(Z, RMod) is isomorphic to the cok-
ernel of a morphism between objects in the essential image of ¢.

Solution.

(a).

Let f : (M,Fil,M) — (N,Fil,N) be a morphism of filtered R-modules. Let
M’ ={x € M | f(x) = 0}, with the filtration Fil, M’ defined by Fil,, M’ = M’ N Fil,, M.
Let N' = N/ f (M), with the filtration Fil, N’ defined by Fil, N' = (Fil, N+ f(M))/f(M)
(that is, Fil,, N is the image of Fil,, N by the quotient map N — N’).

The inclusion w : M’ — M is a morphism in Fil(yMod), by definition of the filtration on
M’. We claim that (M, Fil, M’) is the kernel of f in Fil(zMod). First, we have fou = 0.
Let g : (M",Fil,M") — (M, Fil.M) be a morphism such that f o g = 0. As the functor
Fil(kMod) — rMod that forgets the filtration is faithful, there is at most one morphism
h . (M" Fil.M") — (M’ ,Fil,M') such that g = u o h. Also, as M’ is the kernel of
f in gkMod, there exists h : M"” — M’ such that ¢ = u o f, and it suffices to check
that this A is compatible with the filtrations. Let n € Z. Then g(Fil,M") C Fil, M, so
h(Fil,M") = M" N g(Fil,M") ¢ M’ N Fil,M = Fil, M.

The quotient map p : N — N’ is a morphism in Fil(zfMod), by definition of Fil,N'.
We claim that (N’ Fil,N’) is the cokernel of f. Let g : (N, Fil,N) — (N”, Fil,N") be
a morphism such that g o f = 0. As in the previous paragraph, it suffices to prove that
the unique morphism of R-modules i : N — N such that h o p = g (given by the fact
that V' is the cokernel of f in zkMod) is compatible with the filtrations. Let n € Z. Then
Fil, N’ = p(Fil,N), so h(Fil,N’") = ¢g(Fil,N) C Fil,N".

We can now calculate the image and coimage of f using our formulas for the ker-
nel and cokernel of a morphism of Fil(fMod). The image of f is the kernel of
p : (NV,Fil.N) — (N, Fil.N’), so it is the submodule f(M) of N, with the fil-

10We say that the filtration is exhaustive.
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tration given by Fil,f(M) = f(M) N Fil,N. The coimage is the cokernel of
uw: (M Fil,M') — (M,Fil,M), so it is the R-module M /M’ ~ f(M), with the fil-
tration image of that of M by the quotient map M — M /M’. Note that, even though the
image and coimage of f have the same underlying 2-module, their filtrations are different
in general.

If (M,Fil,M) is a filtered R-module and F' = «(M,Fil,M) is the associated functor
7Z — rMod, then @Z F = hﬂnez Fil, M =, Fil, M; if (M, Fil, M) is an object of
Fil(rRMod), this is equal to M.

Let f,g : (M,Fil,M) — (N,Fil,N) be two morphisms in Fil(zMod)
such that «(f) = (g).  Then lim.(f) = lim(g) as morphisms from
M = lignEZ Fil,M — @n z Fil, N = N; as the first of these morphisms is equal to

f (because its restriction to each Fil,, M is equal to f) and the second is equal to g (same
reason), we get that f = g. So the functor ¢ is faithful.

Let (M,Fil.M), (N,Fil,N) be objects of Fil(zkMod), and Ilet
a @ o(M,Fil,M) — «(N,Fil,N) be a morphism of functors. Then f = lim o is a
morphism of R-modules from M to N. We claim that f is actually a morphism of filtered
R-modules. Indeed, let n € Z. Then we have a commutative diagram

a(n)

o(M, Fil, M)(n) = Fil, M -4 Fil, N

L]

t(N,Fil,N)(n)

which shows that f(Fil,, M) C Fil,V, and also that ¢(f) = «. So the functor ¢ is full.

We can also calculate the essential image of . We claim that it is the subcategory of
functors F' : Z — rMod such that F'(u) is injective for every morphism u of Z. First,
the functors (M, Fil, M) clearly satisfy this conditions, because the mrophisms F'(u) are
the inclusion Fil, M C Fil,,M for n < m. Conversely, suppose that F' satisfies the
condition above. Let M = lim F. For every n € Z, the morphism F'(n) is the colimit
of the injections F'(n) — F(m), m > n, so it is injective because filtrant colimits are
exact in pkMod; let Fil,M C M be its image. We have M = Unez Fil,, M because
M = lim F(n), and the isomorphisms F(n) — Fil,M induce an isomorphism of

functors £ = (M, Fil,M).

We define « : Func(Z, RpMod) — Fil(xMod) in the following way : If F' : Z — rpMod
is a functor, we set x(F') = (M, Fil,M), where M = lim F" and Fil, M is the image of
the canonical morphism F'(n) — M. If a : F' — G is a morphism of functors, we get a
morphism of R-modules f : lim o : M = lim /" — N = lim G, and this is a morphism of
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filtered R-modules because we have commutative squares

a(n)

Fil(n) —= G(n)

b

—
f

We claim that « is left adjoint to ¢. First we construct a morphism of functors
7 ¢ idpunc(z, xMod) — ¢ © K. Let F' : Z — rMod be a functor, let (M, Fil,M) = x(F),
and let G = «(k(F)). By construction of x(F'), we have a morphism of R-modules
F(n) — Fil,M = G(n) for every n € Z, and these morphisms define a morphism of func-
tors 7)(F') : ' — G. The fact that the morphisms 7(F") define a morphism of functors is im-
mediate. Also note that, if (M, Fil, M) is an object of Fil(rMod) and F' = «(M, Fil, M),
then M = lim F and F(n) = Fil, M for every n € Z, so x(F') = (M, Fil,M). This gives
an isomorphism of functors ¢ : K o1 —> idpii(zMoa), and it is easy to see that t(e) is the
inverse of 7(¢) : © — ¢ o k o «. We want to apply Proposition to show that (k,¢) is a
pair of adjoint functors. It remains to prove that the composition

r(1) (k)
K——=KOLOK—=K

is the identity, but this also follows immediately from the definitions.

Let F' € Func(Z, RkMod). Suppose that we have found (M, Fil,M) € Ob(Fil(xMod))
and o« : (M, Fil, M) — F such that a(n) : Fil, M — F(n) is surjective for every n € Z.
We define (N, Fil,N) by N = Ker(M — ling F) and Fil,N' = Ker(Fil,M — F(n)).
This is clearly a filtered R-module. If x € N, there exists n € Z such that z € Fil,, M;
as the image of z in lim F' is O, there exists m > mn such that the image of x in
F(m) is 0, and then z € Fil,,N. So N = |J,,Fil,N, and it si clear from the
way cokernels are calculated in Func(Z, pMod) that F' is the cokernel of the morphism
o(N, Fil,N) — o(M, Fil, M).

So, to answer the question, it suffices to find (M, Fil,M) satufying the con-
ditions of the previous paragraph. Let M = &, ,F(n) and, for every
m € Z, let Fi,L, M = &,.,, F(n). Then (M,Fil,M) is an object of
Fil(rRMod). Let a : «(M,Fil,M) — F be the morphism of functors such that
a(m) : @, <, F(n) — F(m) is given on the factor F(n) by F(u,y) : F(n) = F(m),
where u,,, is the unique morphism from n to m in Z; this clearly defines a morphism of
functors.
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A.3.5 Admissible “topology” on Q

If you have not seen sheaves (on a topological space) in a while, you might want to go read
about them a bit, otherwise (b) will be very hard, and (f) won’t be as shocking as it should be.
Also, if the construction of sheafification that you learned used stalks, you should go and read a
construction that uses open covers instead; see for example Section [III.1f.

Ifa,b € R, we write
[a,b) ={z €R|a<z<b}

and
la,b[={x € R |a <z < b}.

Consider the space Q with its usual topology. An open rational interval is an open subset of
Q of the form QN a, b with a,b € Q. An closed rational interval is a closed subset of Q of the
form Q N [a, b], with a,b € Q.

We say that an open subset U of Q is admissible if we can write U as a union | J,; A; of open
rational intervals such that, for every closed rational interval B = Q N [a, b] C U, there exists a
finite subset ./ of I and closed rational intervals B; C A, for j € J, such that B C {J;., B;.

If U is an admissible open subset of Q and U = | J,, U; is an open cover of U, we say that
this cover is admissible if, for every closed rational interval B = Q N [a,b] C U, there exist a
finite subset J of I and closed rational intervals B; C Uj, for j € J, such that B C UjE 5 B;.

Let Open, be the poset of admissible open subsets of Q (ordered by inclusion), and let
PSh, = Func(Open,, Ab). This is called the category of presheaves of abelian groups on
the admissible topology of Q. If F' : Open,” — Set is a presheaf and U C V are admissible
open subsets of Q, we denote the map F'(V)) — F(U) by s — s|i/.

We say that a presheaf /' : Open,” — Ab is a sheaf if, for every admissible open subset U of
Q and for every admissible cover (U;);c; of U, the following two conditions hold :

(1) the map F(U) —= [[,c; F(U;), s — (syy,) is injective;

(2) if (s;) € [[,c; F(Us) is such that s;p,nu, = sjjunu, for all 4,5 € I, then there exists
s € F'(U) such that s; = sy, for every i € 1.

The full subcategory Sh, of PSh, whose objects are sheaves is called the category of sheaves of
abelian groups on the admissible topology of Q. E

(a). Let U be an open subset of Q, and let V(U) be the union of all the open subsets V' of R
such that VN Q = U. Show that V' (U) is the union of all the intervals [a, b], for a,b € Q
such that Q N [a,b] C U.

(b). Show that every open set in QQ is admissible. [:7]

HOf course, we could also define presheaves and sheaves with values in Set.
2There is a similar notion of admissible open subset in Q", where intervals are replaced by products of intervals,
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(c).
(d).

(e).
(.

Give an open cover of an open subset of (Q that is not an admissible open cover.

Show that the inclusion functor Sh, — PSh, has a left adjoint /' —— F' sh(The sheafifi-
cation functor.)

Show that Sh, is an abelian category.

Show that the inclusion Sh, — PSh, is left exact but not exact, and that the sheafification
functor PSh, — Sh,, is exact.

For every € Q and every presheaf I’ € Ob(PSh,), we define the stalk of F' at x to be
Fy = limg, F(U), that is, the colimit of the functor ¢ : Open,(Q,z)® — Ab, where
Open, (Q, x) is the full subcategory of Open, of admissible open subsets containing = and ¢
is the restriction of F'.

().
(h).

().

For every x € Q, show that the functor Sh, — Ab, F' —— F is exact.

Let PSh (resp. Sh) be the usual category of presheaves (resp. sheaves) of abelian groups
on R. Show that the functor Sh — PSh, sending a sheaf F' on R to the presheaf
U vr— F(V(U)) on Q is fully faithful, that its essential image is Sh,, and that it is exact
as a functor from Sh,, to Sh.

Find a nonzero object F' of Sh, such that £, = 0 for every z € Q.

Solution.

(a).

(b).

(©).

The set V' (U) is obviously an open subset of R, we have V(U) N Q = U, and V(U) is
maximal among open subsets of R satisfying this condition.

Let a,b € Q such that Q N [a,b] C U. Then (Ja,b|UV (U)) N Q = U, so ]a,b[C V(U) by
the maximality of V(U); as a,b € U C V, we get that [a,b] C V(U).

Conversely, let z € V(U). As V(U) is open in R and Q is dense, there exist a, b € Q such
thata < z < band [a,b] C V(U). ThenQnN [a,b] C QNV(U) C U.

Let U be an open subset of Q, and let V' = V(U). Let ((a;, b;))icr be the family of all
couples (a;,b;) € Q such that a; < b; and that the open interval |a;, b;[ is contained in
V(U). For every i € I, let A; =|a;, b;[NQ; this is an open rational interval. We have
U= UZ.6 ; A;, and we claim that this is an admissible cover of U, which implies that U is
admissible. Let B be a closed rational interval, and let a, b € Q such that B = QN [a, b].
Then [a,b] C V by question (a). As [a,b] is compact, there exists a finite subset .J of
I such that [a,b] C ;¢ laj, b;[. By the shrinking lemma |"°| (and the finiteness of .J),
there exists € > 0 such that [a,0] C U;c;la; +¢,0; — ¢, so B C e, Bj, where
Bj :Qﬂ [CLj“F&,bj —8].

Let U =|0,2[NQ. Let (z,)nen be an increasing sequence of rational numbers that

and this result does not hold for n > 2.
13See Theorem 15.10 of [16].
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converges to /2. For every n € N, let U, = Q N (]0,2,[U]2/x,,2[); note that
T, < V2 <2/x,. ThenU = Unen Un- We claim that this is not an admissible cover. Let
a,b € Qsuchthat 0 < a < 1/v/2 < b < 1,and let B = QN [a, b]. If there existed a finite
subset M of N such that B C Un6 v Un, then, as the family U, is increasing, there would
exist NV € N such that B C Uy, which is absurd because z .1 € B\ Uny1.

The same construction as in Section m gives an additive functor .# —— [P = Z++
from PSh, to Sh, and a morphism of functors ¢ : idpgp, — (+)*" such that, if .7 is a sheaf,
then +(.%) is an isomorphism. Indeed, we never used the fact that we have a topology in
this construction. We only used the fact that we have a notion of open subsets and a notion
of covers of open subsets, such that :

(1) any two covers of an open subset admit a common refinement;

(2) if we have a cover (U;);c; of U and we take a cover of each U;, then the union of
these gives a cover of U;

(3) if we have a cover of U and we intersect it with an open subset V' of U, then we get
acover of V.

Let’s check these properties.

(1) Let (U;)ier and (V;) e be two admissible covers of U. We claim that (U; NV} )ier jes
is an admissible cover of U. Let B C a rational closed interval. There exist finite
subsets I’ C [ and J' C J and closed rational intervals A, C U; and B; C Vj,
fori € I"and j € J', such that B C J;c;y A and B C ;. Bj. For every
(i,j) € I' x J', C;; = A; N B; C U; NV} is a closed rational interval, and we have

B C U(z‘,j)el’x]’ Cij-

(2) Let (U;)icr be an admissible open cover of U. For every ¢ € I, let (U;;),cs, be an
admissible open cover of U;. Let B = QN|a, b] C U be a closed rational interval. Let
I’ C I be a finite subset and B; C U, be closed rational intervals, for i € I’, such that
B C ;e Bi. Foreveryi € I, let J{ C J; be a finite subset and B;; C Uj; be closed
rational intervals, for j € Jj, such that B; C {J;c; Bij. Then B C Uiep Ujer Bijs

and the set | J,,, J; is still finite.

(3) Let (U;);er be an admissible cover of U, let V' C U be another open set of @, and
let (Vi)ier = (VN U)ier- Let B = QN [a,b] be a closed rational interval such
that B C V. Then there exist a finite subset J of I and closed rational intervals
Bj = Qnlay,b] C Uy, for j € J, such that B C |J;; B;. After replacing each B;
by its intersection with [a, b], we may assume that a; > a and b; < b for every j € J.
Then B; C B C V,so B; C V;, and we still have B C U]EJ B;.

The fact that +(.%) is an isomorphism for .# a sheaf means that .(G) : G — G o F o G is
an isomorphism of functors; as G is fully faithful, :(G)™! : Go F o G — G comes from
a unique isomorphism of functors € : F' o G — idgy,. By Lemma , this € induces a
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(e).

270

functorial morphism
« : Hompgy,, (-, G(+)) — Homgy,, (F'(+), )

sending f : F — Z' (with F a presheaf and %' a sheaf) to
a(F, FN(f) = (F') Lo fh . Fh 5 F'. As . is a morphism of functors, we
have a commutative square

hence a(.%, . #')(f) o 1(#) = f, and, by the analogue of the uniqueness statement of
Proposition [[IL1.10(vi), a(#, #')(f) is the unique morphism from .#*" — Z' hav-
ing that property. This implies that «(.#,.%7")(f) determines f (so that a(.%,.%’) is
injective), but also that, if ¢ : .#*® — .Z’ is any morphism of sheaves such that
f = gouZF), then g = a(F,Z')(f); the last part gives a construction of a map
B : Homgy, (F** F') — Hompgy, (F,.F') such that a(F,.F') o 3 is the identity, so
o F, F') is surjective.

We will actually show that the category of sheaves has all small limits and colimits, and
that the inclusion functor Sh, — PSh, commutes with limits.

If .% is a presheaf, then .% is a sheaf if and only if the sequence

0— 7)) "B Fzw) "5 ] #w.nuy)

icl ijel
is exact, for every open subset U of Q and every admissible open cover % = (U;);c; of U,
where u(.#,% ) sends s € F(U) to (sy,)ier and v(F, % ) sends (s;) € [[,c; F (U;) to
(Sz'|UmUj — Sj|UinU; )i jer- This sequence is functorial in .#, and functorial and contravariant
in % . Also, the functors appearing in the sequence commute with limits in .%, because of
the way limits are formed in categories of presheaves and because direct products (being
limits) commute with limits. So, if we have a functor «« : .¢# — Sh, with .# a small
category, the presheaf @(G o ) is also a sheaf; as sheaves form a full subcategory of
PSh,, this limit satisfies the universal property of the limit in the category Sh,, so it is
(the image by G of) the limit of . Or, in other terms : to form a limit in the category of
sheaves, it suffices to take the limit in the category of sheaves.

Now we show that «v also has a colimit. In fact, we show that the sheafification of li IQ(G o)
is the colimit of «v. Indeeed, for every sheaf ¢, we have isomorphisms, functorial in ¢:

Homygy,, (F (hﬂ(G ow)),¥) ~ HOHlpSha(hg’l(G ow),G(9))
~ lim  Hompgy, (G(a(i)), G(9))
i€Ob(.sop)
= lim Homgy,, ((i),¥),
i€Ob(.7oP)



(®).

().
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which is the universal property of the colimit.

As Sh, is an additive subcatgeory of PSh,, the fact that it has all limits and colimits shows
that every morphism of Sh, has a kernel and a cokernel; we also showed that the kernel
of a morphism of Sh, is its kernel in PSh,, and that its cokernel is the sheafification of its
cokernel in PSh,,.

Now let f : % — ¢ be a morphism in Sh,. We want to show that the canonical mor-
phism Coim(f) — Im(f) is an isomorphism. By definition, Im(f) is the kernel of
p: 9 — Coker(f); so, for every open subset U of Q, an element s € 4 (U) isin (Im f)(U)
if and only if there exists an admissible open cover (U;);c; of U such that, for every i € I,
we have p(sjy,) = 0, thatis, sy, € Im(F(U;) — 4(U;)). In other words, Im(f) is
the sheafification of the separated presheaf ¢ : U — Im(.%#(U) — ¢(U)). On the
other hand, Coim( f) is the sheafification of the presheaf .# : U — Z(U)/(ker f)(U).
The canonical morphism Coim(f) — Im(f) is induced by the morphism .# — % send-
ing an element s of .% (U)/(Im f)(U) to f(s) € 4(U), which is an isomorphism; so
Coim(f) — Im(f) is also an isomorphism.

We saw that G : Sh, — PSh, commutes with limits, so it is left exact. To show that
G is not exact, it suffices to find a surjective morphism v : .% — ¥ in Sh, such that
F(Q) — ¥4(Q) is not surjective. Let .# be the constant sheaf with value Z on Q,
that is, the sheafification of the constant presheaf .%, : U —— Z. Let ¢ be the sheaf
sending an open subset U of Q to ZU %1} (with the obvious restriction maps), with the
(usual) convention that Z“ = 0. For each open sbuset U of Q, we have the diagonal map
Fo(U) — 4 (U). This gives a morphism of presheaves .7, — ¢, so we get a morphism of
sheaves .# — ¢. This morphism is surjective in Sh, because, if U is an open subset of
such that {0,1} C U and s € ¢4(U), then we can find an admissible open cover (U, Uy ) of
U such that U; N {0,1} = {i} for i = 0, 1, and then sy, € Im(.F (U;) — 9 (U;)) = 9 (U;)
for i = 0,1. However, the morphism .7 (Q) = Z — ¢4(Q) = Z? is the diagonal mor-
phism, which is not surjective. (To calculate .7 (Q), it is easiest to use question (i); the
sheaf . is then identitied to the constant sheaf with values Z on R, and its global sections
are Z because R is connected.)

It remains to show that the sheafification functor is exact. By the construction of colimits in
Sh,, we already know that it is right exact, so it suffices to show that it preserves injective
morphisms. Let .# — .#’ is an injective morphism of presheaves. If U is an open subset
of Q, then HY(%,.7) — H°(% ,.7') is injective for every admissible open cover % of
U (by definitions of these groups), so .Z(U) — .%'"(U) is injective because filtrant
colimits are exact in Ab. Applying this reasoning twice, we see that Z**(U) — .Z"*"(U)
is injective for every U. As kernels in Sh, are calculated by taking kernels in PSh,, this
means that .Z* — .Z"" is injective.

We can define the stalks of a presheaf (with the same formula). If
0 - % — % — %3 — 0 is a short exact sequence of presheaves, then the
complex 0 — F1(U) — F»(U) — Z3(U) — 0 is exact for every open subset U of Q, so,
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as stalks are defined by filtrant colimits and filtrant colimits are exact in Ab, the complex
0= F1, = P — F3, — 0is exact for every z € Q. As the inclusion Sh, C PSh,
is left exact, we conclude that the functor Sh, — Ab, . —— %, is left exact for every
x € Q. To show that it is exact, it is therefore enough to show that it sends surjections
to surjections. Let f : . % — ¥ be a surjective morphism, let z € Q, and let s, € ¥%,.
Choose an open suset U > z of Q and a section s € ¢ (U) representing s,. As we saw in
the solution of (d), the surjectivity of f means that there exists an admissible open cover
(Us)ier of U and sections t; € % (U;) such that f(t;) = sy, forevery i € I. Letiy € I
such that z € U, , and let t,, € .#, be the image of t;,. Then f, : %, — ¥, sends t, to s,.

(h). We prove the following facts :

(A)

(B)

©)

(D)

Let U and U’ be open subsets of Q. We claim that V(U N U’) = V(U) N V(U").
Indeed, the set V(U) N V(U’') is an open subset of R such that
QNVWU)nvU) =UnU,so VU)NV(U") c V(UNU') by maximal-
ity of V(U N U"). Conversely, if a,b € Q are such that B := QN [a,b] C UNU’,
then [a,b] C V(U) and [a,b] C V(U'), so [a,b] C V(U) NV (U’); this shows that
VUNU) CVU) NV,

Let U be an open subset of Q and let (U;);c; be an admissible open cover of U.
We claim that V(U) = (J,c; V(U;). Indeed, V' := J,c; V(U;) is an open subset
of Rsuchthat Q NV’ = U, so V' C V(U). Conversely, let a,b € Q such that
B := QnN[a,b] C U, by the admissibility conditions, there exists a finite subset
J of I and rational closed intervals B; = Q N [a;,b;] C Uj, for j € J, such that
B C U,c; B;. This implies that [a, b] = (U, ;[a;, b;]; moreover, for every j € J, the
fact that B; C U; implies that [a;, b;] C V(U;); so we finally get that [a,b] C V", as
desired.

Let U be an open subset of Q, and let (V;);c; be an open cover of V(U). We claim
that, after replacing (V});c; by a refinement, the open cover (UNV;);c; of U is admis-
sible; also, if all the V; are open intervals, then no refinement is necessary. Indeed,
after replacing (V;);cs by a refinement, we can assume that all the V; are open inter-
vals in R. Let B = Q N [a, b] be a closed rational interval contained in U. Then
l[a,b] € V(U). As [a,b] is compact, there exists a finite subset J of I such that
[a,0] C U e V. By the shrinking lemma,? there exist closed intervals with rational
end points [a;, b;] C Vj such that [a,b] C U, la;, b;[. If B; = QN [ay, b;] for every
j € J,wehave B; C UNVjand B C {J,c; Bj. So the open cover (U N V;)ier of U
is admissible.

If A is an open inteval of R, then V(A N Q) = A. Indeed, it is clear that
A C V(AN Q). Conversely, write A =|x,y[, and let a,b € Q such that
QNa,b] Cc ANQ;thenz < aand b < y, so [a,b] C A. Hence A D V(ANQ).

Now let .# be a sheaf on R for the usual topology, and let ®(.%#) be the presheaf

14See Theorem 15.10 of [16], again.
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U +— ZF(V(U)) on Q. For an admissible open cover (U;);c; of an open subset U of
Q, the sequence

0— ®(F)U) = [[2(F) ) - [] 2(&)(UinUy)

iel ijel

(where the first map sends s € ®(F)(U) to (siy,)icr and the second map sends
(5:) € [;er (F)(Us) to the family (s;0,nv; — Sjjv,nu, )ijer) is exact, because it is equal
to the sequence

0= Z(VU) = [[ZVW) = [V U;)

iel i,5€l

by (A), and because (V' (U;));e; is an open cover of V(U) by (B). So ®(.%) is a sheaf for
the admissible topology on Q.

The functor ® : Sh — Sh, is clearly additive and left exact. We show that it is faithful. Let
f:# — % be a morphism of Sh such that ®(f) = 0. Then, for every open interval A of
R, we have .7 (A) = &(F)(ANQ) and 9(A) = &(¢)(AN Q) by (D), so the morphism
f(A) : F(A) — 4(A) is zero. As open intervals form a basis of the topology of R, this
implies that f = 0.

We show that ® is full. Let .#, ¢ be sheaves on R, and let g : ®(F) — P(¥)
be a morphism of sheaves on Q. For every open interval A of R, we define
f(A) : F(A) = &(F)ANQ) — Y(A) = D(¥9)(ANQ) to be g(ANQ) (we are
using (D) again). If A C A’ are open intervals of R, the diagram

F(AY)

F(A) ——4(A)

(where the vertical arrows are restriction maps) is commutative because g is a morphism
of presheaves. As open intervals form a basis of the topology of R, there is a unique
morphism of sheaves f : . # — ¢ that is equal to f(A) on sections over any open interval
A. Ttis clear that ®(f) = g.

We show that the essential image of ® is Sh,. Let .%, be a sheaf on Q for the admissible
topology. We want to define a sheaf .# on R such that ®(.%) ~ %,. As open intervals
form a base of the topology of R, it suffices to define .# on open intervals (and to check the
sheaf condition for covers of an open interval by open intervals). If A is an open interval
of R, we set Z (A) = .Fo(ANQ); by (D), we then have #(ANQ) = Z(V(ANQ)).
The sheaf condition for .%# follows from the sheaf condition from .%, and from (C), and
the fact that (%) = .% is obvious.

Finally, we have shown that ® is an equivalence of categories from Sh to Sh,,. In particular,
it commutes with all limits and colimits that exist in these categories, so it is exact.
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(i). Let .Z be the skryscaper sheaf on R supported at /2 and with value Z. In other words,
if V' is an open subset of R, we have .7 (V') = 0 if V2 & V and FV)=17Zif V2 eV,
the restriction morphisms are either 0 or idz. Let .%, = ®(.#); then .%, is the sheaf on
Q given by F(U) = 0if V2 ¢ V(U), and F (U) = Zif v2 € V(U). If z € Q, then
there exists an open neighborhood U of x in Q such that v/2 ¢ V(U) (for example an open
rational interval), so .%, = 0.

O

A.3.6 Canonical topology on an abelian category

Let o/ be an abelian category. Let PSh = Func(47°P, Ab) be the category of presheaves of
abelian groups on .o#. We say that a presheaf ' : &/°? — Ab is a sheaf (in the canonical
topology) if, for every epimorphism f : X — Y in o7, the following sequence of abelian groups
is exact :

F(g) ) F(p1)—F(p2)

0——— F(Y) F(X F(X xy X),

where p1,po : X Xy X — X are the two projections. We denote by Sh the full subcategory of
PSh whose objects are the sheaves

(a). If f : X — Y is an epimorphism in .o/, show that it is the cokernel of the morphism
p1—p2: X Xy X — X, where py,ps : X Xy X — X are the two projections as before.

(b). Let f : X — Y be an epimorphism in &/ and g : Z — Y be a morphism. Consider the
second projection py : X Xy Z — Z. Show that py is an epimorphism.

(c). Show that every representable presheaf on .o/ is a sheaf.

(d). Show that the inclusion functor Sh — PSh has a left adjoint ' — F*"_ (The sheafifica-
tion functor.)

(e). Show that Sh is an abelian category.

(f). Show that the inclusion Sh — PSh is left exact but not exact, and that the sheafification
functor PSh — Sh is exact.

Solution.

15 Again, we could define sheaves of sets.
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(b).
(©).

(d).
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We have a cartesian square

As f is surjective, Proposition implies that this square is also cocartesian, that
is, Y is the coproduct X Uy, x X. We now show that f = Coker(p;,ps2). We have
f op1 = f op, by definition of the fiber product. Let g : X — Z be a morphism such that
gop; = gops. By the universal property of the coproduct, there exists a unique morphism
h:Y — Z suchthat g = h o f. This is also the universal property of Coker(py, ps).

This is Corollary [I1.2.1.16(ii) .
pP1—p2

If f: X — Y is surjective, then, by (a), the sequence X xy X "—~ X i> Y — 0is exact.
So every left exact functor &7°®» — Ab is a sheaf, and in particular every representable
functor.

In fact, every sheaf .# : &/°® — Ab that is an additive functor is automatically a

left exact functor &7 — Ab. Indeed, let 0 — Z % X i> Y — 0 be an ex-

act sequence. As the sequence X xy X " X L ¥V 5 0is exact, we have

Z = Im(g) = Ker(f) = Im(p; —p2), so there exists a unique morphism  : X xy X — Z
such that g o h = p; — p,. Applying .#, we get a commutative diagram where the top row
is exact

0— 7)) 2D ) TP, 2 (X xy X)
Z(9) Ty(h)
F(Z)

We have .7 (g) o .7 (f) = 0 because fo = 0, so Ker.%(g) D Im.%(f). On the other hand,
Im.Z(f) = Ker.Z(p; — p2) because .Z is a sheaf, and Ker .#(g) C Ker.%(p; — p2)
because F(p; — p2) = F(h) o Z(g). So Ker #(g) = Im.Z(f), and the sequence
F(Z) = F(X)— F(Y) — 0is exact.

As in problem it suffices to construct a functor PSh — Sh, . —— .Z*" and a
morphism of functors +(.%) : . F — . such that ¢(.%) is an isomorphism for .# a sheaf
and that, if f : % — ¢ is a morphism of presheaves and ¥ is a sheaf, then there exists a
unique morphism of sheaves f’ : . — & such that the following diagram commutes
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The rest of the proof is the same as is question [A.3.5(c).

The construction of the sheafification functor follows the same lines as the construction of
Section [lII.1} except that we have to use the correct notion of cover. Let X be an object of
/. The category of covering families of X is the category .#x whose objects are surjective
morphisms Y — X and whose morphisms are commutative diagrams Y —— Y’ . Let

|/

X
% be a presheaf on 7. If X is an object of & and f : Y — X is a surjective morphism,

we set
H(Y = X,.7) =Ker(F(pr — p2) : F(YV) = F(Y xxY)),

where p1,ps 1 Y X x Y — Y are as before the two projections. As .% (p; —p2) o Z(f) =0,
we have a morphism .# (X) — H(Y — X,.%) induced by .7 (f). Let f; : ¥; — X and
fo 1 Yo — X be two surjective morphisms, and suppose that there exists g : Yo — Y]
such that f; o g = f5 (that is, g is a morphism in Zx). If q1,q : Yo xx Y5 — Y5 are
the two projections, then fiogoq = fooq1 = fo0q2 = f1 0G0 G2, 50 (g0 q1,9 0 q2)
defines a morphism ¢’ : Y5 xx Yo — Y; Xx Y) such that the compositions of ¢’ with the
projections py,ps : Y7 Xx Y7 — Yj are equal to g o ¢; and g o ¢,. In particular, we have
go(q1—q2) = (p1—p2)og’, hence F (q1 —az)o.F (g) = F(g')o.F (p1 —p2). So morphism
F(g) 1 F(V1) — F(Ya) sends H(Y; — X,.F) to H'(Y, — X, .F). As in Section|[[IL1],
we can show that this morphism does not depend on g. Indeed, let i : Y5 — Y7 be another
morphism such that f; o h = f5. Then (g, h) defines a morphism & : Y5 — Y] X x Y7 such
that py ok = gand py o k = h. If s € H(Y; — X,.%), then

F(9)(s) = F(k)(F (p1)(s)) = F(F)(F (p2)(s5)) = F (h)(s),

because .7 (p1)(s) = .Z (p2)(s) by definition of H*(Y; — X,.%).

In summary, we have made H°(-,.%) into a functor (.#%)°® — Ab, where .#¥ is the
category that we get from .#x by contracting all the nonempty Hom sets to single-
tons. We denote by .# (X)) the colimit of this functor. We have a canonical morphism
F(X) — F*(X), given by the morphisms .7 (X) — H(Y — X, .7).

If X’ is another object of & and v : X’ — X is a morphism, then we get a functor
Ix — Fx by sending a surjection Y — X to Y xx X' — X’ (which is a surjection by
(b)). This allows us to define a morphism .# *(X) — .% (X’) as in the notes, and so % *
is a presheaf. It is easy to see that the morphisms .% (X) — .# (X)) define a morphism of
presheaves (o(.%) : F — Z . Itis also easy to see that &% —— # is a functor, and that
the 1o(.#) define a morphism of functors.

We set " = Z*F with the morphism «(F) F — FTT given by
L(F) = 1o(FT)og(FT). If F is a sheaf, then F(X) = H'(Y — X, .F) for every
surjective morphism Y — X, so ¢(.%) is an isomorphism.

The proof of Proposition now goes through, provided that we can prove that



(e) and (f)
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(#2)°P is filtrant. If f : Y — X and f' : Y' — X are surjective maps, then the two pro-
jectionspy : YXxY’' — Yandpy : Y xxY’ — Y are surjective by (b), and fop; = f'ops,
so we have morphisms (Y — X) — (Y xx Y’ — X)and (V' — X) = (Y xx Y’ — X)
in (#2)°P, which suffices because the Homs of (.#7)°P are empty or singletons.

The proof of questions (d) and (e) of problem [A.3.5]applies (provided we replace admissi-
ble open covers by surjective morphisms), except for the counterexample showing that the
inclusion Sh C PSh does not preserve surjections. Anticipating a bit on problem
we can make the following counterexample : Let A — B be a surjective morphism in
</ . Then the induced morphism Hom (-, A) — Hom (-, B) is surjective in Sh. (See the
solution of that problem.) But it is not true in general that Hom,, (C, A) — Hom,, (C, B)
is surjective for every object C' of ./ and every choice of surjective A — B, unless 7 is
a semisimple abelian category. Indeed, if <7 is not semisimple, then we can find an exact
sequence 0 - A — B — A — 0 that is not split, and than id4 € Hom,, (A, A) does not
come from an element of Hom,, (A, B).

OJ

A.4 Problem set 4

A.4.1 Cartesian and cocartesian squares

(a).

(b).
(c).

Consider a commutative square

ALB

g h

in an abelian category /. Consider the morphisms u = (ch ) : A — Ba& C and
v:(h —k;) :BeC — D.
Prove that the following statements are equivalent :

(i) The canonical morphism A — B xp C'is an epimorphism.

(i) The canonical morphism B L4 C' — D is a monomorphism.

(iii) The complex A = B @ C' = D is exact.

Let A% B % Cbe morphisms in <. Show that g~!(Ker f) = Ker(f o g).

Keep the notation of the previous question, and suppose that g is surjective. Show that
g(Ker(fog)) =Ker f.
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(d). Keep the notation and assumptions of the previous question. If v : D — B is a morphism
such that f o u = 0, show that there exists a commutative diagram

such that ¢’ is surjective and f o g o v’ = 0.

Solution.
(a). We claim that the canonical morphism B xp C' — B x C' = B @ (' identifies B xp C'to
Kerv. Indeed, we have, for every F € Ob(.«/),

Hom,, (F, B xp C) = {(wy,ws) € Homy (F, B) x Hom(E,C) | how; = kows}
={w € Homy(E,B x C) |vow =0}
= Hom(E, Kerv).

So (i) is equivalent to the fact that the morphism A — Ker v induced by w is an epimor-
phism, which implies that the canonical morphism Im(u) — Ker(v) is an epimorphism,
hence an isomorphism (because it is automatically injective), which is (ii1).

We prove that (ii) and (iii) are equivalent. Let « : B & C' — B & C be the morphism with
matrix ((1) _01 . Note that « o v = idpgc, and in particular ¢ is an isomorphism. Let

u' =towuand v’ =wv o Thenv' ou’ = vowu =0, and we have a commutative square

Im(u) — Ker(v)
Im(u') — Ker(v')
so (iii) is equivalent to the condition that the complex (%) A “ B & C Y D be exact.

We claim that the canonical morphism B & C' — B L, C identifies B L4 C to Coker(u’).
Indeed, for every E € Ob(/),

Hom,, (Coker v/, F) = {w € Hom,(B® C,E) |wou' =0}
= {(w1,ws) € Homy (B, F) x Homy(C, E) | wy o f = ws 0 g}
= Homﬂ(B |—|A C, E)

So (ii) is equivalent to the injectivity of the morphism Coker(u’) — D induced by v'; if
p: B® C — Coker(u) is the canonical surjection, this means that (ii) is equivalent to the
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fact that, for every object E of o/, we have
{f eHomy,(E,B&C)|vof=0}={f € Homy,(E,B&C)|po f =0}
= {f € Homy (E,Im(u")},

where the last equality is because Im(u’) = Ker(p). This shows that condition (ii) is
equivalent to Ker(v') = Im(v’), that is, to the exactness of the complex (*).

By definition of g~!(Ker f), we have a commutative diagram, where the square is cartesian

g (Ker f) 7, Ker f

A—(—B——C

In particular, fogoj = foiog =0,s0 g '(Kerf) C Ker(f og). Conversely, let C
be an object of .7 and h : C' — A a morphism such that f o g o h = 0. Then we have a
unique morphism A’ : C' — Ker f such thatioh’ = goh, and this in turns defines a unique
morphism k : C' — ¢g~!(Ker f) such that j o k = h and ¢’ o k = h’. Applying this to the
inclusion Ker(f o g) — A, we see that this inclusion factors through g~!(Ker f) — A,
that is, Ker(f o g) C g *(Ker f).

By (b), it suffices to show that g(¢~*(Ker f)). In fact, this is true for any subobject of B, so
let B’ C B. We want to show that the morphism ¢~!(B’) — B’ induced by g is surjective.
By definition of g~!(B’), we have a cartesian square

g Y(B)—D

|

¢—>—B
and then the conclusion follows from Corollary

Let B’ = Im(u) C B. The morphism u factors as D - B’ - B with v surjective and i
injective, and we take D’ = g~ (B’) x ' D. We have a commutative diagram where both
squares are cartesian

!

D—7

]

g (B)— B

)| l

C—\s— B

and we take u' = b o a. The morphism ¢’ is surjective by Corollary [[I.2.1.16, and
fogou = foiovog = fouog =0.
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A.4.2 A random fact

Let o7 be an abelian category and f : B — A be a morphism of .o/. Show that, for every object
C of &7, the morphism Hom,, (Im(f),C') — Hom, (B, C) (induced by B — Im(f)) induces
an isomorphism

Hom,,/(Im(f),C) = Ker(Hom,/ (B, C) — Hom, (Ker f,C)).

Solution. The statement is saying two things :

(1) The map Hom,, (Im(f),C') — Hom, (B, C) is injective; this follows from the fact that
B — Im(f) is surjective.

(2) A morphism g : B — C factors through the quotient Im(f) of B if and only if
g(Ker f) = 0, or, in other words, the morphism B — Im(f) is the cokernel of the mor-
phism Ker(f) — B. This follows from the fact that Coim(f) — Im(f). (Remember that
Coim( f) is by definition the cokernel of the morphism Ker(f) — B.)

OJ

A.4.3 More sheaves on an abelian category

We use the notation of problem PS3.6 : We fix an abelian category, and we denote by Sh the
category of sheaves of abelian groups on .7 for the canonical topology. It is a full subcategory
of the catgeory of presheaves PSh = Func(.7°P, Ab). Both Sh and PSh are abelian categories,
and the forgetful functor Sh — PSh is left exact but not exact; this functor admits a left adjoint
F — F* which is exact.

(a). Let f : A — Bbeasurjective morphism in /. Show that, for every morphismu : C' — B,
there exists a commutative square

with ' : C" — C surjective.
(b). Show that the Yoneda embedding h. : </ — Func(</°P,Set), A — Homy (-, A),

factors as &/ —'— Sh —2 Func(/°?, Set) , where For is the forgetful functor and h is

a fully faithful left exact additive functor.
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(c). Show that the functor h : & — Sh is exact.

Solution.

(a). Wetake C' = A xpCand f' : C" — C equal to the second projection. The surjectivity of

f’ follows from Corollary [I1.2.1.16

(b). Forevery A € Ob(«), the functor Hom (-, A) : &7°? — Set factors through the forget-
ful functor Ab — Set, so we can see Hom,, (-, A) as an object of PSh; also,if f : A — B
is a morphism, then f* : Hom,(:, B) — Hom, (-, A) is a morphism of presheaves of
abelian groups (and not just of presheaves of sets), because composition is bilinear. So

the Yoneda embedding factors as .o/ ", pShFer Func(27°P, Set) , where For is the
forgetful functor. The functor i’ is additive and left exact because Hom (-, -) is additive
and left exact in both variables (and in particular the second). Also, for every A € Ob(«7),
the representable presheaf Hom,, (-, A) is a sheaf for the canonical topology by problem
c), so we get the factorization of the statement. Finally, the functor 4 is left exact be-
cause the sheafification functor PSh — Sh is exact and isomorphic to the identity functor

on Sh, so any complex of sheaves 0 — F; — F, — Fj that is exact in PSh is also exact
in Sh.

(c). By question (b) and Lemma[[1.2.3.2], it suffices to show that / sends surjections to surjec-
tions. Let f : A — B be a surjective morphism, and let C' € Ob(%7). Letu : C' — Bbe an
element of h(C'). Choose a commutative diagram as in question (a). Then ' : C' — C
is a covering family for the canonical topology of .7, and the morphism v’ : C" — A gives
an element of h4(C") whose image by f* : h4(C") — hp(C’)is fou' = f™(u). This
shows that f* : hg — h4 is surjective in the category Sh.

O

A.4.4 Other embedding theorems

If we weaken the assumptions in Morita’s theorem, we can still get interesting results. There are
many variants, we will prove two here.

Let .o/ be an abelian category, () an object of <7 and R = End,(Q). As explained in the
paragraph before Theorem [I1.3.1.6|, we can see the functor Hom,, (@), -) as an additive left exact
functor from 7 to Modp.

Note that we are not assuming that () is projective for now.

We assume that .7 admits all small colimits. From now on, we assume that .« admits all small
colimits. (You can mostly ignore the smallness condition. It basically means that you can take
colimits indexed by all sets that are built out of sets like Hom (A, B). The rigorous way to say
it is that o7 is a 7%/ -category, with %/ a universe, and that it admits limits indexed by %/ -small
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categories.)

(a). Show that, for every right R-module M, the functor .o — Set,
A +—— Homg(M,Hom,(Q, A)) is representable. We denote a pair representing
this functor by (M ®g Q,n(M)).

(b). Show that the functor G = Hom(Q, ) : &/ — Modpg admits a left adjoint F'.

(c). If M is a free right R-module, show that n(M) : M — G(F(M)) is injective, and that it
is bijective if M is also finitely generated.

(d). Let o7/ C o be a full subcategory of <7 that is stable by taking finite limits and finite
colimits.

(i) Show that <7’ is an abelian category and that the inclusion functor o7’ — &7 is exact.

From now on, we assume that the category <7’ is small. Suppose that () is a generator of
</ . For every object A of &, consider the surjective morphism g4 : Dy, g.4) @ — 4

of Proposition|I1.3.1.3(i)(e) . Let P = €D scop(r) Driom,, (g.4) @ Tor every A € Ob(’),
we have a surjective morphism p4 : P — A, which is given by ¢4 on the summand of

P indexed by A and by 0 on the other summands. Let S = End,,(P), and consider the
functor G’ = Hom (P, ) : &/ — Mods.

(i1) Show that GG’ is faithful, and that it is exact if () is projective.

(iii) If Q is projective, show that the restriction of G’ to .7’ is fully faithful.

From now on, we also assume that small filtrant colimits are exact in ./ and that () is a
generator of .o7. ['°l We do not assume that () is projective.

(e). The goal of this question is to show that G is fully faithful. Let & be the full subcat-
egory of .o/ whose objects are finite direct sums of copies of P, and & the full sub-
category of Mody whose objects are finitely generated free 2-modules. We denote by
h : o/ — PSh(%¥) the functor A — Hom/ (-, A)|¢, and by i’ : Modr — PSh(Z) the
functor M +— Hompg(-, M)4.

(i) Show that (& induces an equivalence of categories € — .
(ii) Show that &' : Mlodr — PSh(2) is fully faithful.

(iii) Assuming that h : &/ — PSh(%) is fully faithful, show that G : &/ — Modp is
fully faithful.

(iv) Show that h is left exact and faithful, and that, for any morphism f of 7, if h(f) is
surjective, then f is surjective.

(v) For any object B of ¢, any morphism f : B — A in ./ and any object C' of <7, show

161n other words, 27 is a Grothendieck abelian category.
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that the map
Hom,, (Im f,C') = Hompgy) (Im(h(B) — h(A)), h(C))
is an isomorphism. (Hint : problem )

Let A be an object of <7. Denote by ¢’/ A the category of pairs (B, f), where B € Ob(%)
and f : B — A is a morphism of .</; a morphism v : (B, f) — (B’, f') is a morphism
u: B — B’suchthat f = [’ ouw.

Let I be the set of finite subsets of Ob(%'/A), ordered by inclusion; the correspond-
ing category is clearly filtrant. Define a functor ¢ : I — % by sending a finite set
J={(B1, f1),-.,(Bn, fn)} to B & ... ® B,; note that {(J) comes with a morphism to
A, given by (f1 e fn).

(vi) Show that the canonical morphism lim | h(&(J)) — h(A) is an epimorphism.

(vii) Show t‘hat the canonical morphism limp Im(h(&(J)) — h(A)) — h(A) is an iso-
morphism.

(viii) Show that the canonical morphism hgq et ¢(J) — Ais an epimorphism.
(ix) Show that the canonical morphism limy Im(¢(J) — A) — A is an isomorphism.
(x) For C' another object of .o, show that Hom, (A, C') N Hompgh(#)(h(A), h(C)) is
bijective.
(f). The goal of this question is to show that F'is exact.
(1) Show that it suffices to prove that /' preserves injections.

Let f : M — N be a morphism in Modp.

(i) Suppose that M is finitely generated free and that /V is free. Show that the com-
position of n(Ker f) : Ker f — G(F(Ker f)) and of the canonical morphism
G(F(Ker f)) — Ker(G(F(f))) is an isomorphism.

Hint : Use the commutative diagram

M—r N

n(M)J n(N)
G(F(M)) s GIF(N))

(iii) Suppose that M is finitely generated, that N is free and that f is injective. Show that
F(f) is injective. (Hint : question 1(c).)

(iv) Suppose that NV is free and that f is injective. Show that F'(f) is injective. (Hint : M
is the union of its finitely generated submodules.)
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(v) Suppose that f is injective. Show that we can find a commutative diagram with exact

TOWS
0—— K —— M'—— M ——0
| ]
0— K — N ——N——0

such that f’ is injective and N’ is free.

(vi) Suppose that f is injective. Applying F' to the diagram of (v) and using PS4.1(a),
show that F'(f) is injective.

In conclusion, here are our embedding results so far :

(1) If o admits small colimits and a projective generator, we have shown that every
small full abelian subcategory 7’ of .o/ such that &/’ C o is exact admits a fully
faithful exact functor into a category of modules over some ring.

(2) If <7 is a Grothendieck abelian category (it admits small colimits, small filtrant col-
imits are exact, and </ has a generator), then we have shown that .7 admits a fully
faithful left exact functor into a category of modules over a ring, with an exact left
adjoint. This is known as the Gabriel-Popescu embedding theorem.

(3) We also have Morita’s theorem (Theorem [I1.3.1.6)) : If .o/ admits small colimits and
has a projective generator P such that the functor Hom,, (P, -) commutes with small
direct sums, then .7 is equivalent to a category of modules over a ring.

Solution.

(a). This is similar to what happens in the proof of Theorem [IT , with a few changes to
reflect the fact that (/) is not an isomorphism anymore. We denote by @, : &/ — Set
the functor A — Homp (M, Hom,(Q, A)).

(1) If M = R, then the functor ®,; : A —— Hompg (M, Hom,(Q, A)) ~ Hom,(Q, A)
is representable by (), and the morphism (M) € Homg(R, Hom,(Q, Q)) = Homg(R, R)
is the identity of R.

(2) If M = R with X a set, then we have isomorphisms of functors
®); = Homg (M, Hom(Q, ) HHomR (R,Hom,(Q,") HHomd
~ Hom:Q/(Q(X), ),
so the functor ®,, is representable by Q%) and the morphism
n(M) €  Hompg(R™ Hom,(Q,Q%X))) is the canonical morphism

R¥) = Homy(Q,Q)™ — Homy(Q,QX)) of Subsection [.5.4.2 (which
might not be an isomrophism).
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(3) In general, we chose an exact sequence RX) =% R(Y) — M — 0, with X and YV
sets. This induces morphisms of functors ®,;, — @) u—) ®rx), and the second
of these comes from a morphism f : Q*) — Q) between the objects representing
® px) and @ (v) such that the following diagram commutes :

(X)
(*) RO ) Hom,, (Q, QX))
n(ROY)

RY) —— " Hom, (Q,QY))

Let B = Cokerf. By Subsection [[.5.4.2] there is a canonical
morphism M = Coker(G(f)) — G(Cokerf) = G(B)B, which
might not be an isomorphism. This induces a morphism of functors

Hom,(B,-) — Homg(G(B),G(-)) — Homg(M,G(:)) = &p. To show
that this morphism is an isomorphism, we use, as in the proof of Theorem [II.3.1.6}
that we have a commutative diagram with exact columns for every A € Ob(.%/) :

0 0

CI)M(A) e HOIHEW(B7 A)

CI)R(Y) (A) ;> HOII’lﬂ(Q(Y), A)

u*(A) Hom g (f,A)

Dpx)(A) —— Homﬂ(Q(X), A)

(The fact that the columns are exact only uses the left exact of the Hom functors.)
We get the morphism n(M) : M — Hom,,(Q, B) by taking the morphism between
the cokernels of the vertical maps in the commutative square (*).

This follows from (a) and from Proposition |[.4.7; in fact, we have
F(M) = M ®pr Q. Also, by the proof of that proposition, the morphisms
n(M) : M — Homg(Q,M ®r Q) = G(F(M)) define a morphism of functors
idmoa, — G o F', which is the unit of the adjunction.

If M = R™ with X a set, we saw in the solution of (a) that M @y Q = QW
and that n(M) : RY —  Homu,(Q,Q%)) is the canonical morphism
Hom,, (Q, Q)™ — Hom, (Q, Q™). If X is finite, this morphism is an isomorphism
because Hom,, (@, -), being an additive functor, commutes with finite coproducts. In gen-
eral, we claim that n(M) is injective. Let Q¥ = []y @; we have a family of morphisms
(¢z : QW — @)zex, such that the composition of g, with the morphism @ — QWX
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(d).

286

corresponding to y € X isidg if y = x, and 0 if y # x. This gives a commutative diagram

Hom,, (Q, Q)™ m Hom,(Q, QX))

)| l

Homy (Q, Q)" —— Homy (Q, Q¥)

where the map (1) is the inclusion of the direct sum into the direct product (in the category
of abelian groups), hence an injection. So 1(M) is injective.

(i) The category <7’ is clearly preadditive. It is additive, because finite products in .o/
of objects of .o/’ are in @7’ by hypothesis, and they are finite products in /" by
the fullness of .«#’. For the same reason, every morphism in <7’ has a kernel and
a cokernel, which are its kernel and its cokernel in /. If f is a morphism in .o/,
then the canonical morphism from its coimage to its image in .7’ is the same asthe
canonical morphism from its image to its coimage in ./, so it is an isomorphism.
This shows that <7’ is an abelian. We have seen in the construction of finite products,
kernels and cokernels in .7’ that the inclusion functor from .2/’ to &7 commutes with
these, so it commutes with finite limits and colimits, so it is exact.

(ii) By the universal property of the direct sum, the functor G’ is isomorphism to
y property p

[Tacob Hiom,, (0.4 Homa (Q, -). As Q is a generator, the functor Hom,, (@, -)
is faithful; so GG’ is also faithful.

If () is projective, then, by Lemmal(ll.2.4.3] P is also projective, and then the functor
Hom,, (P, -) is exact.

(iii) Let A and B be objects of 7', and let u : G'(A) — G'(B) be a morphism of right S-
modules. We want to show that there exists g € Hom,, (A, B) such that G'(g) = u.
By construction of P, we have surjective morphisms p4 : P — Aand pg : P — B.
As G is exact, we get a diagram with exact rows

5P Hom, (P, A) ———0

- Js

As S is a projective in Modg, there exists a morphism v : S — S making the dia-
gram. This morphism is of the form g — fog, with f = v(1) € S = Hom, (P, P).
Consider the diagram with exact rows :

0 — Ker(py) —— P A 0
|
f lg
3
P——B——0
PB
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To show that there exists a morphism g : A — B making this diagram commute,
it suffices to show that pg o f o ¢ = 0. As G’ is faithful, it suffices to show that
G'(pp) o G'(f) o G'(i) = 0;as G'(pp) o G'(f) = G'(p) ou = v o G'(pa), we have
G'(pp) 0 G'(f) 0 G'(i) = v o G'(paci) = 0.

To finish the proof, it suffices to prove that G’(g) = w. We know that
G'(g) o G'(pa) = G'(pp) ov = uo G'(pa), so the equality G'(g) = u follows
from the fact that G'(p) is surjective.

(e). The idea of this seemingly strange procedure is that we are showing that teh subcategory
€ (resp. ), that contains a generator, “generates” .7 (resp. Modpg) in some precise
sense (this notion is called being strictly generating, see Definition 5.3.1 of [8]]); so the
equivalence ¥ — & of (i) will extend to a fully faithful functor .o/ — Modpg. The proof
of this fact is a specialization to our case of the proof of Theorem 5.3.6 of [8].

) If X is a finite set, then the canonical morphism
RX) = Homy(Q,Q)™ — G(QWY)) = Homy,(Q,QX) is an isomorphism.
Just as in the second paragraph of the proof of Theorem we deduce that, if
X and Y are finite sets, then the map G : Hom,, (Q™), Q1)) — Hompz(R™X), RY))
is bijective. (As Y is finite, we only use the fact that additive functors commute
with finite direct sums, and so we don’t need () to have the extra property of that
theorem.)

We have just shown that the restriction of the functor G to ¥ is fully faithful, and that
its essential image is . So G induces an equivalence of categories from % to & by

Corollary|[.2.3.9

(ii) Let H : PSh(Z2) — Modp be the functor sending a presheaf .# to .7 (R) (and a
morphism u : . # — ¢ of preasheaves to u(R) : .Z (R) — 9 (R)).

For every right R-module M, we have a canonical isomorphism
H(W(M)) = Homgr(R,M) = M, u > u(1). This defines an isomorphism
of functors H o b/ = idmody. Let M and N be right R-modules. Then we get a
sequence of morphisms of abelian groups

Homp(M, N) 2 Hompsy(z) (W' (M), B (N)) 2 Hompg(H (1 (M)), H(K'(N)) ~ Homp(M, N),

whose composition is equal t0 idgomg(m,n). So the first map is injective.
Also, as the functors Hom,, (-, M) and Hom, (-, N) are additive, the presheaves
R (M) KW(N) commute with finite direct sums, so they are determined by
their sections on R; this shows that the second map in the sequence above
is also injective; as it is surjective, it must be bijective, and this implies that
h': HOH’IR(M, N) — HOl’npSh(@)(h/(M>, h/(N>) is bijective.
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288

(iii)

(iv)

v)

We have a diagram of categories and functors

o —5— Modp

3 |

PSh(%) «2— PSh(2)

where @ is the equivalence of categories induced by the equivalence 4 — & of
(i). This diagram is not necessarily commutative, but we have an isomorphism of
functors ® o h o G ~ h'. We already know that ® and A’ are fully faithful, so, if A is
fully faithful, we can conclude that G is fully faithful.

The functor h is left exact because A — Hom, (-, A) is.

Let f : A — B be a morphism in .o/ such that A(f) = 0. Then the R-linear map

h(A)(Q) = Hom(Q, A) Ei Hom, (Q, B) = h(B)(Q) is 0; in other words, we
have G(f) = 0. As G is faithful (by Proposition [I1.3.1.3] we get that f = 0. So h is
faithful.

Let f : A — B be a morphism in <7 such that h(f) is surjective. Let g1, g, : B — C
be two morphisms such that g; o f = g o f. Then h(gy) o h(f) = h(g2) o h(f), so
h(g1) = h(g2) by the surjectivity of h(f); as h is faithul, this implies that g; = g».
So f is an epimorphism.

By problem and the left exactness of /, we have isomorphisms
Hom,,(Im f,C") = Ker(Hom,, (B, C) — Hom,, (Ker f,C))
and
Hompsy ) (Im(h(B) — h(A), h(C))
5 Ker(Hompgn ) (h(B), h(C)) — Hompgn) (Ker(h(f)), h(C)))
= Ker(Hompsn ) (h(B), h(C)) — Hompgn) (h(Ker(f)), h(C))).

By these isormophisms, the map that we are trying to understand corresponds to the
map

u : Ker(Hom,, (B, C) — Hom (Ker f,C))
— Ker(Hompgy ) (h(B), h(C)) — Hompsy) (h(Ker(f)), h(C)))

induced by h. As h : Hom (B, C) — Hompgh#)(h(B), h(C)) is an isomorphism
(by Yoneda’s lemma, applied to the representable presheaf h(B) on %) and the map
Hom,, (Ker f,C') — Hompgy) (h(Ker f), h(C)) is injective (because h is faithful),
the map u is bijective.
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(vi) Lfat C' be an object of €. Then applying the morphism lim h(&(J)) — h(A)to C
gives the map
ligHomM(C, £(J)) — Hom, (C, A).

Jel

Saying that this is surjective means that every morphism f : C' — A factors as
C — &(J) — Afor J € I, which is true : just take J = {(C, f)} and C' — &(J)
equal to idc. Solim , _ A({(J))(C) — h(A)(C) is surjective for every C' € Ob(%),
which implies that lim | | h(&(J)) — h(A) is an epimorphism.

(vii) As [ is filtrant, we haYe Im(li.gjel h(é’(J)). — h(A)) = lim Im(h(&(J)) — h(A)).
So the result follows immediately from (vi).

(viii) Note that lim (¢ (J)) — h(A) factors as
lim h(f(J)) — h(lﬂm £(J)) - h(.A), where the first momhism is Fhat
of Subsection [[.5.4.2| and the second is the image by h of the canonical morphism

lim & (J) — A. By (vi), the second morphism is an epimorphism, so, by (iv), the
morphism hgn Jer ¢(J) — Ais an epimorphism.

(ix) Asin (vii), this follows immediately from (viii) and from the fact that [ is filtrant.

(x) The map h : Hom,, (A, C') — Hompgn«)(h(A), h(C)) is equal to the composition

Hom,, (A, C) = Hom%(%n Im(¢(J) — A),C) by (ix)
Jel
~ Jlgp Hom,, (Im(&(J) — A),C)
5 i Hompssey(1m(A(E(T)) — h(A)) A(C) by 0
~ Homps o) (lim Im(h(¢(J)) — h(4)), h(C)
Jel

(f). (1) We already know that F' is right exact, because it is a left adjoint (Proposition

[.2.3.3]) So the statement follows from Lemma[[1.2.3.2]

(1i1) We have a commutative diagram with exact rows :

0 Ker f M ! N
n(Ker f)l
G(F(Ker f)) n(M) n(N)

0 —— Kex(G(F(f) — G(F(M) 7 GIF(N)
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(111)

(iv)

v)

where the unmarked vertical one is the canonical morphism. So the result follows
from a diagram chase in Modp.

As M is finitely generated, there exists a surjective R-linear map g : M’ — M,
with M’ free of finite type. As F is right exact, the morphism F'(g) is also sur-

jective. So, by question ¢), we have Ker(F(f)) = F(g)(Ker(F(f o g))).
Hence, to prove that Ker(F'(f)) = 0, it suffices to show that the composition

Ker(F(fog)) — F(M') 7y F(M) is 0. As G is conservative, it suffices to prove
this after applying G, and as G is left exact, it suffices to prove that the composition

Ker(G(F(f og))) — G(F(M)) @) G(F(M)) is 0. We have a commutative
diagram

Ker(f o g) u M’ J M

<1>l P(M’) ln(M)

Ker(G(F(f 0.9))) — GF(M) s GUF(M))

We know that g o u = 0 because 0 = Ker f = g(Ker(f o g)) by question [A.4.1(c),
so n(M) o gowu = 0. As the morphism (1) is surjective by (ii), this implies that
G(F(g)) ov =0, as desired.

Let I be the set of all the finitely generated submodules of M; for ¢ € I, we denote
the corresponding submodule by M;. Then [ is filtrant, and M = @ie ; M;. As F'is
a left adjoint, the canonical morphism limy, F(M;) — F(M) is an isomorphism by
Proposition , and F'(f) corresponds to lim, _ F (fim,) by this isomorphism.

For each i € I, the morphism F'(f|5,) is injective by (iii). As filtrant colimits are
exact in Modp by Corollary [I1.2.3.4} this implies that F'(f) is also injective.

Let g : N’ — N be a surjective R-linear map with N’ free, let M’ = N’ xy M
and let [/ : M’ — M and ¢’ : N’ — N be the two projections. The morphism ¢’
is surjective by Corollary As f is injective, so is f’ (it is true and easy to
prove that in any abelian category the pullback of an injective morphism is injective,
but in the category of R-modules it is immediate). Let i : K = Kerg — N’ and
i' : Ker(g') — M’ be the canonical injections. We have a commutative diagram with
exact rows

/

0—— Ker(¢) —— M~ M 0

Ny

0 K—— N’ N 0

7 g

Asgo f'oi’ = fogoi =0, there exists a unique morphism u : Ker(¢') — K such
that i o u = [’ o i’. We want to show that u is an isomorphism. As f’ is injective,
the map f’ o 4’ is injective, hence u is also injective. To prove that u is surjective,
we can do a bit of diagram chasing : Let z € K. Then g(i(z)) = 0 = f(0), so
y = (i(x),0) € N'x M is actually in M’, and we have f'(y) = i(x) and ¢’(y) = 0. In
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particular, there exists z € Ker(¢') suchthaty = i'(2). Asi(u(z)) = f'(i'(z)) = i(z)
and i is injective, we get that x = u(z).

(vi) Applying F' to the diagram of (v) gives a commutative diagram with exact rows

—— F(M')—— F(M)——0

F(K)
H F(f’)l (%) F(f)l
F(K)

L F(N') —— F(N)——0

By (iv), the map F'(f’) is injective. Also, as F' is a left adjoint, it commutes with
colimits, so the square (*) is cocartesian. By question PS4.1(a), the morphism
F(M') = F(N') xpny F(M) is surjective. As F'(f') is injective, this morphism is
also injective, so it is an isomorphism; in other words, the square (*) is cartesian. By

Corollary [I1.2.1.16| the morphism F'(f) is injective.
U

A.5 Problem set 5

A.5.1 Free presheaves

Let € be a category and R be a ring.
(a). Show that the forgetful functor PSh(%’, R) — PSh(%) has a left adjoint .# s R(%),

(b). If X is an object of ¢ and hy = Homg (-, X) is the corresponding representabe presheaf,
we write RXX) for R("x). Show that there is an isomorphism of additive functors from
PSh(%, R) to pRMod (where .7 is the variable):

HomPSh(%,R)(R(X)a F) = F(X).

(c). Suppose that ¢ is equipped with a Grothendiech pretopology. If .% is a sheaf for this
pretopology, is R*”) always a sheaf ?

Solution.

(a). If .7 is a presheaf on ¥, we define a presheaf R(”) by setting, for every X € Ob(%),
RP)(X) = RIX);if f : X — Y is a morphism of ¢, then we take for R\7)(f) the
only R-linear extension of .% (f). The presheaf R”) is an object of PSh(%, R), and its
construction is clearly functorial in .%.

Now we show that the functor .# —— R(7) is left adjoint to the forgetful functor. Let
% be a presheaf and ¢ be a presheaf of R-modules. If u : .% — ¥ is a morphism of
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(b).

(c).

presheaves, then we define a morphism of presheaves a(u) : R”) — ¢ by taking, for
every X € Ob(%), the morphism a(u)(X) : RZ) — & (X) to be the unique R-linear
extension of u(X) : .7 (X) — 4(X). By the universal property of the free R-module on
a set, the map o : Hompgp¢)(#,%) — Hompgns, R)(R(‘g), &) is bijective, and it is easy
to check that it defines a morphism of functors on PSh(%)°? x PSh(¥%’, R).

We have an isomorphism of functors Hompgy, (¢ R)(R( F) = Hompgpg) (hx, .F) given
by question (a), and an isomorphism of functors HOH’IPSh(g)(h x, F) = F(X) given by
the Yoneda lemma.

No. Let X be a topological space, let S be a singleton, and let .% be the presheaf on X
sending every open subset U of X to S. Then R“”)(U) = R for every open subset U of
X, but a sheaf of R-modules on a topological space must take the value {0} on @, so R%)
is not a sheaf (unless R is the zero ring).

O

A.5.2 Constant presheaves and sheaves

Let (¢, 7) be asite. The constant presheaf on € with value S is the functor S

Spsp 1 € — Set

sending any object to S and any morphism to idg. The constant sheaf on € » with value S is the
sheafification of the constant presheaf on ¢ with value S; we will denote it by .S.

(a).
(b).

(©).

if 2" = (X; — X)es is a covering family, calculate HO(.2", Sen)-

Suppose that (¢, 7) is the category of open subsets of the topological space [0, 1], with
the usual topology. Show that (S, )" is a sheaf if and only if card(S) < 1.

psh

Suppose that (¢, .7) is the category of open subsets of a locally connected topological
space X. Show that, for every open subset U of X, we have S(U) = S™U),

Solution.

(a).

(b).
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Suppose that / = @. Then [ [,., # (X;) and Hwel F (X; xx X;) are both isomorphic to
the terminal object of Set, i.e. to a singleton, so H’(.2", S, 18 a singleton.

Suppose that I # &. Then H o F(X;) = S'. Also, for all i,j € I, the maps
S = F(X;,) > F(X, xx X;) = Sand S = (Xj)—>J(X xx X;) = S in-
duced by the two projections are idg. Let s = (s;)ic; € S’. Then s € HO(% F) if and
only if, for all 7, j € I, the images of s by the projections from S to its ith and jth factor
are equal, that is, if and only if s; = s; forall 4, j € I. So the diagonal embedding S C S’
induces a bijection S = H°(2", .%).

Let F = (S5,,,)", and let’s pretend that we have not read the next question yet.

Suppose that card(S) < 1. If S is a singleton, then, for every open cover % = (U,);er
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of an open subset U of [0, 1], the canonical map .7 (U) — [[,.; % (U;) and the two maps
[Le; 7 (Us) — [, # Ui N Uj) are isomorphisms, so .F(U) = H(%,.7). If S is
empty, this stays true as long as U and all the U; are nonempty; as every open cover of a
nonempty open set can be refined by an open cover that has only nonempty elements, we
deduce again that .% is a sheaf.

Suppose that .Z is a sheaf. Let Uy =|1/4,1/2[, Uy =]1/2,3/4[ and U = U; U Us; we
denote by % the open cover (U, Us) of U. As U; N Us@, question (a) implies that
H(% ,.7) = S x S, and that the canonical map S = .7 (U) — H(%,.%) — S x Sis the
diagonal embedding. This is not bijection if card(S) > 2, so we must have card(S) < 1.

(c). Write .7 = (S,,;,)"; by (a), the set .7 (@) is a singleton and we have .7 (V) = S for every
nonempty open subset V" of X.

LetU be an open subset of X. If U is empty, we already know that S(U) is a singleton,
hence isomorphic to S?. Suppose that U is not empty. As U is locally connected, all
its connected components are open (as well as closed), so we have U = HCEWO(U) C
as a topological space. Using the open cover {C € m(U)} of U, we see that the map
S(U) = cery @) S(C) must be bijective. So it suffices to show that, if U is connected
and nonempty, then the canonical map S = .#+(U) — S(U) is bijective.

Let U be a nonempty connected subset of X, and let Z = (U;);c; be an open cover
of U. After replacing % by a refinement, we may assume that all the U; are nonempty.
For every i € I, we denote by I(i) the set of j € I such that there exists a sequence
io =1,11,...,1, = j of elements of I such that U;,_, NU; # @ foreveryr € {1,...,n},
and we set V; = (J;c;;) Us. Then the sets I(i) form a partition of I. If we choose a
subset K of I such that K intersects each (i) in a singleton, then V; N V; = @ if
i,j € Kandi # j,and U = U, Vi» so U = [[;,.x Vi; but U is connected, so K
has only on element. Now let s = (s;)ic; € [[.c; ZF(U;) = S'. If 4,5 € I, the two
images of s in .# (U; N U;) are Sijv;nu; and s;ju,nu;» SO teh equality of these two images
is an empty condition if U; N U; = &, and it equivalent to the condition that s; = s;
if U; N U; # @. But we have just shown that, for all 7,j € I, there exists a sequence
ip =1,i1,...,1, = j of elements of I such that U; , NU; # @ foreveryr € {1,...,n},
and we set V; = (J;c ;) Uj- Sos € H°(%,.%) if and only if s; = s; forall i,j € I,
in other words, the map S = .7 (U) — H%(%,.%) is bijective. So we conclude that
S=27(U) 5 U, Z)=5S().

OJ

A.5.3 Points

Let (¢,.7) be a site. We are interested in the category Points(%’>) whose objects are func-
tors Sh(%») — Set that commutes with all small colimits and with finite limits, and whose
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morphisms are isomorphisms between such functors.

A reference for many of the results of this problem is MacLane and Moerdijk, Sheaves in
geometry and logic ([10]), especially Sections VIL.5 and VIL.6.

(a). Let % be an arbitrary category. Let A : € — Set be a functor. We denote by Hom (A, )
the functor Set — PSh(%’) sending a set S to the presheaf X —— Homget(A(X), S).

(i) Show that the functor Hom (A, -) commutes with all limits.

(ii) Show that the functor Hom. (A, -) admits a left adjoint, which we will denote by
(1) ®¢ A, and that ((-) ®¢ A) o hy is isomorphic to A. (Hint: First try to construct
the adjoint on representable presheaves, and remember problem a).)

We say that the functor A : ¥ — Set is flat if the functor (-) ®4 A : PSh(%) — Set
commutes with finite limits.

(iii) If A is flat, show that it commutes with all finite limits that exist in %.

(iv) Suppose that % has all finite limits and that A commutes with finite limits. Let .% be
a presheaf on €. If X, Y are objects of 4 /%, x € A(X)andy € A(Y), show that =
and y represent the same element of .# ®¢ A if and only if there exists an object Z
of €, morphisms Z — X and Z — Y/, and an element z € A(Z) whose images in
A(X) and A(Y) are x and y respectively.

(v) If € has all finite limits, show that A is flat if and only if it commutes with finite
limits. (Hint : To show that a functor commutes with finite limits, it suffices to show
that it sends the final object to the final object and commutes with fibered products.
You can admit this easy fact.)

(vi) Suppose that ¢ has all finite limits. If .7 is the trivial pretopology on % (so that
Sh(%7) = PSh(%)), show that Points(¢’~) is equivalent to the category of flat
functors 4 — Set (with morphisms being isomorphisms between these functors).

(b). Let (¢,.7) be a site. A flat functor A : ¥ — Set is called continuous if, for every
covering family (X; — X);c; in €, the map [ [, A(X;) — A(X) is surjective.

For every X € Ob(%’), we denote by X*! the sheafification of the representable presheaf

Home (-, X). This defines a functor € — Sh(%7), that commutes with finite limits.

(i) Let (f; : X; — X);es be a covering family. We consider the morphisms

f
JT (X0 xx X —= [ x" " X
9

1,7€1 el

"The idea of this definition is that we are abstracting the formal properties of stalk functors on the category of
sheaves on a topological space.
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where h = [],.; /s and f (resp. g¢) is equal on (X; xx X;)™ to the image by
()t : € — Sh(%7) of the first (resp. second) projection X; X x X; — X; (resp.

X xx X; = X)).
Show that A is the cokernel of (f, g) in the category Sh(%7).

(ii)) Let A : ¥ — Set be a flat functor, and suppose that (-) ®4 A : PSh(%) — Set
factors as PSh(%) oy Sh(%7) ™ Set. Show that 2 4 is an object of Points(%’7).

(iii) If A : € — Set satisfies the hypothesis of the previous question, show that A is
continuous.

(c). Let (C, <) be a preordered set. We see C' as a category by taking Home(a, b) to be a
singleton if a < b, and empty otherwise.

(i) Let (a;);er be a family of objects of C. Give a description of [[._; a; and [[,_; a; in

(pre)ordered set terms.

i€l i€l

(i1) Give a similar translation of the property “C' has all finite limits”.
From now on, se suppose that C' has all finite limits, and we fix a flat functor A : C' — Set.

(iii) Show that card(A(a)) < 1 forevery a € C.

(iv) Show that the set I, = {a € C' | A(a) # @} is a nonempty upper order ideal. (That
is,ifa € Iy and a < b,then b € I.)

(v) If 7 is any Grothendieck pretopology on C', show that the points of C's don’t have
any nontrivial automorphisms.

(vi) Suppose that any family (a;);c; of elements of C' has a least upper bound
sup(a;,i € I). We say that a family of morphisms (a; — a);c; in € is covering if
a = sup(a;, i € I). Suppose that this defines a pretopology on C'. If A is continuous,
show that 7, is a completely prime upper order ideal, that is, if sup(a;,i € I) € 14,
then at least one of the a; isin /4.

(d). Let X be a topological space, let ¥ = Open(X), and let .7 be the usual topology on
X. Remember that a nonempty closed subset Z of X is called irreducible if, whenever
Z C Yy UY, with Y7, Y5 closed subsets of X, we have Z C Y; or Z C Ys.

(i) Show that a nonempty closed subset Z of X is irreducible if, for every open subset
U of Z, the set Z N U is either empty or dense in Z.

(ii) Let Z be an irreducible closed subset of X, and let ¥ be the set of open subsets U
of X such that Z N U # &. For every sheaf .% on X, we set
Fg = hg F(U).
UeOb(7,")

181n fact, the converse is true : points of € correspond to flat continuous functors 4 — Set.
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Show that this defines a point of €.
(iii) Let x : Sh(%€7) — Set be a point, and let A : € — Set be the corresponding flat

continuous functor. Let
Z=X— U U.

UeOb(%), A(U)=2

Show that 7 is an irreducible closed subset of X, and that x is isomorphic to the
functor F# — Z,. [

(iv) If z; and z5 are points of €7 and 7, and Z, are the corresponding closed irreducible
subsets of X, show that there exists a morphism from x; to x5 if and only if Z; C Zs.

(e). Let X = [0, 1] with the Lebesgue measure. We take % to be the category whose objects
are Lebesgue-measurable subsets E of [0, 1], and such that Homg (E, E') is a singleton if
E’ — E has measure 0, and the empty set otherwise. We put the Grothendieck pretopology
on ¢ whose covering families are countable families (£,, — E),en such that £ — UneN E,
has measure 0. (You can admit that this is a pretopologys; it is not very hard.)

(i) Show that the category Sh(%’7) is not empty.

(ii) Show that the category Points(%’7) has no objects (that is, € has no points).

Solution.

(a). (i) Leta :.# — Set be a functor, with .# a small category. We want to show that the
canonical morphism

Hom, (A, )(lim a) — lim(Homy (4, -) o )

is an isomorphism in PSh(%). For every X € Ob(%), if we evaluate this morphism
at X, we get the canonical morphism

Homget (A(X), lima) = lim  Homsge (A(X), a(i))
i€Ob(.9)

(where we use Proposition [[.5.3.1] to calculate the right-hand side), which is an iso-
morphism by definition of the limit.

(11) By Proposition , it suffices to show that, for every presheaf .% on %, the functor
Set — Set, S — Hompgp«)(#, Hom (A, S)) is representable.

Suppose first that # = hx = Homg(-,X) is a representable
presheaf. By the Yoneda Ilemma, for every set S, the map

19So we have shown that points of ¢’z correspond to closed irreducible subsets of X. If X is sober, that is, if every
closed irreducible subset has a unique generic point, then points of ¥’ correspond to points of X, but this is not
true in general.
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Hompgh(¢)(hx, Homg (A, S))  — Homg(A,S9)(X) = Homget(A(X),S)
sending u : hx — Homg(A,S) to u(X)(idx) is bijective. An easy verifica-
tion shows that this map defines an isomorphisms of functors. So the functor
S +—— Hompgn«)(hx,Homy (A, S)) is represented by the set A(X). Also, if
f X — Y is a morphism of € and hy : hx — hy is its image by the Yoneda
embedding, then we have a commutative diagram, for every set S:

Hompsy(¢) (hy, Homg (A, S)) —— Homsget (A(Y), 5)

(')Ohfl l(')oA(f)

HompSh(%)(hx, Hom(g(A, S)) ;> HomSet(A(X), S)

Indeed, let u € Hompgp4)(hy, Home (A, S)). Then its image in Homge (A(X), S)
by the upper right path of the diagram is u(Y")(idy) o A(f), and its image by the left
bottom path of the diagram is (u o hy)(X)(idx) = u(X)(f) = w(X)(idy o f). But
these two are equal because, as u is a morphism of presheaves, we have a commuta-
tive diagram:

hy (X) =—— Home (Y, X) —% Homg(A(X), S)

T(-)Of T(-)OA(f)

hy (Y) == Hom¢ (X, X) e Homget (A(Y), 5)

It remains to show that the functor S —— Hompgy«) (%, Hom (A, S)) is repre-
sentable for an arbitrary presheaf . on 4. As in problem [A.2.2] consider the cat-
egory €/ and the functor G» : ¢/% — %. We have shown in question (a)
of that problem that there is a canonical isomorphism hﬂ(h/ oGgz) = Z. Let
F Ry A= hg(A oGg) = h_n)quOb(%/y) A(X). Then we have, for every set S,

HOIIlpSh(cg)(gz, Homcg(A, S)) ~ HompSh((g) (hgl(h% o Gg), HOHl(g(A, S))

~

— 1&1 HOIIlpSh(cg)GL)(, H0m<g<A, S))
XEOb(%/.F)

5 l&n Homget (A(X), S))
XeOb(¢/.7)

~ Homge (F Q¢ A, S).

These isomorphisms are all easily seen to be functorial in S, so the set ¥ ®4 A
represents the functor S —— Hompgp ) (%, Homy (A, 5)).

We know that ((-) ®¢ A) o he =~ A by (ii), and that hyy commutes with all limits that
exist in € by definition of limits, so, if (-) ®¢ A commutes with finite limits, so does
A.
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(iv)

)

By Theorem we have F ®¢ A = [[xconw 7 AX)/ ~, where ~ is the
equivalence relation generated by the relation R defined by: if X, Y € Ob(% /%)
and x € A(X), y € A(Y), then xRy if there exists a morphism f : X — Y in ¢ /%
such that A(f)(z) = y.

Let R’ be the relation on [[y o,/ #) A(X) defined in the question. We clearly
have xRy = xR'y = x ~ y (with the same notation as in the previous para-
graph), so it suffices to show that R’ is an equivalence relation. It is clearly re-
flexive and symmetric. We show that it is transitive. Let X;, Xy, X3 be objects
of €/F and 1 € A(X,), xa € A(X3), v3 € A(X3) such that 2y R'zy and
xoR 3. This means that we have Y;,Y> € Ob(%), morphisms f; : Y] — X,
fo: Y1 = Xo, g1 Yo = Xo, g0 1 Yo — X3in €/F and elements y; € A(Y7)
and y € A(Y2) such that A(f1)(y1) = z1, A(f2)(y1) = @2, A(g1)(y2) = 22 and
A(ga) (1) = w3. Let Z = Yy Xy, Yo, letp: Z — Yy and g : Z — Yo, and let
2= (y1,42) € A(Z) = A(Y1) X a(x,) A(Y2).

A
7N
Y1 Y,
YN N
X3 Xs X3

Then A(f; op)(z) = 1 and A(gy 0 q) = x3, s0 x1 R/ z3.
Suppose that A commutes with finite limits. We want to show that it is flat.

Let * be the final object of % (i.e. the limit of the unique functor @ — %’). Then the
final object of PSh(%) is the presheaf h,, which is also isomorphic to the constant
presheaf with value a fixed singleton. The functor G, : € /h., — % is an isomor-
phism of categories, so, to show that h, ®4 A is a final object of Set, we need to show
that S := @XGOb(%) A(X) is a singleton. We have a morphism A(x) — S and A(x)

is a final object in Set, i.e. a singleton, so S is not empty. Let X,Y € Ob(%),
r € A(X)andy € A(Y). Then (z,y) is an element of A(X xY) >~ A(X) x A(Y),
and, if p; : X XY — X andp, : X XY — Y are the two projections, then
A(py)(z,y) = = and A(p2)(z,y) = y. Soz € A(X), (z,y) € A(X xY) and
y € A(Y') define the same element of S. This shows that card(S) < 1, hence that S
is a singleton because S’ is not empty.

We now show that the functor (-) ®¢4 A commutes with fiber products. Let # — 7
and 4 — . be morphisms in PSh(%), let £ = .7 ®4 A, B/ = ¥ Q¢ A,
E'" = # ®@¢ Aand F = (¥ X 9) ®¢ A. Applying the functor (-) ®4 A to
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the commutative diagram

we get a commutative diagram

ET’E”

and we want to show that this induces an isomorphism from F’ to the fiber product
E xgr E'. So let S be another set, and let u : S — F, v : S — E’ be maps such
that p o u = ¢ o v. We want to show that these maps factor uniquely through a map
w: S — F. Let s € S. To make the notation less cumbersome, we will use the
Yoneda embedding to identify & to a full subcategory of PSh(%), so we write X
instead of hx if X € Ob(%’). Choose an object X — .F of €/.%, an object Y — ¢
of /¥ and elements © € A(X) and y € A(Y') such that x represents u(s) and y
represents v(s). The fact that p(u(s)) = ¢(v(s) means that there exists an object Z
of ¢, a commutative diagram

J—Y —¥¢

X—F —H

in PSh(%) and z € A(Z) such that the images of z in A(X) and A(Y") are x and
y. The diagram we just wrote gives a morphism Z — % X _» ¢ in PSh(%), so we
get an object of € /(¥ X » ¢), and, if w : S — F existed, we would necessarily
have that w(s) is the element of F' represented by z. This proves the uniqueness of
w. To prove its existence, we need to show that other choices of representatives of
u(s) and v(s) would give the same element of F'. So suppose that we have another

commutative diagram
'Y —— 9

and an element 2’ € A(Z’) such that the image 2’ of 2’ in A(X’) is a representa-
tive of u(s) and the image 3’ of 2’ in A(Y”) is a representative of v(s). We must
show that z and 2’ represent the same element of F. As z and z’ represent the
same element u(s) of F, there exists an object X” of ¢, morphisms X” — X and
X" — X' and an element z” € A(X") whose images in A(X) and A(X') are «
and 2’ respectively. Similarly, we get Y — Y, Y” — Y’ and ¢ € A(Y"). Now
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replacing X by X", Z by X" xx Z, the morphism Z — X by the first projection
X" xx Z — X", the morphism Z — Y by the composition of the second projection
X'"xxZ — Zandof Z — Y,z € A(X)by 2" € A(X") and z € A(Z) by
(",2) € A(X" xx Z) = A(X") xax) A(Z), we may assume that there is a mor-
phism X — X' such that the image of = in A(X") is /. Playing the same game with
Y” — Y (that is, replacing Z with Y” xy Z etc), we may also assume that Y =Y
and 3y = y. We now have w commutative diagram

7 vy —y %
PN

F X(yfg /jf
X’ \32

and element z € A(Z), 2’ € A(Z) such that the images of z in A(X) and A(Y") are =
and y respectively, that the images of 2’ in A(X") and A(Y”) are 2’ and y' respectively,
the image of x in A(X’) is 2’ and the image of y in A(Y”) is ¢/’

/\/\ /

z><y

2 x—a

A X

Let 7" = Z X xixy' 7', and let 2" = (Z, Z,) € A(ZXX/Xy/Z/) = A(Z) XA(X/)XA(yr)A(Z/).
To show that z, 2z’ and z” induce the same element of F' (which will finish the proof), it
suffices to show that the morphisms 2" — 7 — # X Y and 2" — 7' — F X 9

are equal. But these morphisms become equal after we compose them with the two
projections from .7 X ,» ¢ to % and ¥, so they are equal by the universal property

of the fiber product.

(vi) If A : ¥ — Set is a flat functor, then the functor x4 = (-) ®¢ A : PSh(%) — Set
commutes with all colimits (as a left adjoint) and with finite limits (by flatness of A),
so it is an object of Points(%# ). Also, the construction of (-) ®¢ A in the solution of
(ii) is clearly functorial in A.

Conversely, let + : PSh(¢) — Set be an object of Points(¢7), and let
A, =x0ohy : ¥ — Set. Then A, is a flat functor because both h¢ and x commutes
with finite limits, so we get a functor from Points(%’7) to the category of flat functors
¢ — Set (with isomorphisms of such functors as morphisms). Moreover, if z is a
point, then it commutes with all colimits, so we have a canonical isomorphism for all

F

o F)=o( lm b)) S lm o) = lm AX) = Feed =24, (F),
XeOb(¥/.7) XeOb(¢/)F) XeOb(¢/F)
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and this gives an isomorphism of functors x — x4, .

Finally, if A : ¥ — Set is a flat functor, we have already seen in (ii) that x yohy ~ A;

in other words, we have A, , ~ A.

OJ

A.5.4 G-sets

Let GG be a finite group, let € = G — Set be the category whose objects are sets with a left action
of GG and whose morphisms are G-equivariant maps. We consider the pretopology .7 on % for
which a family (f; : X; = X);e; is covering if and only if X = J,, fi(Xi).

Let A be GG with its actionby left translations. More generally, for every subgroup H of G, we
denote by Ay the set G/ H with the action of G by left translations.

Useful fact: If X — Y is a surjective map in Set or G — Set, then it is the cokernel of the
two projections X Xy X — X. (You still need to justify thisn if you want to use it.)

(a).
(b).
(c).
(d).

(e).

(®).

().

(h).

.

Show that every object of G — Set is a coproduct of objects isomorphic to some Ayy.
Calculate A x 4,, A in the category G — Set.
Show that every representable presheaf on G — Set is a sheaf.

Show the automorphisms of A in G — Set are exactly the maps ¢, : A — A, a — ag, for
g € G.

If .7 is a presheaf on G — Set, show the family (% (¢,)) e defines a left action of G on
F(A).

Consider the functor ® : Sh(%¢’7) — G — Set defined by (%) = .%#(A) and the functor
U : F'— Set — Sh(%7) fiven by V(X) = Homg_get(+, X). Show that ® o U ~ idg_get.

Show that ¥ o & =~ idgy(¢.). (Hint: For any G-set X, if | X| is the set X with the trivial
G-action, then we have a surjective G-equivariant map A x | X| — X, (g,2) — g -z,
which induces an injection # (X) — ],y # (A) = Homget (X, F(A)).)

Let z : Sh(%s) — Set be the functor .# —— .#(A), where we forget the action of
G on F(A) to see % (A) as a set. Show that every point of €7 is isomorphic to x.
(See the beginning of Problem [A.5.3B for the definition of points.) (Suggestion: if y
is a point, calculate y(¥({1})), then y(¥(A)), then construct a morphism of functors
Homg_set(A, ) — y o U, then show that it is an isomorphism.)

Show that the group of automorphisms of the point x is isomorphic to G.

207t is very easy to check that this is a pretopology, you don’t need to do it.
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Solution.

(a).

(b).

(c).

(d).

(e).

(®).

().

302

Let X be a set with an action of G. Then X is the disjoint union of its G-orbits, and a
G-orbit G - z is isomorphic to Ay, where H is the stabilizer of x.

Let B be the set G with the trivial action of G. We have a G-equivariant bijection
Ax A— AX B, (x,y) — (z,z7'y). (Where A x A is the direct product in G — Set, so
G actsvia g (x,y) = (g, gy).) If H is a subgroup of G, this bijection sends the G-subset
Axa, A={(z,y) € Ax A|lz 'y e H}to A x H, where the factor H has the trivial
action of G.

This is exactly the content of the “useful fact” from the statement. Let’s prove it. Let £ be
a G-set, and let (f; : X; — X);c; be a covering family in G — Set. Let (u; : X; — E);er
be a family of G-equivariant maps such that, for all 7, j € I, the pullbacks of u; and u; to
X; x x X; (by the two projectins) agree. This means that, for every v € X, if z; € ()
and x; € fj_l(x), then u;(z) = u;j(x). As X = [J,c; fi(X;), there exists a unique map
u : X — F such that u o f; = u; for every ¢ € I, and it suffices to check that u is G-
equivariant. Let x € X and g € G; choose i € I and z; € X, such that x = f;(x;); then
g-x=filg- i), sou(g-x) =uig-2:) =g-u(w:) =g-u(x)

It is clear that the ¢, are all automorphisms of A in G — Set.

Conversely, let ¢ : A — A be an automorphism in G — Set, and let g = ¢(1). Then, for
everty h € A, we have p(h) = p(h-1) =h-¢(1) = hg. So ¢ = .

For every g € G, the map .#(c,) is an automorphism of .%(A) (in the category Set),
and we have .7 (c;) = idg(4) because ¢; = ida. If g, h € G, we have ¢y, = ¢, 0 ¢4, 50O
F(cgn) = F(cg) o F(cp). So we do get a left action of G on .7 (A).

The functor ® is well-defined, because, if o : . % — ¥ is a morphism of sheaves and
g € G, then a(A) o F(c,) =Y (cy) o a(A), so a(A) is a G-equivariant map.

Let X be a G-set. Then we have a map u(X) : ®(¥(X)) = Homg(A4, X) — X sending
f:A— Xto f(1), and this clearly defines a morphism of functors u : ® o ¥ — idg_get.
We show that it is an isomorphism. If f, f' : A — X are two G-equivariant maps such that
f(1) = f'(1), then, forevery g € G, wehave f(g) = f(g-1) = g-f(1) = g-f'(1) = f'(9)-
So u(X) is injective. Let x € X, and defineamap f : A — X by f(g) = g - x; then f is
G-equivariant, and u(X)(f) = z; so u(X) is surjective.

If .7 is a sheaf, then ¥(®(.%)) = Homg_get (-, -# (A4)), so we must find an isomorphism
of sheaves Homg_get (-, % (A)) ~ Z that is functorial in .%.

Let .# be a sheaf.  For every G-set X, let px : A x |[X| — X,
(g, ) — g - x be the G-equivariant surjection of the hint.
It is a covering family in G-set, hence induces an  injection

UX, 7)) F(X) = F(AX|X]|) = F(Uex A) = [Loex Z (A) = Homget (X, F(A)),
that is a morphism of functors in X in .%#. We first check that the image of (X, .%#) is
contained in the set G-equivariant maps. Write A x |X| = [[, .y As, with A, = A for
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every x € X; we have px(a,(9) =g-x,forg e Aandz € X. Letz € X and g € G; we
set y = g - x. Then we have a commutative diagram in G — Set:

A2 A,

c1J/ lprm

Ay PX|Ay X
So, if e € F(X) and v = (X, F)le) : X — ZF(A), then
F(cg)(u(x)) = .F (c1)(u(g - =)). This shows that u is G-equivariant.

To finish the proof, we must show that +(.X, .%) is surjective for every G-set X and every
sheaf .#. Fix 7.

If X = A, thenpy : A x |A] — Ais the map (g,h) — gh; if we write as before
A x |Al = [l,eq An with A, = A for every h, then paja, = ¢, for every h € G.
So Z(pa) : F(A) — (F(A)* = Homset(A,.F(A)) is the map sending e € .F(A)
to A = F(A), g — F(cy)(e). It is easy to see that every G-equivariant map
u:A— F(A)is of this form (take e = u(1)). So ¢(A, .F#) is surjective, hence bijective.

Note that the functors .% and Homg_get (-, -% (A)) both send coproducts to products. For
the second functor, this is by definition of a coproduct. For the first functor, suppose that
X = [l,c; Xi. Then the then the family of injections (X; — X);c; is covering and
Xi xx X;j = @ fori # j, so the morphism .7 (X) — [[,.; 7 (X;) is bijective. So if X is
a disjoint union of copies of A, then ¢(X,.%#) is a bijection.

Let X be an arbirtrary G-set. We have a surjective (G-equivariant map
px  AX|X| = [l,exA4s — X, where A, = A for every x € X and paa,
sends g € Atog-x. Letxz,y € X. Then we have a G-equivariant isomorphism
Arxx Ay ={(g,h) € AxA|lg-z=h-y} > Ax Gy, (9,h) | (9,97 h), where G,
isthe set {g € G | g -y = x} with the trivial action of G; in particular, A, xy A, is a
disjoint union of copies of A. So P := (A x | X|) xx (A x |X|) also is a disjoint union of
copies of A. Let py,py : P — A x | X]| be the two projections. Then we have commutative
diagrams

7 (px)

F(X) F (A% [X])
L(X,y)l L(A><X|,97)l L(P,y)l
Homgsee(X, 7 (4)) —— Homg_see(A x |X], F(A)) —— F(P)

for ¢+ = 1,2, the maps F(px) : ZF(X) — F(A x |X|) and
pyx  Homg get(X, #(A)) — Homg set(A X |X|, F(A)) are the kernels of
(Z(p1), Z (p2)) and (pi,ph) respectively (because .# and Homg_get(-, F(A)) are
sheaves), and the maps ¢(A x |X|,.%#) and «(P,.#) are bijective by the previous
paragraph, so +(X, .7 ) is bijective.
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(h).

().

304

Note that x o ¥ : G — Set — Set is the functor X —— Homg_get(A, X). For every
G-set X, we have a bijection Homg_get (A4, X) — X sending u : A — X to u(1), and
this gives an isomorphism from z o ¥ to the forgetful functor G — Set — Set. As V¥ is an
equivalence of categories by (f) and (g), this shows that x commutes with all small limits
and colimits, and in particular that it is a point.

Let y : Sh(%7) — Set be a point, that is, a functor that commutes with all small colimits
and all finite limits. The functor F' := y o ¥ : G — Set — Set has the same property, so it
sends the terminal object A of G — Set to a terminal object of Set, i.e. a singleton. For
every nonempty G-set X, the unique map X — A identifies A to the cokernel of the
two projections X x X — X, so F(Ag) — F(X) is a kernel morphism, hence injective,
and so F'(X) is not empty.

We calculate F'(A). We have an isomorphism of G-sets Ax A = [[, .o Az, where A, = A
for every x € G, sending (9,h) € Ax Atog € Ay Letqrqe : [[cede — A
be the map corresponding to the two projections py,ps : A x A — A by this iso-
morphism. Then, for every x € G, we have ¢4, = ids and goa, = c,. Ap-
plying F' and using the fact that F' commutes with coproducts and finite products, we
get two maps F(q1), F(q2) : [l,cq F(Az) — F(A), such that F'(¢1)pa,) = idra
and F(q)|ra,) = Fl(cy) for every x € G, and such that the induced map
(F(q1), F(q2)) : [,eq F(Az) — F(A) x F(A) is bijective. Let e € F(A) (we
know that F'(A) # & by the previous paragraph). Then (¢, ¢2) induces a bijection
[T.coiel = {e} x F(A), so we get a bijection ¢ : F(A) = G = A, and it is easy
to see that . o F'(¢,) = ¢, o v forevery z € G.

Now that we have an isomorphism ¢ : F'(A) = A, we can construct a morphism of functors
a from z 0 U = Homg_set (A, -) to F by sending f : A — X to F(f)(:7}(1)) € F(X).
We know that «(A) is bijective, so a(X) is bijective if the G-set X is a coproduct of copies
of A, because both functors commute with coproducts. As every G-set is the cokernel of
two (G-equivariant maps between coproducts of copies of A (see the solution of (g)), and
as both functors commute with cokernel, «(.X) is an isomorphism for every X.

As W is an equivalence of categories, it suffices to calculate the group of automorphisms
of x o W. We can apply the other Yoneda lemma (see for example Corollary [[.3.2.8):
as x o W is a representable functor, every automorphism of this functor comes from an
automorphism of the representing object, that is, of A. So, by question (d), every auto-
morphism of x o ¥ is of the form Homg_get(cy,-). If g,h € G, then ¢y, = ¢ 0 ¢y,
so Homg_get (¢gn, ) = Homeg_get(cy, ) © Homg_get(ch, ). So we get an isomorphism
G = Aut(z o 0).
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A.6 Problem set 6

We make the following useful convention: if (z, ..., xz,) is some list and if 7 € {0, ..., n}, then
(ZL'(), ,ZIA’}Z‘, R ,Z[‘n) means (ZL’(), ey L1, L1y - - - ,In>.

Also, if S is a set and Z®) is the free Z-module on S, we denote the canonical basis of this
free module by (e)ses-

A.6.1 Salamander lemma
Prove the salamander lemma (Theorem [IV.2.1.3)).

Solution. If we turn the complex of (i1) 90 degree to the left and see it as a complex in the
opposite category of o7, then we are exactly in the situation of (i). So it suffices to prove (i).

We give names to some morphisms of the complex

We check the exactness of the sequence at each object. By the Freyd-Mitchell embedding
theorem (Theorem [I11.3.1]), we may assume that .7 is a category of left R-modules. (Hence take
elements in the objects of <7.)

In _A = Kere/Im~, the subobject Im(1) is the image of ((Kery) C A, and
Ker(2) = (Kere N (Im¢ + Im¢))/Im¢. So Im(1) C Ker(2). Conversely, take an ele-
ment of Ker(2), lift it to 2 € Kere, and choose y € C such that x € «(y) + Im (. Then
v(y) € €(z)+€e(Im () = 0, so y defines an element of Cy = Ker v/(Im a+1Im ), soy € Im(1).

In A = Ker#/(Im¢ + Im (), the subobject Im(2) is the image of Kere C A, and Ker(3)
is the set of elements that have a lift + € Ker 6 such that ¢(x) € Im(vy). So we clearly have
Im(2) C Ker(3). Consider an element of Ker(3), choose a lift x € Ker 6 of that element such
that e(x) = 7(y), for some y € C. Then x — «(y) and x have the same image in An, and
e(x — (y)) = 0, so the image of z in Ay is in Im(2).
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In "B = (Ker A N Ker z1)/Im~, the subobject Im(3) is the image of ¢(Ker#) C B, and
Ker(4) is the set of elements of VB that have a lift z € (Ker A\NKer ) NIm €. So we clearly have
Im(3) C Ker(4). Conversely, consider an element of Ker(4), and choose a lift z € Ker AnKer p
of this element such that we can write z = €(y), with y € A. Then 0(y) = u(x) = 0, so
x € €(0(y)), and its image in U B is in Im(3).

In _B = Ker A/ Ime, the subobject Im(4) is the image of Ker A N Ker p C B, and Ker(5)
is the set of elements of _B that have a lift € Ker A such that y(x) € Im(6). So we clearly
have Im(4) C Ker(5). Conversely, consider an element of Ker(5), and choose a lift x € Ker A
of this element such that we can write pu(z) = 6(y), with y € A. Then Az — €(y)) = 0,
the elements = and x — ¢(y) of Ker A have the same image in _B, and u(z — €(y)) = 0, so
x — €(y) € Ker AN Ker y, and its image in _ B is in Im(4).

OJ
A.6.2 Some bar resolutions
(a). Let S be a nonempty set. We define a complex of Z-modules X* by:
- X"=0andd% =0ifn > 2;
- X' =Zand d} = 0;
- X0 =7 and d% : X° — X! = Z sends every e, to 1;
~if n > 1, then X" = Z™) and d7 : 28" — Z sends ey, tO

> o(=1) €(so,... 50, forall sg, ..., s, € S.

Show that X* is indeed a complex (i.e. that %" o d% = 0 for every n € Z), and that it
is acyclic. (Hint: Fix s € S. If n > —1, consider the morphism ¢ ™" : X" — X "1
Sending €(50,...,5n) to €(s,50,..., sn))

(b). Let G be a group. For every n > 0, let X,,(G) = ZE" ), By (a), we have an acyclic
complex of Z-modules X°, where X' = Z, X" = X,,(G)ifn > 0, X" = 0ifn > 2,
and the differentials are as in (a).

(i) We make G act as X,,(G) by g - €(go,....90) = €(990,....99,)» a1d we make G act trivially
on Z. Show that X* is an acyclic complex of Z[G|-modules.

(ii) Show that X,,(G) is a free Z[G]-module for every n > 0.

.....

somei € {0,...,n —1}.

(iii) Show that I, is a free Z[G]-submodule of X,,(G) and that d="(I,,) C I,,_1 forn > 0,

2I'The complex X *® is called the unnormalized bar resolution of Z as a Z|G]-module.
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with [,1 = {O}
(iv) By the previous question, we get a complex of Z[G]-modules Y'* such that Y = 0

for>2,Y'=7Z, Y™™ = X,(G)/I, if n > 0 and d}- is the morphism induced by d’
for every n € Z. Show that Y* is acyclic. (Hint: Try to imitate the method of (a).)

&

Solution.

(a). If we set S° = {()} (the set whose only element is the empty sequence of elements of .S),
then we can see X! as the free Z-module on S°, with basis element 1 = e(y. In this way,
the formula for d—" also works if n = 0.

We prove that X' is a complex. If n > 0, then d""od" = 0 because d"' = 0. We assume
that n > 1 and we calculate d "' o od™™ : Z(5™™) — 75" Let s, ..., s, € S. Then

n

A" 0 d ™ (e(sn,sn) = ) (1) (€100

i=0
n 1—1 n n

_ _1)\it+J . . _1)iti—1 R R

D DD D G R ) S N C ) i PR
i=0 j=0 i=0 j=i+1
n n n n

o _1\it+J . R _1)i+i—1 R R

- ( 1) €(50,.,85,84s-,5n) + E , § ( 1) €(50,--,8is-855»5n)
=0 i=j5+1 =0 j=i+1

I
O .

We fix s € S. We define t" : X™ — Xm 1l pytm = (0 form > 2,
and ™ Z6"D o ZOT) e oy b €lasp.en if B> —1. We want
to prove that (¢"),,cz is a homotopy between idye. and 0. We have to check that
idxm = t™t o d™ + d™ 1 o t™ for every m € Z. If m > 2, then both sides are equal
to 0. If m = 1, then we want to check that id; = d° o t!; the right hand side sends e to
d’(es) = e(), so we get the desired identity. Suppose that m > 0, and write n = —m. Let
(S0, 8n) € S"M. Then (7" o d™ + d™" " o t7™)(e(sp,....5n)) 1S equal to

(t—n—I—l od™ ™+ d_n_l ¢} t_n)(e(so,...,sn))

== Z(_1)ie(s,so,...,§i,...,sn) + d_n(e(s,so,...,sn))
=0

- Z(_1)i6(s,so,...,§i,...,sn) + €(50,...,5n) + Z(_1)i—He(s,so,..‘,éi,...,sn)
=0 =0

= e(SOr“)sn) °

Sot " lodm+d ™ lot™=idxn.

22The complex Y'* is called the normalized bar resolution of Z as a Z[G]-module.
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(b).

@

(i)

(111)

(iv)

As the formation of kernels and cokernsl commutes with the forgetful functor from
ziiMod to Ab, and as we know that X * is an acyclic complex of Z-modules by (a),
it suffices to show that X* is a complex of Z[G]-modules, i.e. that its differentials are
Z|G|-linear. But this is clear from the definitions of the differentials and of the action
of Z|G].

It suffices to find a Z[G]-basis of X, (G). If (¢1,...,9,) € G", then the mor-
phism Z[G] — X,(G), a — a - €1, ,g19s...9195..9,) 15 injective with im-
age Vg g = Span({€mon, ) hinhi = giforl < i < n}.  As

77777

..........

tually disjoint subsets of the canonical basis of X,,(G)), we deduce that the family
(€(1.91.9192,9192.-90) ) (g1, gm) e 18 @ Z|G]-basis of X, (G).

..........

the calculation of Vj, . = Z[G| - €(1,4,,919s...9192..9n) i the proof of that ques-
tion show that V. 1is included in [, if one of the g; is equal to 1, and that
g N 1, = {0} otherwise. So I, is the Z[G]-submodule of X, (G) generated
by the €(1,9, g1gs.....9190...9») SUCh that at least one of the g; is equal to 1, and in particu-
lar it is a free Z[G]-submodule of X, (G).

We check that d~"(1,,) C I,_1. Let (go, ..., g.) € G™", and suppose that d; = d;
for some ¢ € {0,...,n — 1}. Then

d_n(e(go 77777 gn)): Z (_1)je(go ,,,,, Gjreoms gn)+(_1)i6(90,~~-79i7179iagi+2 ,,,,, gn)
7€{0,...,n}—{4,i+1}

i+1
+ (_1) €(g0,--1Gi—1,Gi+1,Gi+25-,Gn)

= Z (_1)j€(90 ----- Gjsensgn)

§€{0,...,n—{ii+1}

The last sum is clearly in [,, ;.

It suffices to show that Y* is acyclic as a complex of Z-modules. Let
tm™ . X™ — X™~! be the morphisms of (a), for example for s = 1 (the unit el-
ement of G). Then, if n > 0, t™" : X,(G) — X,.+1(G) sends [, to 1,1, so
it induces a morphism 7, : Y™™ — Y ~"*1. We also denote by 7' the morphism
t:Y!' =7 — Y° = Xo(G) (note that Iy = {0}) and set £ = 0 for m > 2. Then,
by (a), the family (¢™),,cz defines a homotopy between idy. and 0.

O

A.6.3 Cech cohomology, part 1

This problem uses problem [A.5.1]
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Let € be a category that admits fiber products, and let 2~ = (f : X; — X);c; be a family of
morphisms of €. If ig,...,i, € I, we write X;, _; = X;, Xx Xj Xx ... xx X,,. For every
p € Z, we define an abelian presheaf %,(.2") € Ob(PSh(%’,Z)) in the following way:

- if p < 0, then 6, = 0;
- if p > 0, then

We also define a morphism of presheaves d,, : €,(:Z°) — 6,-1(Z") in the following way:
- if p <0, then d,, = 0;

-if p > 1, then d, is given on the component 7o) by the morphism
Zi0-) — P 20 ia-rigii) < € (27) equal to >or_o(=1)90% ., where

7.()

KXigyoiiy = Xig — PSh(¥,Z).

a~--»iq71:iq+1 -----
(a). Show that Ker(d,) D Im(d,41) for every p € Z and that this is an equality for p # 0.

Hint: For every object Y of &, we have

Home (Y, Xjo.i,) = []  Homg (Y, X,)n x ... x Homg (Y, X; ),
heHom« (Y,X)

where, for every i € I, Homg (Y, X;), = {9 € Homg (Y, X;) | fiog = h}. Set

Sh = [1;e; Homg (Y, X;);, and think of question |A.6.22(a).
(b). Lete : 65(2°) — ZX) be the morphism that is equal on the component Z(X?) to the image
of f;: Xi — X by the functor & "¢ PSh(%) 2 PSW(¥, 7). Show that Ker(¢) = Tm(dy ).
For every p € 7, we define a functor C?(%,-) : PSh(¥,Z) — Ab
by CN(Z,7F) = Hompgn(w,7)(¢7(2°),#), and a morphism of functors
P CP(Z ) — CPTH(Z,-) by dP = Hompspgz)(dps1,-). The family (CP(27,.F), dP)pez
i§ called the Cech complex of F (relative to the family 2 ). For every p > 0, we set
H?(2°,.7) = Ker(d?(F))/Im(dP~'(.F)). This is called the pth Cech cohomology group of

F (relative to the family 2"). Note that the definition of HP(2°,.%) is functorial in .Z, so
HP(Z,-) is a functor from PSh(%,7Z) to Ab.

(c). Show that, for every abelian presheaf .# and every p > 0, we have

.....

2, 7)) =[] #Xi..ir),

and that the definition of FI°(.2",.%) given here generalizes that of Definition [[I1.2.2.4
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(d). If .Z is an injective object of PSh(%, Z), show that H?(2",.%) = 0 for every p > 1.

(e). Suppose that we have a Grothendieck topology .7 on %i that 2 is a covering family, and
that .# is an injective object of Sh(%¢’7,Z). Show that H*(2", %) = 0 for p > 1 and that
HY (2, Z#) = Z(X).

(f). Let # € Ob(PSh(%,Z)), let .# — .#° be an injective resolution of .% in PSh(%,Z).
Show that we have canonical isomorphisms

(12, 7%) ~ T2, F).
&

Solution.

(@). If p = 0, then d, = 0, so Ker(d,) D Im(d,y1). If p < —1, then 6,(Z)(Y) = 0, so
Ker(d,(Y)) = Im(dp1(Y)) = 0. To treat the other cases, it suffices to prove that, for
every Y € Ob(%), we have Ker(d,(Y)) = Im(dp1(Y")) for p > 1.

We fix Y € Ob(%), and we use the notation of the hint. For every h € Homy (Y, X), let
Sp = [;e; Home (Y, X;)p,. Fix p > 0. The fact that

Homy (Y, Xi,.i)) = |]  Home(Y, Xj)n x ... x Homeg (Y, X; )1
heHom« (Y,X)
for all 4g, . . ., %, is obvious, so we get
H Home (Y, Xi,..i,) = H Sﬁ“;
(305 ip)EIp+1 h€Home (Y,X)
and
G2 = P o)

heHom (Y,X)

So €,(Z")(Y) is the direct sum indexed by i € Home (Y, X)) of the terms of degree —p of
the complex of Problem [A.6.2(a) for S = Sy, and d, : 6,(2)(Y) = €,1(2)(Y)
is the direct sum of the differentials of this complex if p > 1 (this follows immedi-
ately from the definition of d,,). As the complex of [A.6.2{(a) is acyclic, this implies that
Ker(d,(Y)) =Im(d,+1(Y)) if p > 1.

(b). Let Y € Ob(%’). We use the same notation as in the solution of (a). Then

G = @z,

h€Home (Y,X)

23In other words, H" (2", -) is the nth right derived functor of H°(.2", -).
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Z(X) (Y) _ Z(HOHkg(Y,X)) _ @ Z,

heHom« (X,Y)

and £(Y) is the sum of the morphisms dy : Z°») — 7Z from Problem a). So the
result follows again from Problem [A.6.2(a).

The CP(2,.7) = T[], F(Xi,,...i,) follows immediately from the definition of
©,(Z"), the universal property of the direct sum and question (b) of Problem

In particular, we have C°(2", .F) = [[,c; Z(X;) and CH(Z", .F) = [, j; F (Xi xx X;),
and (by definition of d; : €1(Z") — €o(2)) d° : CY(Z",.F) — C(Z,.F) sends a fam-
ily (8i)ic 0 (D} ;581 —D51;8))ijer> Where pi i+ Xy xx Xj — Xjand pji5 : Xixx X; — Xj
are the two projections. So H(.2",.%) = Ker(d°) is equal to the set F°(.2",.%) of Defi-
nition [I1.2.2.41

If .7 is an injective object of PSh(%’, Z), then the functor Hompgy¢ z) (-, %) is exact, so
the statement follows from (a).

The fact that H(.2",.%) = .% (X) follows from the end of (c) and from the definition of a
sheaf (see Remark |[11.2.2.5)).

The inclusion functor ¢ : Sh(%7,Z) C PSh(¥,Z) is right adjoint to the sheafification
functor and the sheafification functor is exact, so ® sends injective objects of Sh(€, Z)
to injective objects of PSh(%’, Z) by Lemma So the fact that H?(.2",.%) = 0 for
p > 1 follows from (e).

Applying the functors CP (Z,-) to the complex .# — .#°, we get a double complex in
PSh(%,7Z), whose pth row is C*(2",.%) — CP(Z,.#*), whose (—1)th column is the
complex C*(2",.7) and whose nth column is the complex C*(2", .#™) for n > 0 (the
other columns are 0).

We consider the double complex, where we write C?(-) and H°(-) for C?(%,-) and
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H(Z2,):

0——CF) —— CO(F) —— CO(I) —— CO(F2) —— ...

0——CYF)—CH(I) —=CH(I") —=CH(I?) — ...

0——CHF)——CHI) —=C¥I) —= C¥(I?) — . ..

Every column of this double complex except for the first one is exact by (d). Also, every
row except for the first one is exact, because the functor PSh(%’,Z) — Ab, ¥ — 4(Y)
is exact for every object Y of ¥, and direct products of exact sequences in Ab are exact.
So the oo x oo lemma (Corollary gives a canonical isomorphism between the
cohomology of the first row and the cohomology of the first column, which is exactly what
the question is asking for.

OJ

A.6.4 The fpqgc topology is subcanonical

Let A be a commutative ring and B be a commutative A-algebra. For every n > 1, we write B®"
for the n-fold tensor product B ®4 B ®4 ... ®4 B. We consider the following sequence 75,4
of morphisms of A-modules:

do dt d?
0> AS BS B®2 S B®3

where the morphism </ a = A = A} 4 = B is the structural morphism and
d": oy, = B — e = B is defined by
n+1

d”(b1®...®bn):Z(—l)i“bl®...®bi,1®1®bi®...®bn.

=1

For example, d' (b)) = 1@ b—b®@ land d*(b; @ by) = 1 Q@b @by — b1 @ 1R by + b @by @ 1.
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Show that .75/ 4 is a complex. @

Suppose that the morphism of A-algebras A — B has a section, that is, that there exists a
morphism of A-algebras s : B — A such that s o d” = id4. Show that .73, 4 is homotopic
to 0 as a complex of A-modules.

Under the hypothesis of (b), show that o754 ®4 M is acyclic for every A-module M.

We don’t assume that A — B has a section anymore. Let M be a A-module. Show that
we have a canonical isomorphism

B®a (pja @4 M) = g5/ @5 (M @4 B),

where we see B ® 4 B as a B-algebra via the morphism b — b ® 1.

Suppose that the morphism A — B is faithfully flat. Show that the complex .&/p/4 ®4 M
is acyclic fo every A-module M.

Remark. If (f;);c; is a family of elements generating the unit ideal of A, then
B := [l,c; Ay, is a faithfully flat A-algebra, and, for any A-module M, the complex
g/a @a M is the Cech complex of the quasi-coherent sheaf on Spec A corresponding to
M for the open cover (Dy, );c;. Applying the result of (e), we see that the Cech cohomol-
ogy of any quasi-coherent sheaf on Spec A for the open cover (Dy,);c; is zero in degree
> 1.

Let A — CAlg be the the category of commutative A-algebras, and ¢ = (A — CAlg)°P; to
distinguish between objects of A — CAlg and ¢, we write Spec B for the object of ¢ corre-
sponding to a commutative A-algebra B. We consider the fpqc topology on %’; this means that
covering families in € are morphisms Spec C' — Spec B such that B — (' is a faithfully flat
A-algebra morphism; also, if B = 0, then the empty family covers Spec B.

(f). Show that this is a Grothendieck pretopology on &'.

(2). Let M be a A-module. We define a presheaf .7, on € by .%,,(Spec B) = B ®4 M,
if SpecC' — Spec B is a morphism of %, corresponding to a morphism of A-algebras
u: B — C, then Z )y (Spec B) = B®4s M — Fp(SpecC) = C ®4 M sends b @ m to
u(b) ® m. Show that .%), is a sheaf.

(h). Show that every representable presheaf on ¢ is a sheaf.

Solution.
(a). This is very similar to the beginning of[A.6.2(a). If a € A, then 1® a =a® 1in By B,

241t is called the Amitsur complex, hence the notation.
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sod' o d’(a) = 0. Suppose thatn > 1, and let by, ..., b, € B. Then

n+1
" od (b ®@by) =d"M O (1) ©... @b @1Ob® ... by)

=1

n+l ¢
=3 ()P0 9. @RI, .. b ®leb®.. b,
i=1 j=1
n+1 n+1

+ZZ(—1)"H“61®...®bi_1®1®bi®...bj_1®1®bj®...

i=1 j=i

n+1 n+1
:ZZ(—l)”jbl®...®bj,1®1®bj®...bi,1®1®bi®...bn
=1 i=j
n+1 n+1
+ZZ(—1)"+j+1b1®...®bi_1®1®bz-®...bj_1®1®bj®...
i=1 j=i
= 0.

(b). We write C" = B® forn > 1, C° = A, C* = 0 for n < —1, and we denote
d" : C™ — C™'! the morphism defined in the beginning. We define s™ : C* — C™!
in the following way:

- if n <0, then s™ = 0;
-stl=5:B — A;

- ifn > 2,then s” : B®" — B2 sends b;®. ..®b, to (—1)"s(b,)(01®. . .®@5,_1)
(this is A-linear in each b;, hence does define a morphism on the tensor product).

We claim that (s™),,cz is a homotopy between idce and 0. To prove this claim, we have to
calculate the morphism ¢ := d" ! o s" + s""! o d" for every n € Z. If n < —1, then
g" = 0 = iden. If n = 0, then ¢g" = s od” = id4. Suppose that n > 1. Then, for all
bi,...,b, € B, we have that ¢"(b; ® ... ®b,) is equal to

n+1
(1) ts(b)d" H(by ® ... @ by_y1) + s”“(Z(—l)i“b1 R...0bL1R1OLR...Qb,)

=1
n

= 5(by) Z(—l)””bl ®R.. 0,11 Q...°b, 1
=1

+ Z(—l)’”b““s(bn)(b1 ®.. Qb 1010b;®...@by_q)+5(1)(b1® ... 0 by)
=1

=0 ®...®b,.

So g" = idcn.
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(h).
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Note that the homotopy that we just constructed is A-linear, so .75 ,/4 is homotopic to 0 as
a complex of A-modules.

As the functor (1) ®4 M : sMod — 4Mod is additive and the complex of A-modules
/4 is homotopic to 0, the complex .«75/4 ® 4 M is also homotopic to 0, and in particular
acyclic.

In degree 0, this isomorphism is the isomorphism B ®4 (A ®4 M) ~ B ®p (M ®4 B)
sending B (1@m)tob® (m® 1) =1® (m®b). If n > 1, we have morphism
u: BRa(Ag ,@aM) = A pp®@pMandv: g pp@pM — Ba(Ag,Q4M)
defined by

ubo®@ (b1 ®@...0b,0m))=((100)®...0 (1®Db,)) ® (M & by)
and
V(0] @b)®...0 b, @b,) @ (M®b)) = (bob ... V,) ® (b ®...0b, ®m)

if by, b1,0),...,b,,b, € B and M. It is easy to check that these morphisms are well-
defined and inverses of each other.

Note that the structural morphism B — B ®4 B, b+ b® 1 has a section B®4 B — B,
by ® by — b1by which is a morphism of B-algebras. So, by (c¢) and (d), the complex of
B-modules B ®4 (/g4 ®a M) is acyclic. As B is a faithfully flat A-algebra, this implies
that the complex of A-modules .&/g,4 ®4 M is acyclic.

We check the axioms of Definition Axiom (CF3) is clear, because an isomor-
phism of rings is faithfully flat. Axiom (CF2) says that the composition os two faithfully
flat morphisms of A-algebras is also faithfully flat, which is also true. Axiom (CF1) says
that, if B — C'and B — D are faithfully flat morphisms of A-algebras, then B — C®p D
is also faithfully flat, which is also true.

The sheaf condition says that:
(1) If B = 0, then the sequence 0 — B ® 4 M — 0 is exact, which is certainly true.

(2) For every faithfully flat A-algebra morphism B — C, the sequence
0—>M/i>C®BM/i)(O®BC)®BM/

is exact, where M’ = B® 4 M, fsendsm € M'tol ® m € C ®g M, and g sends
c®me C®pMto(1®c)®m—(c®1)®m. This exactness follows from question

(e).

Let D be a commutative A-algebra. We want to show that the presheaf Hom (-, Spec D)
is a sheaf. If we consider the empty cover of Spec(0), the sheaf condition says that
Home (Spec(0), Spec(D)) = Homy_caig (D, 0) should be a singleton, which is true. Let
u : B — C be a faithfully flat morphism of commutative A-algebras. The sheaf condition
for the covering family Spec C' — Spec B says that:
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(1) The map Homy_caig(D, B) — Homy_caig(D, C), v — w o v is injective; this is
true because u, being faithfully flat, is injective.

(2) If f : D — C'is a morphism of A-algebras such that f(¢)® 1 =1® f(c)inC®pC
for every ¢ € (, then there exists a morphism of A-algebras v : D — B such that
f=uow.

We prove (2). By (e), the kernel of the morphismg: C' - C R C,c— 1®c—c®1is
u(B). The condition on f says that go f = 0; as u is injective, it implies that we can write
f = wow, for a uniquely determined A-linear morphism v : D — B. As u is an injective
morphism of A-algebras and f is a morphism of A-algebras, the map v is also a morphism
of A-algebras.

O

A.6.5 Cech cohomology, part 2

Let X be a topological space.

(a). Let0 - F — ¢4 — 7 — 0 be a short exact sequence of abelian sheaves on X, and let
U be an open subset of X'. Suppose that every open cover of U has a refinement % such
that H' (%, %) = 0. Show that the sequence

0—-FU)—->9U)—#ZU)—0

1s exact.

(b). Let Z be a basis of the topology of X, and Cov be a set of open covers of open subsets of
X, such that:

(1) If (U)ier is in Cov, then | J,.; U; and all the U;, N ... N U;, are in &, for p € N and
i, ... ip € I

(2) If U € A, then any open cover of U has a refinement in Cov.

Let .# be the full category of injective objects in Sh(X,Z), and € be the full category
whose objects are abelian sheaves .% such that H*(%/,.#) = 0 for every % € Cov and
every n > 1. E]

(i) Show that ¥ contains .# and is stable by taking cokernels of injective morphisms.

(i) If .7 is an object of €, show that, for every U € %, we have H' (U, #) = 0.

2For example, if X is a scheme, we could take 4 to be the set of open affine subschemes of X and % to be the
set of open covers of open affine subschemes of X by principal open affines, and then ¥ would contain all the
quasi-coherent sheaves on X.
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(iii) Show by induction on 7 that, for every n > 1, every U € % and every object .# of
%, we have H"(U,.Z7) = 0.

(iv) Let .# be an object of € and 2~ = (U;);cs be an open cover of X such that, for
every p € Nand all 7y, ...,%,, we have U;y N...NU,; € 4. Show that the canonical
morphism H"(2", %) — H"(X,.%) of Example 2) is an isomorphism for
every n > 0.

Solution.

(a). We give names to the morphisms of the exact sequence: 0 — .# Lg% 0. Let
U be an open subset of X. We know that the sequence 0 — F'(U) — 4(U) — H(U) is
exact, so it suffices to show that 4 (U) — H(U) is surjective.

Let s € .#(U). Choose an open cover % = (U,);c; such that, for every i € I, there exists
s; € 9(U;) such that g(s;) = sy,. By the hypothesis, after replacing % by a refinement,
we may assume that H'(%,.#) = 0. For i, j € I, let Sij = Siuinu; — Sjluinu;- As g(8i)
and g(s;) are equal on U; N U;, there exists ¢;; € #(U; N U;) such that f(t;;) = s;;. If
1,7,k € I, then we have

Sij|UNU;NU, — Sik|UsnU;NUy, T Sik|UNU; AUy, = SilU;nU; 00Uy — S51U;0U;0U;
- (Si\UmUjﬂUk - Sk\UmUjﬂUk) + S5|UnU;NU, — SkUNU;NU;
=0,

so the family (¢;;)qjyer2 € CY(%,.7) is in the kernel of d'. As HY(%,Z) = 0,
there exists (¢;)ier € CU%,.F) = [lic; Z (U;) such that d°((t;)rer) = (t;;)), that is,
tij = tyu.nu, — tjju,nu,- Forevery i € I, let s; = s; — f(t;). Then, for ¢, j € I, we have

5§|UmUj - SQ\UmUj = s;j — f(ti;) = 0.
So there exists s € ¢(U) such that s|;, = s; for every ¢ € I. Moreover, we have
(8", = 9(s;) = g(si) = sy, forevery i € I,s0 g(s') = s.
(b). (i) Let.Z be an object of .#. We know that H?(%,.%) = 0 for every covering family

family % of an open subset of X and for every p > 1 by question (e) of problem
A.6.3] so.# isin €.

Now let 0 — % — ¢ — 2 — 0 be an exact sequence of abelian sheaves
on X, and suppose that .# and ¥ are in 4. By question (a), the sequence
0> .% - ¥ —  — 0is also exact as a sequence of abelian presheaves. Let
% € Cov By problem the functors (%, -) are the right derived functors of
H°(% ,-) on the category PSh(X, Z), so we have a long exact sequence

0%, - AU, ) — AU, F) — AU, G) — ...

25If X is a scheme, this shows that, for every quasi-coherent sheaf .% on X, the cohomology of .% is isomorphism
to its Cech cohmology relative to any open affine cover of X.
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If n>1, then H”(@/, ¢) =0 and ﬁ”“(@/, Z) = 0 by the hypothesis on .# and ¢,
so H"(% , 7¢) = 0. This shows that .7 is an object of &'

(ii)) Let.# be an object of €, let f : .# — < be an injective morphism of abelian sheaves
with ¢ an injective object of Sh(X,Z), and ¢ = Coker(f). Let U € Z. Then we
have an exact sequence

0—.ZU)—=9U) - #U)—=H(UZF) - H(UY) — ...
But H'(U,%4) = 0 because ¢ is injective, and the morphism 4(U) — J#(U) is
surjective by (i), so HY(U, #) = 0.

(iii)) We already know that the result holds for n = 1 by question (iii). Suppose that it
holds for some n > 1. Let let .# be an object of 4. Choose an injective morphism
[ F — 4 with 4 an object of .Z, and let 77 = Coker f. Let U € %8. We have a
long exact sequence of cohomology
HY U, ) — HVPY U, 7)) — HPH U 9) — ..

By question (ii), the sheaf .7 is an object of ¢, so H*(U, ) = 0 by the in-
duction hypothesis. Moreover, as ¢ is an injective object of Sh(X,Z), we have
H" YU, 4) = 0. So AU, %) = 0.

(iv) We use the notation of Example [IV.4.1.14(2) . By question (iii), for every p € N, all
i, ..,y € I, and every ¢ > 1, we have

qu)(y)(Ulo N...N Uip) - Hq(UZ'O N...N Uip,y) - O

By definition of Cech cohomology, this implies that, for every p € N and every ¢ > 1,
we have H?(Z", R1®(.#)) = 0. Let

EY = 0P(2°, R19(F)) = HPM(X, F)

be the Cech cohomology to cohomology spectral sequence for the open cover 2.
By the calculation we just did, we have E5? = 0 if ¢ > 1, so the spectral sequence
degenerates at Fy and E?? = EY? is zero unless ¢ = 0. So for every p € N, the
subobject BP0 = EP0 = AP(2,.F) of HP(X,.F) is actually equal to H?(X,.%),
which shows that the morphism H?(.2", %) — HP(2 ", .%) is an isomorphism.

O

A.7 Problem set 7

A.7.1 Diagram chasing lemmas via spectral sequences

This problem will ask to reprove some of the diagram chasing lemmas using the two spectral
sequences of a double complex. This is circular, because of course the diagram chasing lemmas
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are used to establish the existence of the spectral sequences. The goal is just to get you used to
manipulating spectral sequences on simple examples.

(a).

(b).

(c).

The co x co lemma: Suppose that we have a double complex X = (X™™ d;"™, dy™)
such that X™™ = 0 if n < 0 or m < 0. Suppose also that the complexes (X*", d}") and
(X, dg;() are exact if n # 0. Using the two spectral sequences of the double complex,
prove that we have canonical isomorphisms

HP (X, %) = (X0, %)

(Hint: Both spectral sequences degenerate at the first page.)

The four lemma: Consider a commutative diagram with exact rows in .7

(*) A B 9 C’ D
[
A B 7 C D

Suppose that u is surjective and t is injective. We want to show that f(Kerv) = Ker w and
that Imv = ¢! (Im w).

(i) Show that Imv = ¢~ !(Imw) if and only if the morphism Coker v — Coker w in-
duced by g is injective.

We consider the double complex X represented on diagram (*), with the convention that
all the objects that don’t appear are 0, the object A is in bidegree (0, 0), the differential d; x
is horizontal and the differential ds y is vertical. (So, for example, X*" = C, X0 = A’
and X?? = (.) Let L E and /! E the two spectral sequences of this double complex.

(ii) Show that /! degenerates at the second page.
(iii) Show that H?(Tot(X)) = 0.

(iv) Write the first page of ' E.

(v) Show that ' E degenerates at the second page.

(vi) Show that f(Kerv) = Ker w and that Imv = g~ (Im w).

The long exact sequence of cohomology: We consider a short exact sequence of com-
plexes 0 — A* — B®* — (C* — 0; to simplify the notation, we will assume that
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A" = B" = C™ = 0 for n < 0. Consider the following double complex X:

AY Al A?

where X% = A, the differential d; x (resp. da x) is represented horizontally (resp. ver-
tically), and X™™ = 0if n < 0, m < 0 or m > 3. Let 'E and /! E be the two spectral
sequences of X.

(i) Show that ! E degenerates at the first page and that H"(Tot (X)) = 0 for every n € Z.
(ii) Calculate ' E;.
(iii) Show that /! £’ degenerates at the third page.
(iv) Show that 7/ E® = 1T E% and that I/ E,? = 17 E14 for every ¢ > 0.
(v) Show that d)? : "' EJ? — " E297 i5 an isomorphism for every ¢ > 1.
(vi) Show that we have a long exact sequence
... — H"(4%) = H'(B*) — H*(C*) & H"(A*) — H™Y(B*) — ...

where §" comes from a differential of the spectral sequence /' E.

Solution.

(a). Consider the two spectral sequences E and !/ E of the double complex X. We have
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TEPY = HI(XP*,d5%); as all the columns of the double complex are supposed exact
except for X%, this implies that ' E7 = 0 for p # 0. As 'EP? is a subquotient of £}
for r > 1, we deduce that EP? = 0 for every r > 1 and every p # 0, and in particular
dpa : TEpe — T Eptra=rtl g the zero morphism if » > 1, because its source or target is
0. So the spectral sequence ' E' degenerates at the first page, and we have ' E?¢ = TEM,

Also, as X is a first quadrant double complex, the spectral sequence ! E converges to
H*(Tot(X)), so we get

H"(Tot(X)) = "EX" = HM(X"* d)%).

On the other hand, we have '/ E7Y = HY(X*?, d"%). As all the rows of the double complex
are supposed exact except for X*°, this implies that 7/ E¥? = 0 if p # 0. Reasoning as in



A.7 Problem set 7

the first paragraph, we deduce that the spectral sequence /! E' degenerates at the first page,
and that we have 1/ EP? = 1TEPY As T F converges to H*(Tot(X)), this gives canonical
isomorphisms

HY(Tot (X)) = 1 E%" = H"(X*0, ).

(b). (i) As Imw is the kernel of the canonical morphism C’ — Coker w, the subob-
ject g-'(Imw) of B’ is the kernel of the morphism B’ % ' — Cokerw,
which is also equal to the morphism B’ — Cokerv — Coker w, where the mor-
phism Cokerv — Cokerw is induced by g. Note also that we always have
Imv C g '(Imw), because g o v = w o f. So the kernel of the morphism
Coker v — Coker w induced by ¢ is ¢~ (Im w)/ Im v, which gives the result.

(i) Let us give names to all the morphisms in the diagram:

/AN ; N Ny 5

Pl

A—B——C——D

As the rows are exact, we have "E?® = Kera, "E* = Cokerc,
HEOL 02 g = Hpht Z1Tph2 — o ITEY0 — Kerp, 1T EM = Coker d, and
the other /7 EP are all 0. In other words, the first page of // E looks like this:

0 0 0
Cokerc  Cokerd 0
0 0 0
0 0 0
Kera Kerb 0
In particular, for every r > 1, we have !IEP = 0 if

(p,q) ¢ {(0,0),(3,0),(1,0), (1,3)},_50, if » > 2, every dP? has its source or
target zero. Hence ! I degenerates at the second page, and ' E_, = ' E,.

(iii) As X is a first quadrant double complex, the spectral sequences 'E and !/ E/ both
converge to the cohomology of Tot(X). Also, by the calculation in question (ii), for
all (p, q) € Z such that p+ g = 2, we have "/ Er4 = TP = (. So H?(Tot(X)) = 0.

(iv) By definition of F, its first page is (where every term that doesn’t appear is 0):
0 0 0 0 0
0 Cokerv  Cokerw  Cokert 0

Keru Kerwv Kerw 0 0
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(c).

322

(v) For every r > 1, we have ' EP? = 0 unless p € {0,1}. In particular, if » > 2, then
either the source of the target of d?? is 0, so d?? = 0. This shows that £ degenerates
at the second page, hence that ' £, = ' E,.

(vi) As 'E,, = !F,, there exists a filtration on H?(Tot(X)) whose quotients are the
EZ?7P. But we have seen in questino (iii) that H?(Tot(X)) = 0, so ' E2*™? = 0 for
every p € Z. On the other hand, by question (iv), we have ' E>° = Ker w/ f (Ker v),
TEyt = Ker(g : Cokerv — Cokerw) and 'EY* = 0. This shows that
Kerw = f(Kerwv) and that the morphism Coker v — Coker w induced by g is injec-
tive; by question (i), that last fact is equivalent to the fact that Imv = ¢! (Im w), so
we are done.

(i) As all the columns of the complex are exact, we have ' E¥? = 0 for all p,q € Z, so
the spectral sequence ' degenerates at the first page, and we have E,, = 'E; = 0.
Also, as X is a first quadrant double complex, the spectral sequence ' E/ converges to
H*(Tot (X)), so H*(Tot(X)) = 0 for every n € Z.

(ii) Applying the formula for /! E};, we get that it is equal to:
0

H2(A*) HA(B*) HX(C*) 0

H(A*) HY(B*) HYC*) 0

HO(A*) HO(B*) HO(C*) 0
In other words, we have ""E" = 0 if p ¢ {0,1,2}, "EYY = HI(A*),
Hpbt — He(B*) and B39 = HI(C*).

(iii) By question (ii), we have /EP? = 0 if » > 1 and p ¢ {0,1,2}. So, if » > 3, then
either or target of @P? : /1 Fra — 1 Eptra—r+l i (), hence dP? = (. This shows that
I 7 degenerates at the third page.

(iv) For every r > 2 and every ¢ € Z, we have ! E}*m4=+1 — () and /L Fl-mat7=1 = (,
SO d71n,q . IIElq - IIEl—l—rq r+1 and dl r,q+r— 1 . IIEI r,q+r—1 IIElq are both
zero, so HE:& = I EL4, This shows that 1/ EL4 = HEl 4 for every q € Z.

Also, if > 2, we have ! En—+1 = HE ™=t — 0,50 @20 : EO0 — I pr—r+l
and ¢ "=t =l 5 ITEO0 are both zero, so HESfl = TE%0. This shows
that” 1T E%0 = TTEDY . (Note that we only used the fact that we have a first quadrant
spectral sequence in this paragraph.)

(v) As the spectral sequence /! E degenerates at the third page and its limit H*(Tot (X)) is
0 by question (i), we have !/ EP? = 1T Epd — () for all p, q € Z. As "' Ey? = Ker(dy?)
and T E2%"" = Coker(dY?), this shows that dy'? is an isomorphisms for every ¢ € Z.

(vi) We have "E)Y = HE% — ( by questions (iv) and (v), so the morphism
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A . HO(A*) — H°(B®) is injective. Also, for every ¢ > 0, we have
Hpla = ITpst — (), so the sequence

0,9 1.9
HY(A%) 5 HY(B®) % HY(C"®)
is exact. Finally, we have seen in question (v) that, for every ¢ > 1, the morphism

dy?: "By = Ker(dy?) — " EZ7 = Coker(d;* ")

is an isomorphism; inverting it, we get an exact sequence

q—1

1l,q—1 0,q
IIEqu_l _ Hq—l(B.) d1_> IIE12,q—1 _ Hq—l(oo) 5_> ]IE?,(] _ Hq(Ao) di> IIEqu _ Hq(B.)

Putting all these exact sequences together gives the long exact that we wanted.

A.7.2 Group cohomology

(a). Cohomology of cyclic groups: If G is a group, a € Z[G] and M is a left Z[G]-module,
we denote by a : M — M the Z[C,]-linear map © — a - x. For every n > 1, we
denote by C,, the cyclic group of order n and by o a generator of C,,, and we write
N =14+0c+0c>+...4+0"" Wealsowrite C.,, = Zando =1 € C,. If
n € {1,2,...} U{oco}, we have a Z|C,|-linear map € : Z[C] — Z sending each ele-
ment of C), to 1 € Z.

(1) If n > 1, show that:

oz D zie,) S zie,] S zie,] Sz, S Z— 0

is an exact sequence.
(ii) If M is a Z[C,]-module, show that:
MECn ifg=0

HY(Cp, M) ={ M /N -M if ¢ > 2is even
(e €M|N-2=0}/(c—1)-M ifqgisodd.

(iii) Show that
o—1

0= Z[Ck]l = Z[Csl > Z — 0

1s an exact sequence.
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(iv) If M is a Z|C]-module, show that:

{reM|o-x=z} ifg=0
HY(Coo, M) =4 M/(c—1)-M ifg=1
0 ifg>2.

(b). Let n be a integer, and let G = C,, x (5 be the dihedral group of order 2n, where the
nontrivial element of C5 acts on C),, by multiplication by —1. Then K = (), is a normal
subgroup of GG, and G/ K =~ Cs.

(i) Show that

7 ifg=0
HY(C,,Z) =< Z/nZ if ¢ > 2iseven
0 if ¢ is odd,

and show that the nontrivial element of Cs acts by (—1)%/2 on H?(C,,, Z) if q is even.
(ii) Calculate H?(Cy, HY(C,,,7Z)) for all p,q > 0.
(ii1) If n is odd, show that
Z if m =0
7/27  ifm =2 mod4

Z/2nZ ifm>0andm=0 mod 4
0 if m is odd.

H™(G,Z) =

(c). Let GG be a group, and suppose that G has a normal subgroup K such that G/K ~ Z. Let
M be a Z|G]-module.

(i) Show that the Hochschild-Serre spectral sequence degenerates at Fs.

(ii)) We fix a generator o of G/K and, for every ¢ e N, we
write H(K,M)* = {z € HYK,M) | o(x) = =z} and
HY(K, M), =HYK,M)/(c —1)- HI (K, M).

Show that H(G, M) = H°(K, M), and that we have short exact sequences
0—H"Y(K,M), - H"(G,M) = H™(K,M)” — 0
for every m > 1.

(d). Let G be a group.

(i) If K is a central subgroup of G, show that G/K acts trivially on H.(K,Z) and on
H*(K, 7).

Let o be an element of infinite order in the center of G, and K = (o). Let M be a
Z|G]-module. We write M ={z € M |o-x =z} and M, = M/(c — 1) - M.
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Show that the Hochschild-Serre spectral sequence calculating H*(G, M) degenerates
atliy

Show that H*(G, M) = H°(G/ K, M?), and that we have a long exact sequence:

0 — HY(G/K,M°) -H'(G,M) - H(G/K, M,) — H*(G/K, M)
— H*(G, M) - H(G/K, M,) — H*(G/K,M?) — ...

Let z = Z?:_Ol a;ot € Z[C,), with ag, ...,a, 1 € Z; we also write a, = ag and
a-1 = ay—1. Wehave e(z) = ag+a1+...+ay—1, (0 = 1)(z) = S (i — a;)o

n

and N(z) = (g +ay + ... +an,_1) 1) o'. So

n—1
Ker(o — 1) ={z = Zaiai |lag=a; =...=a,_1} = Im(N)
i=0
and
n—1
Im(oc —1)={x = Zaioi lap+ a1 + ...+ a,—1 =0} = Ker(V) = Ker(e).
=0

Question (i) gives a resolution of the trivial Z[C),]-module Z by free Z[C,,|-modules,
so we can use it to calculate H"(C,,, M) = Exty, (Z, M) by Theorem [IV.3.4.1
So H"(C,,,, M) is the cohomology of the following complex (concentrated in degree
> 0):

Jo(o—1 JoN
Homzc, ) (Z[C,], M) % Homge, (Z[C,], M) S Homge, (Z[C,), M)

We have an isomorphism Homgc,(Z[C,,], M) = M sending u : Z[C,] — M
to u(o). By isomorphism, the endomorphisml () o (¢ — 1) (resp. (-) o N) of
Homyjc, 1(Z[Cy), M) corresponds to the action of o — 1 (resp. N) on M. More-
over, as o generates C,,, we have Ker(c — 1 : M — M) = M. This gives the
desired formulas for H/(C,,, M).

Let x = ) ,a,0" € Z[Cx], with a, = 0 for |n| big enough. Then
€(r) =3 cpanand (0 —1)(z) = > 7(ansy1 — ay,)o™. So
Im(c —1)={x = Zanan € Z[Cy) | Zan =0} = Ker(e).
nez nez

On the other hand, we have v = ) _, a,0™ € Ker(o — 1) if and only if a,, = a,41
for every n € Z, i.e. if and only if all the a,, are equal; as we must have a,, = 0 for
|n| big enough, this forces all the a,, to be 0. So Ker(c — 1) = {0}.
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(b).

326

(iv) This is exactly the same proof as in question (ii), except that we wrote

Ker(c —1: M — M)as {xr € M | 0 -z = z} instead of M<. (These are
just two ways of writing the same object.)

(i) We apply the formulas of question (a)(ii). As (), acts trivially on Z, we have

(ii)

7" = Z, and N acts on Z by multiplicatoion by > 7", '1=n,s0N-Z = nZ
and {x € Z | N -z = 0} = {0}. This immediately gives the desired formula for
HY(C,,Z).

Let 7 be the nontrivial element of Cy. Then, if we make C, act on it via
(g,2) — (Tg77') - x, the resolution of (a)(i) is isomorphic to the following (ex-
act) complex of Z[C,,]-modules:

() ...—=z[C) S zic,) B z[c,) D zc,) B zZ[C] S Z—0

To calculate the action of 7 on H*(C,,, Z), we need to extend the action of 7 on Z
(which is given by idz) to a morphism between the resolution of (a)(i) and (*). Here
is a possibility:

1

. —Z[C) = z[e,] A zZ[C,) T2 Z[C] S ZCL] S5 ZIC,] — Z— 0

(—a)ﬂ (—U)2£ (—U)ﬂ Ul £ l idzl

. —Z[C, ] zZ(C,] A Z[C 5 Z[C 2 ZCL S ZCL] — Z— 0

So, on H*(C,,,Z), the action of 7 is given by (—o)"; as H*(C,,,Z) is a quotient
76 = 7., where C,, acts trivially, the action of (—¢)’ is given by multiplication by
(=1)".

We apply the formulas of (a)(ii) for n = 2. If ¢ is odd, then HY(C,,,Z) = 0, so
H?(Cy, HY(C,,,Z)) = 0 for every p > 0. If ¢ = 0, then HY(C,,,Z) = 7Z with the
trivial action of (5, so, by question (i),

Z ifp=0
HP(Cy, HY(C,, 7)) = Z/2Z ifp > 2iseven
0 if pis odd.

Suppose that ¢ > 2 is even and write ¢ = 2i. Then HY(C,,,Z) = Z/nZ and the
nontrivial element 7 of Cy acts by (—1)" on HY(C,,, Z). We use the formula of (a)(ii),
and we distinguish four cases:

(1) iis even and n is odd: Then  H?*(C,,Z)"" = H*(C,,7Z),
H*(C,,2)/(1 + 1) - H¥(C,,Z) = (Z/nZ)/2(Z/nZ) = 0 and
{r € Z/nZ | 22z =0} = {0}. So
; Z/nZ ifp=0
14 2t _
H (C27H (Cn,Z))—{ 0 iprl
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(2) iis even and n is even: Then H*(C,,7Z)? = H*(C,,,Z),
H*(C,,Z2)/(1 + 7) - H¥(C,,Z) = (Z/nZ)/2(Z/nZ) ~ Z/(n/2)Z and
{r € Z/nZ |2z =0} = (n/2)Z/nZ ~ 7/2Z. So

Z/nZ iftp=0
HP(Cy, H*(C,,, Z)) = { Z/(n/2)Z if p > 2is even
7)27, if p is odd.

(3) iis odd and n is odd: Then H*(C,,,Z)“? = 0, the element 1 + 7 of Z[C5] acts
on H"(C,,,Z) by 0 and the element 7 — 1 acts by multiplication by —2. So
HP(Cy, H*(C,,, Z)) = 0 for every p > 0.

(4) iis odd and n is even: As in case (3), we have Hzi(Cn, Z)C2 = 0, the element
1+7 of Z|C5] acts on H"(C,,, Z) by 0 and the element 7— 1 acts by multiplication
by —2. So

0 if p is even

HP(Cy, H*(C,, Z)) :{ 7./(n)2)Z if pis odd.

(1i11) We use the Hochschild-Serre spectral sequence:
EY = HP(Cy, HY(C,, Z)) = HP(G, Z).
By question (ii) (and the fact that n is odd), we have

Z ifp=qg=0

Z7/27 if g =0andp > 2is even
Z/nZ ifq>1lisin4dNandp =0
0 otherwise.

Pq _
E2 —

So the second page of the spectral sequence looks like this:
0 0 0 0 0 0 0
Z/nZ 0 0 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

Z 0 ZJ2Z 0 ZJ2Z 0 Z/2Z

In particular, for every r > 2, we have EY? = (0 unless p and ¢ are even;, this implies
that d, : EP? — EPT 77 is always 0 (if 7 is odd, then p and p + 7 cannot be even
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at the same time; if r is even, then ¢ and ¢ — r + 1 cannot be even at the same time).
So the spectral sequence degenerates at F, and we have EP? = E¥7.

If m is odd, then E2"P = 0 for every p € Z, so H"(G,Z) = 0. If m = 2 mod 4,
then the only E2™ P that is nonzero is B = Z /27, so H" (G, Z) = Z/27Z. Finally,
suppose that m > 0 and m = 0 mod 4. Then the only two EF-™~P that are nonzero
are E2™ = 7 /nZ and E™° = 7/27, so we have an exact sequence

0—7Z/2Z — H"(G,Z) — Z/nZ — 0.
As H"(G, Z) is an abelian group and n is odd, this gives an isomorphism
H™(G,Z) =7/27 x ZnZ ~ 7./ 2n’Z.
(c). (i) We have EX? = H?(G/K,H1(K, M)), so, by (a)(iv), we get EY = 0if p ¢ {0,1}.
So dP? = 0 if r > 2, and the spectral sequence degenerates at F.
(i) By (a)(iv) again, we have

HYK,M)° ifp=0
B2 = By = HY(G/K,H(K, M)) = { HI(K, M), ifp=1
0 otherwise.

Let m € Z. Then H™(G,M) has a decreasing filtration Fil"H™(G, M)
such that FilPH™(G,M) = 0 if p > 2, Fil'H™G,M) = EY,
Fil’H™(G, M) /Fil'H™(G, M) = E%™ and FilPH™(G, M) = H™(G, M) if p < 0.
In other words, we have an exact sequence

0— B — H™(G, M) — E2™ — 0.

Combining this with the formula for £%7 gives the result. (If m = 0, then E;cgm_l =0,
so we get H"(G, M) = E%° = HY(K, M)?.)

(d). (1) The action of G on K by conjugation is trivial, and its action on Z is also trivial, so
G acts trivially on H,(G, Z) and H*(G, Z).

(ii) We have EF? = HP(G/K,HY(K, M)), so, by (a)(iv), E5? = 0if ¢ ¢ {0,1}. In
particular, if r > 3, then the source or target of d?? : EP? — EPT47"+1 s () for every

choice of (p, q) € Z, so all teh d2? are zero. So the spectral sequence degenerates at
Es.

(iii) By question (i), we have E?? = E%? so E*? =0 if ¢ ¢ {0, 1},
EM0 = B = Coker(Ey~ " — Ey"°) = Coker(H™ *(G/K, M,) — H™(G/K, M?))
and

Enbl = b = Ker(By M — EPYY) = Coker(H™ G/ K, M,) — H™ (G /K, M?)).
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Let m € Z. Then H™(G, M) has a decreasing filtration Fil’H” (G, M) such that
Fil’H™(G,M) = 0if p > m + 1, FilPH™(G,M) = H™(G,M) if p < m — 1,
Fil"H™(G, M) = E™°, and Fil"'H™(G, M)/Fil"H™(G, M) = E™ Ll If

m = 0, then E™~11 = 0, so we get
HO(G, M) = E% = HY(G/K, M°).

If m = 1, we get an exact sequence

H™2(G/K, M,) — H™(G/K, M?) — H™(G, M) — U™ Y(G/K, M,) — H™ (G /K, M°).

Putting all these exact sequences together gives the desired long exact sequence.

O

A.7.3 Flabby and soft sheaves

Let X be a topological space. If .% is a sheaf on X and Y is a subset of X, we set

FW¥)=  lm  F)
Y CU€Open(X)°P

If Y C Y', we have amap .# (Y') — .#(Y) induced by the restriction maps of .7 .

We say that .% is flabby (or flasque) if, for every open subset U of X, the restriction map
F(X) — Z(U) is surjective. We say that .Z is soft if, for every closed subset F', the map
F(X) — F(F) is surjective.

Let R be aring. If M is a left R-module and x € X, we write S, 5; for the presheaf on X
givenby S, ,(U) = M if v € U and S, s (U) = 0if = ¢ U, with the obvious restriction maps
(equal to 0 or idy,). It is easy to see that this is a sheaf, and we call it the skryscraper sheaf at x
with value M.

(a). Show that any flabby sheaf is soft.

(b). Letd > 1, and let .Z be the sheaf U — C°°(U, C) on R?. Show that the sheaf .7 is soft.
&

(c). Forevery x € X, show that the functor pMod — Sh(.#, R), M +—— S, 5 is right adjoint
to the functor . — %,.

(d). If (M,)zex is a family of R-modules, show that [, S, a, is a flabby sheaf, and that it
is an injective sheaf if every M, is an injective R-module.

*"More generally, if X is a smooth manifold, then the sheaf Q% of degree k differential forms on X is soft. As
the sequence 0 — Cy — Qﬁ( — Qg( — ... 1is exact by the Poincaré lemme, this, and the fact that soft
sheaves are H( X, -)-acyclic, shows that the cohomology of the constant sheaf Cy is isomorphic to the de
Rham cohomology of X.

329



A Problem sets

(e). For every sheaf of R-modules .7 on X, we set G(#) = [],.x Ss#,. Show that the
canonical morphism .# — G(.%) (sending any s € .#(U) to the family (s;).cr) i8

injective.

(f). Show that sheaves of R-modules on X have a functorial resolution by flabby injective
sheaves.

(2). Let0 - .7 — ¢ — 2 — 0 be an exact sequence in Sh(X, R), with .# flabby. Show
that the sequence 0 — .7 (X) — ¥(X) — J7(X) — 0 is exact.

An open cover (U;);c; of X is called locally finite if every point of X has a neighborhood that
meets only finitely many of the U;. We say that X is paracompact if every open cover of X has
a locally finite refinement. We admit the following facts:

(1) A metric space is paracompact.

(2) If X is paracompact and (U;)ier 1s an open cover of X, then there exists an open cover
(Vi)es of X such that V; C U for every i € 1.

(h). Suppose that X is a separable metric space. [°| Let 0 — % 5@ % 4 — 0be a short
exact sequence of sheaves of R-modules on X, with .% soft. The goal of this question is
to prove that the sequence 0 — .7 (X) — 4(X) — 5 (X) — 0 s exact.

(i) Let s € (X). Show that there exists a locally finite open cover (U,),en and
sections t,, € 4(U,,) such that g(t,) = sy, for every n € N.

(ii) Take an open cover (V},),en of X such that F), := V., c U, for every n € N. Prove
by induction on n that, for every n > 0, there exists a section a,, € 4(FyU...UF},)
such that g(a,) = s|pu..uF,-

(iii) Show that s has a preimage in 4(X).

(). If .# is a flabby sheaf of R-modules on a topological space X, or a soft sheaf of R-modules
on a separable metric space X, show that H"(X,.%) = 0 for every n > 1. (Hint: Try to

adapt the strategy of Problem[A.6.5(b).)

Solution.

(a). Let .7 be a flabby sheaf. Let F' be a closed subset of X and s € .Z(F). By definition of
F (F), there exists an open subset U D F' of X and a representative s’ € .7 (U) of s. As
7 is flabby, there exists t € .7 (X)) such that t|x = &', and then ¢z = s. So .Z is soft.

(b). Let F be a closed subset of R, and let s € .Z (F). By definition of .7 (F'), there exists an
open subset V' O F of R% and a C* function f : U — C representing s.

BThe “G” is for “Godement”, who invented this method of constructing flabby resolutions of sheaves.

29 This follows from the fact that there exists a partition of unity subordinate to (U;);cr, which uses the fact that
paracompact spaces are normal and Urysohn’s lemma.

301t would be enough to assume that X is paracompact.
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I claim that there exists a locally finite open cover (U;);c; of R™ and a subset .J of I such
that F' C Ujej UicUandU;NF = @ifi € I — J. Here is a way to prove this claim:
For every x € F', choose an open neighborhood U, of = such that B, C U. For every
x € R" — F, choose an open neighborhood U, of x such that U, N ' = @. As R" is
paracompact, there exists / C R™ such that (U, ).cs is a locally finite open cover of R".
LetJ=INF.Then F N (U,e;_yUz) =9, 50 F C ., U, CU.

Now choose a C'™ partition of unity (p;);c; subordinate to the open cover (U;)ies,
and let ¢ = > . ;p;. Then supp(y) C U;5;U; C U and, if z € F, then
1= icrpi(r) =>_;c;¢j(x) = 1. Define a function g : R" — C by g(z) = ¢(z) f(x)
ifr € Uandg(x)=0ifz € U. Then gis C* on U, and g = 0 on R" — supp(¢p). So g is
C>,ie. g e Z(R"),and gp = s.

Let .# € Ob(Sh(X, R)) and M € Ob(zkMod). Then we have

Hompg(%#,, M) = HomR(lig FU),M)= @HomR(ﬁ(U),M).

zeU zelU

On the other hand, a morphism .# — S, ) is a family (fy)ueopen(x) of morphisms of
R-modules fy : #(U) — S.m(U), with fy = 0if © ¢ U (because then S, 5, (U) = 0
and fy : #(U) — M if x € U, satisfying the condition that, if z € V C U, then,
for every s € #(U), we have fy(sy) = fu(s). In other words, the family (fy)us, is
an element of lim _ Homp(.7 (U), M) = Hompg(F,, M). This defines an isomorphism
Homgn(x,g)(-#, Sz,m) =~ Homp(.F,, M), that is clearly functorial in .% and M.

Let # = [[,cx Sz .. Let U be an open subset of X. Then #(U) = [[,., M, and
ZF(X) = [L,ex M, and the restriction morphism .% (X)) — .7 (U) is given by the canon-
ical projection on the factors indexed by x € U, which is clearly surjective. So .Z is
flabby.

Suppose that M, is an injective R-module for every € X. Then, for every z € X, the
sheaf S, 5/ is injective by Lemma [[I.2.4.4/and question (c). By Lemma [[1.2.4.3| the sheaf
[ L.cx S, is also injective.

Denote by ¢ : . — G(.%) the canonical morphism. Let U be an open subset of X and
s € Z(U) such that ¢(s) = 0. As ¢(s) = (Sz)zev, We have s, = 0 for every z € U, so
s =0.

As rpMod is a Grothendieck abelian category, there exists a functor ¢ : pkMod — pMod
and a morphism of functors ¢ : id, voa — @ such that, for every M € Ob(zpMod), the
R-module ®(M) is injective and ¢(M) : M — ®(M) is an injective morphism. (See
Theorem[[[.3.2.4].)

For every sheaf of R-modules # on X, let G'(F) = [l,cx ®(F:) and let
d  F — G(F) be the composition of ¢ : F — G(Z) and of
[Liex !(F2) : G(F) — G'(F). Then G is a functor and ¢’ is a morphism of functors.
Also, the sheaf G'(.%) is always injective and flabby by question (d). The construction
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().

(h).

of the proof of Lemma|[[V.3.1.2] gives a functorial resolution of .%# by injective and flabby
sheaves.

We give names to the morphisms of the sequence:

07 La% »_o.

Let s € #(X). We want to show that there exists ¢ € ¢(X) such that g(¢t) = s. We
consider the set [ of pairs (U, t), where U C X is an open subset and ¢t € ¢ (U) is such
that g(t) = s;y. Note that I is not empty, because s admits preimages by g locally on
X. We consider the following (partial) order on I: (Uy,t;) < (Us,ts) if Uy C Us and
t1 = tou,. Let J be a nonempty totally ordered subset of I; for every i € J, let (U;, ;)
be the corresponding pair. Let U = UiEJ U It 4,5 € J, Lclaim that t;u,nu;, = tu.nu;s
indeed, we may assume that 7 < 7, and then U; C U; and ¢; = tjy,. So there exists
t € 4(U) such that ¢y, = t; for every i € J, and then (U, t) > (u;,1;) for every i € J.
By Zorn’s lemma, the set / has a maximal element (U, t). I claim that U = X, which
finishes the proof. Suppose that U # X. Then there exists an open subset V' ¢ U of X
and ¢’ € 4(V') such that g(t') = s)y. In particular, we have g(tyny — tyq) = 0, so there
exists u € .ZF(UNV) such that f(u =)tyny —tqy- As Z is flabby, there exists v € .Z (X))
such that u = vjyny. Let t” = t' + f(v). Then t"UmV = tiUmv + f(u) = tjynv, so there
exists t; € (U U V) such that ¢ty = ¢ and ty)y = t"”. We have g(t,)jv = g(t) = s
and g(t1)jv = g(t") = g(t') = sy, s0 g(t1) = sjyuy. As U € U UV, this contradicts the
maximality of (U, t).

(i) We can find an open cover (U;);c; of X and sections t; € ¢ (U;) with g(t;) = sy, for
every ¢ € I. As X is paracompact, after replacing the cover (U;);c; by a refinement,
we may assume that it is locally finite. As X is a separable metric space, its topology
has a countable basis. So we may assume that the cover (U;);¢; is countable.

(i) We take ag = top,. Suppose that n > 0 and that we have found a,. Let
Q D FyU...U F, be an open subset of X and a/, € ¥(2) be a representative
of a,. We have g(a;,) v, ,,n(Fou..UF,) = S|Un1n(FoU..0F) = 9(Ent1) (U, 10(F0U..UE)
so, after shrinking €2, we may assume that g(a;,) = g(t,+1)0nv,,.,)- Then there exists
b e F(QNUyy) such that f(b) = al, — tyi1j0nu,,,- As F is soft, there exists
V' € F(X)suchthat by, . = bru.ur,. After shrinking 2 again, we may as-
sume that b, = b. Lett;,,y = tns1 + f(by, ). Then g(t;, 1) = g(tnt1) = s,

/ _ _ / s
and 4} 1000, = tatonv, fbonu,..) = @ ionu,,,- SO there exists
/! / _ / / _
tnyr € G (Upsr U Q) such that @) o = aj, and a ;. = tni1, and we have

g(al,11) = sjouu,.,,- We take for a, 1 € 4(FyU. ..U F, 1) the element represented
bya,,, €9(QUU, ).

31 Actually, with a little more work we could show that every injective sheaf is flabby, so any functorial resolution
of .# by injective sheaves (which exists because Sh(X, R) is a Grothendieck abelian category) is a resolution
by injective and flabby sheaves. But it is simpler to use the functor G.
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(i) As X = UnZO V,,, the family (an|vyu..uv;, )n>0 glues to a section a € ¢(X) such that
g(ay,) = s)v, for every n, hence g(a) = s.

(). Let % be the full subcategory of Sh(.X, R) whose objects are flabby sheaves of R-modules
on X. Suppose that 0 — . — ¢ — J# — 0 is an exact sequence in Sh(X, R) with .
and ¢ flabby. We claim that .77 is also flabby. Indeed, let U be an open subset of X. By
question (g) (whose proof adapts immediately to show that ¢ (U) — 7 (U) is surjective),
we have a commutative diagram with exact rows

0— F(X)— 9 (X)—— H#(X)——0

l v wl

0—— Z(U) G (U) H(U)——0

where the morphisms u and v are surjective. So w is also surjective.

We show by induction on n that, for every n > 1 and every .# € Ob(%), we have
H"(X,.%#) = 0. Suppose that n = 1. Let .% be an object of 4. Choose a monomor-
phism . — ¢ with ¢ an injective sheaf. Let 7 = ¢ /.%. The long exact sequence of
cohomology gives an exact sequence

G(X)—» A (X)—H(X,7) - H(X,9).

But H!'(X,¥) = 0 because ¥ is injective and ¢4 (X ) — (X)) is surjective because .7 is
flabby (by question (g)), so H}(X,.%) = 0.

Now suppose the result known for n > 1, and let us prove it for n + 1. Let .% be a flabby
sheaf on X. By question (f), there exists a monomorphism .% — ¢ with ¢ an injective
flabby sheaf. Let .77 = ¢ /.%. We have shown that 77 is flabby. The long exact sequence
of cohomology gives an exact sequence

H" (X, #) — H" (X, Z) - H (X, 9).

But H"*(X,¥4) = 0 because ¢ is injective, and H"(X, 7#) = 0 by the induction hypoth-
esis, so H" (X, .#) = 0.

The proof for soft sheaves on a separable metric space is exactly the same, once we have
proved that a quotient of soft sheaves is soft; this is the same proof as for a quotient of
flabby sheaves, using question (h) instead of question (g).

0
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A.8 Problem set 8

A.8.1 Right multiplicative systems

Let € be a category and W be a set of morphisms of 4. Let .# be a full subcategory of ¢ and
W 4+ be the set of morphisms of . that are in WW. Suppose that IV is a right multiplicative system
and that, for every s : X — Y in W such that X € Ob(.#), there exists a morphism f : Y — Z
with Z € Ob(#) and fos € W.

Show that W, is a right multiplicative system.

Solution. Conditions (S1) and (S2) of Definition are clear. We check condition (S3). Let
f:X —Yands: X — X’'be morphisms of .# such that s € . Then there exist a morphism
g: X" —Y'in ¢ and a morphism ¢ : Y — Y’ in W such that t o f = g o s. Moreover, by the
hypotheses of the proposition, there exists  : Y' — Y”, with Y € Ob(.#), such that hot € W.
As .7 is a full subcategory of %, we get a commutative diagram in .¢:

hog

X/ Y//
ST Thot

We now check condition (S4). Let f,g : X — Y be two morphisms of .#, and let s : X’ — X
be a morphism of W such that f o s = gos. As W is a right multuplicative system, there
existst : Y — Y/ in W suchthatto f =tog. Take h : Y — Y” such that Y” € Ob(.#) and
hote W.Thenhot € Wy, and we have (hot)o f = (hot)og.

O

A.8.2 Isomorphisms in triangulated categories

Let (2,T) be a triangulated category, and let f : X — Y be a morphism of 2. Show that f is

an isomorphism if and only if there exists a distinguished triangle X Ly 575 T(X) with
Z =0.

Solution. Suppose that f is an isomorphism. By (TR2), there exists a distinguished triangle
xLbyszor (X). By (TR4), the commutative square

XLY

idXJ lf_l

X—X

idx
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can be completed to a morphism of distinguished triangles

By Corollary |V.1.1.12], the morphism ¢ is an isomorphism, so Z = 0.

Conversely, suppose that there exists a distinguished triangle X Ly 57 5 T(X)
with Z = 0. Then, for every object W of &, applying Homgy(W,-) to the tri-

angle X — Y — Z — T(X) and using Proposition [V.1.1.11(ii) shows that
f« : Homg(W, X) — Homg(W,Y) is an isomorphism. By the Yoneda lemma (Corollary

1.3.2.9]), the morphism f is an isomorphism.
OJ

A.8.3 Null systems

Let (2,T) be a triangulated. Remember that a null system in & is a set .4 of objects of Z such
that:

(N1) 0 € 4

(N2) for every X € Ob(%), we have X € .4 if and only if T'(X) € A4/,

(N3) if X - Y — Z — T(X) is a distinguished triangle and if X, Y € 4", then Z € /4.

We fix a null system .4/, and we denote by W_, the set of morphisms f : X — Y in Z such
that there exists a distinguished triangle X Ly 57 T(X)with Z € 4.

(a). If X € 4 and Y is isomorphic to X, show that Y € 4.

(b). Show that W, contains all the isomorphisms of Z.

(c). Show that W 4 is stable by composition.

(d). Show that IW_, satisfies conditions (S3) and (S4) of Definition[V.2.2.1].

(e). Show that W 4 is also a left multiplicative system.

Solution.

(a). Let f : X — Y be an isomorphism. By problem|A.8.2] the triangle X Ly 50 T(X)

is distinguished. By axiom (TR3), the triangle 0 — X Ly & T(0) = 0 is also
distinguished and so, by (N1) and (N3), we have Y € 4.
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(b).
(c).

(d).

(e).

336

This follows immediately from problem [A.8.2]and from (NO).

Let f : X —- Yandg : Y — Z be in W,. Choose distinguished triangles

XLy 5272 57X)adY % Z > 2 — T(Y) with Z,Y' € . Let

X%y 575 T(X) be a distinguished triangle. By the octahedral axiom (axiom
(TRS)), there exists a distinguished triangle 7' — Y — X' — T(X’). By (N3), we have
X' e ¥,andsogo fe W .

We show condition (S3). Let f : X — Y and s : X — X’ be morphisms in & with
s € W_y. By the definition of W, and axioms (TR3) and (N2), we can find a distinguished
triangle 7 KXo X S T(Z) with Z € 4. By (TR2), we can find a diatinguished

triangle Z by Loy T(Z),and t € W, by (TR3) and (N2). Finally, by (TR4), we
can complete the commutative diagram

X X! T(Z

Z
|
idzl fl gl idT(Z)l
/

)
3
Z Y Y T(Z)

In other words, we can find a morphism g : X’ — Y” such that g o s = ¢ o f. This finishes
the proof of (S3).

We show condition (S4). Let f,g : X — Y be two morphisms of &, and suppose that
there exists s : X’ — X suchthat fos =gosands € W . If h = f — g, then we
have h o s = 0. Choose a distinguished triangle X’ % X = Z — T(X') with Z € .#".
Applying the cohomological functor Homg(+, Y') to this distinguished triangle, we get an
exact sequence

Homgy(Z,Y) — Homg(X,Y) — Homg (X, X').

As the image h o s of h € Homg(X,Y') by the second morphism of this sequence is 0,
there exists & € Homg(Z,Y) such that h = k o u. Consider a distinguished triangle
zhy Ly T(Z). As Z € A ,wehavet € W 4. Also, as t o k = 0 (by Proposition
V.1.1.11[i)), we have to h = 0,s0to f =t og.

We know that 2°P is also a triangulated category, and 4P = {X € Ob(2°") | X € A4}
is a null system in Z°P; indeed, axioms (N1) and (N2) obviously hold, and axiom (N3)
for .4 °P follows from (N3) for .4 thanks to (TR3) and (N2). Also, again thanks to (TR3)
and (N2), the set of morphisms W o» determined by .4 °P is equal to (W_4)°P. So, by
question (d), the set (W 4 )°P is a right mutliplicative system. But this is equivalent to the
fact that WW_4 is a left multiplicative system.
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A.8.4 Localization of functors

Let € be a category, let W be a set of morphisms of ¢, and let .# be a full subcategory of ¢;
denote by W the set of morphisms of .# that are in . We fix a localization Q : € — € [W ']
of ¢ by W, and we denote by ¢ : .# — % the inclusion functor. Let F' : 4 — & be a functor.
Suppose that:

(a) W is aright multiplicative system;
(b) for every X € Ob(%), there exists a morphism s : X — Y in W such that Y € Ob(.9);
(c) forevery s € W, the morphism F'(s) is an isomorphism.

Show that, for every functor G : €[W~!] — &, the map
a HOInFunC(%”,@)(-Fv Go Q) — HomFunc(f,g) (F O, Go Q © [')
induced by composition on the right by ¢ is bijective.

Solution. Let uy,uy : ' — G o () be morphism of functors such that a(u;) = a(ug). Let
X € Ob(%), and choose a morphism s : X — X’ such that X’ € Ob(.#). Then we have
commutative diagrams

w1 (X) u2(X)

F(X)—>GoQ(X) and F(X)—>GoQ(X)

F(S)J( ZlGoQ(s) F(s)l ZlG’oQ(s)

F(X') G o Q(X) F(X') G o QX))
ul
and uy (X') = ua(X') because X’ € Ob(#), so u1(X) = us(X). This shows that u; = us, and
hence that « is injective.

We show that « is surjective. Letv : ot — G o () o« be a morphism of fucntors. Let
X € Ob(%), and let s : X — X’ be a morphism of W such that X’ € Ob(.#). Then G o Q(s)
is an isomorphism, and we set u(X) = (G o Q(s))™! o v(X’) o F(s). We must check that this
does not depend on the choice of s. Let s : X — X" be another morphism of W such that
X" € Ob(.#). By condition (S3), we can find a commutative square

X L x”
sl lt
X/ T> Y
with ¢ € W. After composing with a morphism Y — Y” in W such that Y’ € Ob(.¥), we may

assume that Y € Ob(.#). The images of s, ¢ and s’ by G o ) are isomorphisms, so G o Q(t) is
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also an isomorphism. As v is a morphism of functors, we have

(GOQWD*OMXﬂonﬁ‘(GOQ@W’I(GOQ@D“Ov030F®OF®U
=(GoQ(s) " o (GoQ(t)) " ov(Y)o F(t) o F(s)
= (GoQ(s) " ov(X') o F(s).

So u(X) is well-defined. It remains to show that teh family (u(X))xcob(#) is @ morphism of
functors from F' to G o Q). Let f : X — Y be a morphism of 4. We choose morphisms
s: X = X'andt:Y — Y’ un W such that X', Y’ € Ob(.#). By condition (S3), we can find
morphisms f': X' — Zand s’ : Y’ — Z suchthat s’ € W andthat s ot o f = f' os. After
composing s’ and ¢g by a morphism Z — Z’ in W such that Z' € Ob(.#), we may assume that
Z € Ob(.#). Then, using the fact that v is a morphism of functors and the definition of u, we
get

(GoQ(f)) o u(X) (NG oQ(s) " ov(X') 0 F(s)

()" 0 (GoQ(s) ™ o (GoQ(g)) ov(X') o F(s)
£) o (GoQ(s)) "o ()Qﬂ) F(s)
t))" o (GoQ(s)) " ov(Z) o F(s) o F(t) o F(f)
t))" ov(Y') o F(t) o F(f)

F(f).

This shows that » is a morphism of functors.

o

(
(
(

IR
@)
T OO OD

A.8.5 Localization of a triangulated category

Let (2,T) be a triangulated category, let .4 be a null system in 2, and let W = W , be the
corresponding multiplicative system. (See problem [A.8.3]) We write Q : 9 — 2/.4 for
Q:92— I9[W1.

(a). Show that there exists an auto-equivalence 7., : Z/A4 — Z/A such that
Tyo@~QoT.

We say that a triangle in /.4 is distinguished if it is isomorphic to the image by @) of a
distinguished triangle of . Axiom (TRO) of Definition |V.1.1.4] is obvious.

(b). Show that axioms (TR1)-(TR5) also hold.

Solution.

(a). The functor 1" preserves W , (by (TR3) and (N2)), so the functor & Lg9%qg /A sends
elements to W 4 to isomorphisms, so it factors through a factor 7'y : /N — D[N .
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If we want to justify the construction of 7', in Theorem we can say this: If
X € Ob(2/4) = Ob(Z), weset Ty (X) = T(X). Letu : X — Y be a mor-
Y/
phism of 2, and chose a diagram % X in  representing u, witht € W .

We take T 4 (u) to be the morphism from 7", (X) to T 4 (Y) represented by the diagram

T(Y’)
V w . This makes sense because 7'(t) € Z 4, by (TR3) and
T(X) T(Y)

Y/ Y;
(N2). If we choose two representatives V y and V Y of
X Y X Y

u, then we have a commutative diagram

lel
f1 t1

X f3 }/g t3 Y

N4

Y3
with t3 € W 4. Then applying 1" gives a commutative diagram

T(Y{)
T(#) T(t1)
rx )JT(L;{)TXT(Y)

T(f2) T A)

T(Y3)

) T(Yy)
SO T(y w) and T(y %) represent the same
T(X) T(Y)  T(X) ()

morphism from 7'(X) to T'(Y') in Z/.4". So T 4 is well-define, and it is easy to see that it
is a functor.

(bXTR1) Let X € Ob(2/.4). Then the triangle X 5 X — 0 — T, (X) in 2/.4 is

isomorphic to the image by () of the distinguished triangle X YNx 0o T(X)
in 9, so it is distinguished.
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340

(TR2)

(TR3)

(TR4)

Let u : X — Y be a morphism in /.4, and choose morphisms f : X — Y and
s:Y = Y'in Z suchthat s € W, and u = Q(s)™' o Q(f). Choose a distinguished

triangle X 5 Y’ % Z — T(X)in 2. Then the triangle X - Y ) Ty (X)
in /.4 is isomorphic to the image by @ of X Ly 4oz o T(X), so it is
distinguished.

LetX Ly %225 T y(X) be a triangle in & /4. If it isn distinguished, then it is
isomorphic to the image by Q of a distinguished triangle X’ % Y’ % Z % T(X") in
9, and then the triangle Y % Z % T(X) It p 'y (Y") is isomorphic to the image
by @ of Y’ Ggh T(X") Ty T(Y"), hence it is also distinguished. The proof of
the converse is similar.

Consider a commutative diagram

X —Y — 7 — Ty (X))

in 9/, where the rows are distinguished triangles. By the definition of distin-
guished triangles in & /.4", we may assume that f, g, h, f',¢’, h’ are morphisms of
9. We write u = Q(s)"' o Q(a), where a : X — X” and s : X' — X" are mor-
phisms of & such that s € W . As W , is a multiplicative system, we can find a
commutative square

X'

T

X/T)Y/

with s’ € W . Writev = Q(#') "o Q(V), with ¥/ : Y — Y and t' : Y' — Y are
morphisms of & such thatt' € W ,. Then

Q(s)"oQ(koa) = Q(f)oQ(s)™10Q(s) = Q(f")ou = voQ(f) = Q(t')oQ(V'of),

so, by the description of the Hom in the localization after Definition |V.2.2.3| there
exists a commutative diagram

Y///

A
b//

Xyt oy

koa CT /
T
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witht € Wy.Letb=b"0ob': Y — Y”. Then
Q) 0 Q(b) = Q) 0 Q) = .
Let f" =cok: X" = Y". Then
ffoa=cokoa=kK=0b"obof=bof

and
tof,:COS,Of,:COk?OS”:fHOS”,

so we have constructed a commutative diagram in Z:

Xty ,z7- " 7,(X)

| s

X//f—>Y//—g—->Z”—h—H->T/ X”)

Ts Tt T 4 (s)

/ / !/ /
XY — o 7 T (X))

and, by axiom (TR2), we can extend f” : X” — Y” to a distinguished triangle

" " hl/ . . . . .
x Loyn & ogn T(X"). Completing s and ¢ to distinguished triangles, we
get a commutative diagram where the first two rows and columns are distinguished
triangles and Ny, Ny € A

N N, YA T(N;)

T(X') ——T(Y") —— T(Z') —— T(X")

—
T(f") g T(h')

We also complete to f' = f”os to adistinguished triangle X’ — V" — A — T(X").
By the octahedral axiom (TRS) applied to the triangles based on (f’,¢,¢ o f) and on
(s, f", f"circs), we have distinguished triangles

7' A— Ny —T(Z)

and
Ny = A= 7" = T(Ny).
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Applying the octahedral axiom again for the morphisms 2" — A, A — Z” and their
composition, we get a commutative diagram where the rows and the third columns
are distinguished triangles:

ﬂ' 11 Ny T(Z)
7' Z" N, T(Z')

T(Ny)

In particular, we have N3 € .4". So we have completed the commutative square

x Ly

| )
X// Yl/

fll

to a morphism of triangles

x Ly L M p(x

T

X/l Y// Zl/ T(X/l)

f// g// h//

such that the morphism Z’ — Z” is in W_,-. Moreover, by (TR4), we can complete
the commutative square

x—1 .y

| b
X// Y//

f//

to a morphism of triangles

X y 27— 7(X)
X/I Y/I Z// T(X//)
f// g// h//
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So we have constructed a commutative diagram in & whose rows are distinguished
triangles:

X f

T

Xl/ Yl/ Z// T(X//)

f// g// h//
Ts tT T T(S)T

x Ly L ()

and such that s, ¢ and the morphism Z’ — Z" are in W .. Taking the image of this by
(), we get a morphism of distinguished triangles in /.4 extending the pair (u, v).

(TR5) Let f : X — Y and g : Y — Z be morphisms in Z/.4". After replacing Y and Z
by isomorphic objects, we may assume that f and g are morphisms of Z. Applying
(TRS) in & to distinguished triangles based on the morphisms ( f, g, g o f) and taking
the image of the resulting diagram by ), we get (TR5) in Z/.4".

O

A.8.6 More group cohomology

The description of group cohomology in Subsection can be useful in this problem.

We define elements u, v, r and s of the symmetric group &, by u = (12)(34), v = (14)(23),
r = (123) and s = (13). The Klein four group is the normal subgroup K of G4 generated by u
and v.

Let k be a field of characteristic 2.

(a). Show that &, /K ~ &;.

(b). Show that there is a unique representation 7 : &; — GLy(k) such that

) = 7(v) = (é (1)),7(7“) _ ((1) D and 7(s) = (g’ é)

Let M = My(k), with the action of &, given by g - A = 7(g)A7(g)~?, for ¢ € &4 and
A € Ms(k). We identify G3 with the subgroup of &, generated by r and s. We have a short
exact sequence of groups

1 —>Z/)37 — &3 — Z/27 — 1,

where the generator 1 € Z/3Z is sent to r € &3.

(c). If N is any representation of Z/3Z on a k-vector space, show that H?(Z/3Z, N) = 0 for
every p > 1. (You might find Remark [TV.3.5.T| useful.)
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(d). If N is any representation of G3 on a k-vector space, show that we have canonical isomor-
phisms HP(Z /27, N2/32) 5 HP(&3, N) for every p > 0.

(e). Show that H?(S3, M) = 0 for every p > 1.

(f). Show that we have canonical isomorphisms

HP(Z/2Z, H' (K, M)*/*%) 5 HP (&4, H (K, M),
for every p > 0.

(g). Show that H' (K, M) = Homg,p (K, M), and that the action of G3 on H' (K, M) is given
by (g-¢)(z) =g- (g 'zg),if g € &3, 2 € K and p € H'(K, M).

(h). Show that HY(&3, H'(K,M)) is a 1-dimensional k-vector space, and that
HP (&3, HY (K, M)) = 0if p > 1.

(). Show that we have canonical isomorphisms H(&,, M) = HY(K, M) and
H2(G&4, M) = H2(K, M)®s.

(). Let N be a k-vector space with trivial action of K. Show that the map Z?(K, N) — N?
sending a 2-cocycle ny : K2 — N to (n(u,u)—n(1,1),n(v,v)—n(1,1), n(uv,uv)—n(1,1))
induces an isomorphism H2(K, N) = N3,

(k). Show that H?(&,, M) is a 2-dimensional k-vector space.

Solution.

(a). We have K = (u,v) = {1,u,v,uv}, with uv = (13)(24), so the elements of K are 1
and the permutation in &, that are the product of two transpositions with disjoint supports.
This implies that K is a normal subgroup of G4. Also, it is easy to see that the subgroup H
of &, generated by r and s is equal to the group {o € &, | 0(4) = 4}, which is isomorphic
to &3. We have H N K = {1}, so the composition H C &, — &, /K is injective; as
|H| =6 =24/4 = | &, /K|, this composition is an isomorphism, so &3 ~ H — &, /K.

(b). The uniqueness of 7 follows from the fact that the set {u, v, 7, s} generates S,.
Let us show the existence of 7. Consider the bijection F2 — {0} ~ {1,2,3} send-
ing (é) to 3, ((1)) to 1 and G) to 2. This induces an injective morphism of groups

. 01 01
¥ : GLy(Fy) — &3 sending (1 0) to s and <1 1> tor. As |GLy(Fy)| = 6 = | G3,
the morphism ) is an automorphism, and we get the representation 7 : &, — GLy(k) as
the composition
Gy — 64 /K ~ G35 GLy(Fs) C GLo(k).
(c). Let I" be any finite group of odd order. We will show that, for every k[I'|-module N and
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derived functor on the category <7 = ,;rjyMod. We claim that the abelian category <7 is
semisimple (that is, every short exact sequence splits), which implies that every additive
functor on ¢ is exact, hence has trivial higher derived functors.

The semisimplicity of .7 follows from Maschke’s theorem, whose proof in this case goes
like so: Let 0 — N; % Ny, > N3 — 0 be an exact sequence of left k[I']-modules. As
k is a field, there exists a k-linear map wy : N3 — Ny such that v o wy = idy,. Define
zZ: N3 — Ny by

1 1
wla) = [ 27wy )

vyel
where we use the fact that || is odd to see that it is invertible in k. Then an easy calculation
shows that w is k[I']-linear and w o v = id ;.

Consider the  Hochschild-Serre  spectral ~ sequence  for the  extension
1—7Z/3— &3 — Z/27Z — 1 and the k[S3]-module N:

qu = HP(Z/227 Hq(Z/?’Za N)) = Hp+q(637 N)

By question (c), we have EY? = 0 if ¢ # 0, so the spectral sequence degenerates at the
second page, and EP? = E¥?. So, for every p > 0, we get an isomorphism

HP (&3, N) ~ E&O — ES,O _ HP(Z/QZ,NZ/SZ),

We use the formula of question (d). By definition of the action of G, on M,

the k-vector space M Z/3Z is the centralizer of (? }) in Ms(k), that is, the space

{ (Z a _?_ b) , a,be k}, with the action of the nontrivial element s of Z/27 given by

conjugation by <(1) é).lfa,bek, we have
0 1\ (fa b 0 1\ f(a+bd b
1 0)\b a+b)\1 0) b a)’
MSs =1 (¢ 0 a€k
0 a ) Y

(1+s)-MZ/3Z:(s—1)-MZ/3Z:{(8 2),bek}

(remember that 2 = 0 in k), and

{xEMZ/3Z|(1+s)-x:O}:{<g 2>,aek}.

By problem a)(ii), we get H?(&3, M) = HP(Z/27Z, M*/3%) = 0 if p > 1, and
0 - a 0
H(&3, M) = {(o a) , a € k}

So we get
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(®).

().

(h).
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Apply (d) to the k[G3]-module H* (K, M), where the action of &3 comes from the isomor-
phism &3 ~ &, /K of (a).

We use the description of H' (K, M) given in Subsection As K acts trivially on M,
a remark in this subsection gives H' (K, M) = Z'(K, M) = Homgyp (K, M). Moreover,
if we make G = &, act on ZX""" via its action by diagonal conjugation on K", then
the unnormalized bar resolution X* — Z of Z as a left Z[K|-module is G-equivariant. So
we get actions of G on the groups C" (K, M) that preserve the subgroups Z" (K, M) and
B™(K, M), and induce the action of G on H" (K, M ). By definition of the action of G on
X*, the action of G on C"(K, M) = F (K", M) (the set of functions from K™ to M) is
given by (g - n)(k1,.... k) = g -n(g 7 k1g,..., 9 kng), forg € G, n: K" — M and
k1, ..., k, € K. This implies in particular the second statement of (g).

We have r~lur = wv and r~'vr = u, so, by (g), we have an isomorphism
H'(K, M) = Homg,p(K, M) = M? sending ¢ : K — M to (c(u), c(v)), and the action
of r € G on HY(K, M) corresponding to the following action on M?: if x,y € M, then

re(zy) = (7(r)(x +y)r(r) L, 7(r)zr(z) ). fz = (Z fl)’ then we have

-1 __ c+d C
m(r)ar(r)” = (a+b+c+d a+c)‘

So a straightforward calculation shows that

1 Z/3L 2 : [ a b (b a+D
HY (K, M) —>{(x,y)€M |3a,b€kw1thx—(a+b a> andy_<a b .

Moreover, we have sus = v and svs = u, so the action of s € G on H' (K, M) corresponds
to the following action on M?: if z,y € M, then s - (z,y) = (7(s)y7(s), 7(s)x7(s)). If

T = (a b),then we have
c d
d c
T(s)xT(s) = (b a) )

So, if N = HY (K, M)%/3Z, we have
NEPE—fne N|(1—s)-n=0y={neN|(1+s) n=0}
S

By question (f) and problem[A.7.2)a)(ii), we get

e ={(( 9. ) -1

and, if p > 1, then
Hp(Gg,Hl(K, M)) =0.
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Consider the  Hochschild-Serre  spectral ~ sequence  for the  extension
11— K — 6, — 63 — 1 and the k[&,]-module M:

EPY = HP (&3, HY(K, M)) = HPT (&4, M).

By questions (e) and (h), we have E}? = 0 if ¢ € {0, 1} and p # 0. So the second page of
the spectral sequence looks like this:

HO(&3, HX(K, M)) HY(&;, HX(K, M)) H2(&;, HX(K, M)) H3 (&5, H2(K, M))
H(&;, HY(K, M)) 0 0 0
HO(&;, HO(K, M)) 0 0 0

In particular, if r > 2 and ¢ € {0,1,2}, then d>¢ : E%? — E7 " is zero, be-
cause B0+ = 0, hence E)Y, = E%. So we get E%¢ = Ey?if ¢ € {0,1,2}, and
EX0 = ELl = E2% = 0 (because the corresponding F terms are 0). This gives isomor-
phisms

HY(&,, M) 5 E%0 = HY (&3, HY (K, M)),

HY (&, M) 5 E% = H(&3, H' (K, M)),

and
H?(&,, M) = E%? = HY(&3, HA(K, M)).

Letn € C*(K, N). As K acts trivially on N, the function 7 is a 2-cocycle if and only if,
for all g1, g2, g3 € K, we have

0 = (g2, 93) — 1(9192, 93) + 1(91, 9293) — 1(91, g2)-

As N is a k-vector space and £ has characteristic 2, this relation can also be written as

(%) 0 = n(g2, 93) + 1(9192, 93) + 191, g293) + 1(91, 92)-

Also, the function 7 is a 2-coboundary if and only if there exists a function ¢ : K — M
such that n = d'(c), that is, for all g1, g, € K,

(%) n(g1, g2) = c(g1) + c(g2) + c(g192)-

Letn € Z?(K,M). Taking g, = g» = 1 in equation (*), we get, for every g € K,
n(1,1) = n(1,g). Similarly, taking go = g3 = 1 in (¥), we get, for every g € K,
n(1,1) = n(g,1). Taking (g1, g2, g3) equal to (u,v,uv), (v, u, wv), (u,uv,v), (v,uv,u),
(uv,u,v) and (uv, v, u), we get the following six relations:

(1) n(u,v) +n(v, wv) = n(u, w) + n(uww, u)
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(2) n(v, u) + n(u, uv) = n(v,v) + n(uv, uv)
(3) n(u, wv) +n(uv,v) = n(u, u) + (v, v)
€ (v, uwv) +n(uv, u) = n(u, u) + (v, v)
(5) n(uv, u) + n(u,v) = n(v,v) + n(uv, uww)
(6) n(uv,v) + n(v,u) = n(u,u) + n(uv, wv)

Taking (g1, g2, 93) equal to (u,u,v), (v,v,u) and (uwv,uv,u), (and using the fact that
n(1,9) =n(g,1) =n(1,1) for every g € K), we get the following three relations:

(7N U(Ua U) + 77(“7 uv) = U(Ua u) + 77(17 1)
©) (v, u) + (v, uv) = nv,v) +1(1,1)
) 77(1“% U) + U(Uva u) - TI(W uv) + 7](17 1)

Let « : C?*(K,N3) — N3 be the morphism sending n : K? — N
to (n(u,u) — n(l,1),n(v,v) — n(1,1),n(uv,uwv) — n(1,1)). We claim that
(Kera) N Z*(K,N) = B*(K, N).

Suppose first that n € B*(K, N), and write n = d*(c), with ¢ : K — N. Taking g; = g» in

(**) and using the fact that every element of K is of order 1 or 2, we get, for every g € K,
n(g,9) = ¢(1). Hence n(g, g) = n(1,1) for every g € K, so a(n) = 0.

Conversely, let n €  Z*K,N) such that «o(p) = 0. Then
n(u,u) = n(v,v) = nluww,uv) = mn(1,1), so equations (1)-(6) imply that
n(u,v) = nv,uwv) = n(uv,u) and n(v,u) = n(uv,v) = n(u,uwv), and then equa-
tion (7) implies that (u, v) = n(u, uv), so we finally get

n(u,v) = (v, wv) = n(uv, u) = nv, u) = n(uv, v) =, w).

Define ¢ : K — N by ¢(u) = ¢(v) =0, ¢(1) = n(1,1) and c(uv) = n(u,v). Then it is
easy to check that n = d'(c), son € B*(K, M).

To finish the proof, we need to show that o induces a surjection Z?(K, N) — N3. Let
(,y,2) € N3 We want to find n € Z*(K,N) such that a(n) = (z,y,2). As we
can always translate 7 by an element of B?(K, N) without changing a(n), we may take
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n(1,1) = n(u,v) = 0. Then we must have n(u,u) = x, n(v,v) = y and n(uv,uv) = z,
and equations (1)-(9) imply that

n(v,uv) =z + z

n(uv,u) =y + 2z
n(u,uv) = x
n(uv,v) =y
nv,u)=x+y+z

Also, if 7 is a 2-cocyle, we must have 7(1,g9) = n(g,1) = n(1,1) = 0 for every g € K.
This determines the values of 7 on all of K2, and it is easy to check that the function 7 that
we defined is indeed a 2-cocycle.

(k). We know that H?(&,, M) ~ H°(&3, H%(K, M)) by question (i), so we need to calculate
the action of &3 on H%(K, M); we will use the isomorphism « : H?*(K, M) = M3
of question (j). By the proof of question (g), an element g € G, acts on a 2-cocycle
n € Z*(K,M) by (g-n)(ki, k2) = g - n(g k19,9 "kag). Letn € Z*(K, M), and let
(z,y,2) = a(n). We have sus = v, svs = u, s(uv)s = uv, rtur = uv, r~'or = v and
r~Huv)r = v, so

a(s-n)=(s-y,s-x,82)
and

alr-n)=(r-z,r-z,r-y).
So 7 represents an element of H?(K, M)®: ifand only if s -y = 2,5 -2 =y, s - 2 = 2,
r-z=ux,r-x=yandr -y = z. We already calculate the action of  and s on M in the

solution of question (h). The relation s - z = z is equivalent to the fact that z = (Z b) )

R a-+b b
o o 0 a+bd

g a+b 0
y= “\ b a+bd)

We have z = r - y because > = 1, and it is clear that + = s -y and y = s - 2. So the
k-vector space

9 S5 a+b b a+b 0 a b
H(K, M) —{(( 0 a+b)’( b oa+b) \b o)) BOER

1s 2-dimensional.

for a,b € k. Then we get

and
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A.9.1 Abelian subcatgeories of triangulated categories

Let 2 be a triangulated category. We denote the shift functors by X —— X[1], and we write

trianglesas X - Y — Z —» X[lJor X - Y — Z . Forevery X,Y € Ob(2) and every
n € Z, we write Hom?7,(X,Y) = Hom(X, Y[n]).

/ ,U/ w/

(@. Let X 5 Y 5 Z 5 X[1]and X’ 5 Y' 5 Z' % X'[1] be two distinguished triangles of
P,and let g : Y — Y’ be a morphism.

(i) Show that the following conditions are equivalent:
(1) vV ogou=0;
(2) there exists f : X — X' suchthatu' o f = gou;
(3) thereexists h : Z — Z' such that hov = v o g;

(4) there exist f : X — X'and h : Z — Z’ such that (f, g, h) is a morphism of
triangles.

(i1) Suppose that the conditions (i) hold and that Hom;1 (X,Z") = 0. Show that the
morphisms f and h of (i)(2) and (i)(3) are unique.

(b). Let % be a full subcategory of 2, and suppose that Hom"(X,Y) = 0if X, Y € Ob(%)
and n < 0.

(1) Let f : X — Y be a morphism of . Take a distinguished triangle X Ly 554

in &, and suppose that we have a distinguished triangle N[1] — S — C * with
N,C € Ob(%). In particular, we get morphisms « : N[1] — S — X]1] and
g:Y =95 —X.

Show that a[—1] : N — X is a kernel of f and that 5 : Y — C'is a cokernel of f.

We say that a morphism f of € is admissible if there exist distinguished triangles satisfying
the conditions of (i). We say that a sequence 0 — X Ly S 7z 500f morphisms of € is
an admissible short exact sequence if there exists a distinguished triangle X Ly s z48
in 9.

(i) Suppose that % as a zero object. If X Ly % 7845 distinguished triangle in &
with XY, Z € Ob(%), show that f and g are admissible, that f is a kernel of g and
that g is a cokernel of f.

(i) If f : X — Y is an admissible monomorphism (resp. epimorphism) in ¢ and

XLy % z3isa distinguished triangle in &, show that f has a cokernel (resp. a
kernel) in € and that Z ~ Coker(f) (resp. Z[—1] ~ Ker(f)).
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Suppose that every morphism of € is admissible and % is an additive subcategory of
2. Show that % is an abelian category and that every short exact sequence in % is
admissible.

Suppose that % is an abelian category and that every short exact sequence in % is
admissible. Show that every morphism of % is admissible.

Obviously, point (4) implies (2) and (3). Also, as v' ou’ = 0 and v o u = 0 by
Proposition[V.I.I.T1{i) , points (2) and (3) each imply (1). Also, by axiom (TR4), we
have that (2) implies (4). So it remains to show that (1) implies (2). Applying the
cohomological functor Homg (X, -) to the distinguished triangle X' — Y’ — 7’ 4,
we get an exact sequence

°()

Homu (X, X) "= Homa (X, Y") "5 Homy (X, 7).

So, if v/ o (g o u) = 0 (that is, if (1) holds), then there exists f € Homg (X, X’) such
that u’ o f = g o u (that is, (2) holds).

In the exact sequence of (i), the kernel of v’ o (+) : Homg (X, X') — Homgy (X, Y”) is
the image of the morphism w’[—1] o () : Homg (X, Z'[—1]) — Homg (X, X’). This
gives the uniqueness of f in (2) (if it exists). To show the uniqueness of h, suppose

that we have two morphisms h,h’ : Z7 — Z' suchthat hov = v  og = h o,
so that (h — h') o v = 0. Applying the cohomological functor Homgy(-, Z’) to the

distinguished triangle X — Y — Z il>, we get an exact sequence

Homgy(X[1], Z") = Homgy(X, Z'[-1]) = 0 — Homgy(Z, Z") — Homg(Z,Y").
So the morphism (-) o v : Homg(Z, Z") — Homg (Y, Z’) is injective, which shows
that h = 1.

We show that /3 is a cokernel of f. Let g : Y — Z be a morphism of % such that
go f = 0. We want to show that there exists a unique morphism ¢’ : C — Z
such that ¢’ o § = ¢. By (TRI1) and (TR3), we have a distinguished triangle

052%7 - 0[1] = 0. Applying question (a) to the diagram

X1y s X[
|
gl I'h
+
0 Z——7 0

and using the fact that Hom}'(X, Z) = 0 (because X,Z € Ob(%)), we see that
there exists a unique morphism ~ : S — Z making the diagram commute. This
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(i)

(iii)

already implies the uniqueness of ¢’ (if it exists). To show the existence of ¢’, we
apply question (a) again to the diagram

N[l —§——C— N[2
L
4

0 Z——7 0

The hypothesis of (a) is satisfied, because the composition of h and of N[1] — S'is
an element of Homgy(N[1], Z) = Hom ' (N, Z) = 0.

We show that o[—1] is a kernel of f. The proof is similar. Letg : Z — X be a
morphism of % such that f o ¢ = 0. We want to show that there exists a unique
morphism ¢’ : Z — N such that a[—1] o ¢’ = g. First, we apply question (a) to the
diagram

z AN 0 0
Kl gl

4

S[-1]— X ——Y — 5

Using the fact that Hom,'(Z,Y") = 0 (because Y, Z € Ob(%)), we see that there is
a unique morphism h : Z — S[—1] making the diagram commute. This impluies the
uniqueness of ¢’. To show the existence of ¢’, we apply question (a) to the diagram

idz

A A 0 0

|
g'l hJ
3

N —8[-1] — C[-1] —— N|[2]

The hypothesis of (a) is satisfied, because the composition of h and of
S[—1] — C[—1] is an element of Homy(Z, C[—1]) = 0.

The morphism f is admissible, because we take S = Z in question (i), and then
we have a distinguished triangle 0 — S — Z — 0. Similarly, the morphism g is
admissible, because we can take S = X[1] in (i), and then we have a distinguished
triangle X[1] — S — 0 — X|[2]. Also, question (i) immediately implies that g is a
cokernel of f and that f is a kernel of g.

Let f : X — Y be an admissible morphism in %, and let X Ly 58=24

and N[1] - S — C L pe distinguished triangles as in question (i); by that question,
we have Ker f = N and Coker f = C. If f is a monomorphism, this implies
that N = 0, so the morphism S — C' is an isomorphism, which shows that S'is
isomorphic to the cokernel of f. If f is an epimorphism, then we have C' = 0, so the
morphism N|[1] — S is an isomorphism, which shows that S[—1] is isomorphic to
the kernel of f.
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(iv) By question (i), every morphism of % has a kernel and a cokernel. Let f : X — Y be

v)

a morphism of ¢’; we need to check that the canonical morphism Coim(f) — Im(f)
is an isomorphism, or in other words that the canonical morphism X — Im(f) is

a cokernel of ker(f) — X. Let X Ly 5 5% and N[l] - S —» C *} be
distinguished triangles as in question (i), and let o[—1] : N — X and 5 : Y — C
be the morphisms defined in that question. Applying the octahedral axiom to the
morphisms Y — S and S — ' and to their composition /3, we get a commutative
diagram where the rows and the third column are distinguished triangles:

Y S X[1] —— Y[1]
|,
Y C 1] Y[
g (‘L N[2] — S[1]
| ]

Y[ ——S[1] —— X[2] — = Y[2]

As [ is the cokernel of f, it is an epimorphism, so, by question (iii), the morphism
I — Y is isomorphic to Ker(5) — Y, that is, to Im(f) — Y. As we have a
distinguished triangle N — X — [ — N[1], question (iii) shows that X — T is
isomorphic to X — Coker(a[—1]), thatis, to X — Coim(f), so we are done.

Finally, we show that every short exact sequence of % is admissible. Let

0— X i) Yy 4 7 > 0 be a short exact sequence in %, and let X i) )
a distinguished triangle in 2. As f is an admissible monomorphism and g : Y — Z
is a cokernel of f, question (iii) implies that there exists a commutative triangle

y 2,

N

S

where 7 — S is an isomorphism. This implies that X LY % 7 extends to a
distinguished triangle.

Let f : X — Y be a morphism of ¥. Let N = Ker(f), C = Coker(f)
and / = Im(f). We have exact sequences 0 — N — X — [ — 0 and
0 =1 —=Y — C — 0, that extend to distinguished triangles in & by the hy-
pothesis. Applying the octohedral axiom to the morphism X — I and / — Y and

to their composition X EA Y, we get a commutative diagram where the rows and the
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third column are distinguished triangles:

X I N[1] X[1]

| |

X—Y S X[1]

||

I Y C I11]
N[2]

This gives the two triangles of (i) and shows that f is admissible.

A.9.2 t-structures

We use the convention of problem A t-structure on & is the date of two full subcategories
2=" and 2= such that (with the convention that =" = 2=°[—n| and =" = 2=°[—n));

(0) If X € Ob(2) is isomorphic to an object of Z=° (resp. 2=°), then X is in 2= (resp.
229).

(1) Forevery X € Ob(2=") and every Y € Ob(2>!), we have Hom(X,Y') = 0.
(2) We have 2=° ¢ <! and 2=° > 2=1.

(3) For every X € Ob(2), there exists a distinguished triangle A — X — B * with
A € Ob(2=") and B € Ob(2=1).

We fix a t-structure (2=°, 2=°) on 2.

(a). Show that the distinguished triangle of condition (3) is unique up to unique isomorphism.

(b). For every n € Z, show that the inclusion functor 2<" C & has a right adjoint 7=" and the
inclusion functor =" C 2 has a left adjoint 7=". (Hint: It suffice to treat the case n = 0.)

(c). For every n € Z, show that there is a unique morphism § : 7" X — (7="X)[1] such

that the triangle 75" X — X — 727+1X 2 (7=nX)[1] is distinguished, where the other
two morphisms are given by the counit and unit of the adjunctions of (b).

(d). Let a,b € Z such that < b, and let X € Ob(Z). Show that there exists a unique
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morphism « : 72975 X — 750729 X such that the following diagram commutes:

TsbX X T2 X
rarshbx —_— TSbrza

(where all the other morphisms are counit or unit morphisms of the adjunctions of (b)), and
that « is an isomorphism. (Hint: Apply the octahedral axiom to 75471 X Lorx % x)

(e). If a,b € Z are such that a < b, show that, for every X € Ob(Z), we have
7207t X € Ob(22%) N Ob(2=Y).

Let ¥ = 2N 2% that is, ¢ is the full subcategory of & such that
Ob(%) = Ob(2=") N Ob(2="). We denote the functor 7=720 : & — € by H°. The cat-
egory % is called the heart or core of the t-structure.

(f). Show that ¢ is an abelian category.

(g). Show that,if X — Y — Z Hisa distinguished triangle in 2 such that X, Z € Ob(%),
then Y is also in %

(h). The goal of this question is to show that the functor H® : ¥ — % is a cohomological
functor. Let X — Y — Z S bea distinguished triangle in Z.

() If X,Y,Z € Ob(2="), show that the sequence H*(X) — H’(Y) — H*(Z) — 0
is exact in %. (Hint: A sequence of morphisms A — B — C — 0 in an abelian
category 7 is exact if and only if, for every object D of o7, the sequence of abelian
groups 0 — Hom,,(C, D) — Hom, (B, D) — Hom, (A, D) is exact.)

(i) If X € Ob(2="), show that the sequence H*(X) — H°(Y) — H"(Z) — 0 is exact
in ¢. (Hint: Construct a distinguished triangle X — 7Y — 7<07 £

(iii) If Z € Ob(2=Y), show that the sequence 0 — H°(X) — H(Y) — H°(Z) is exact
iné.

(iv) In general, show that the sequence H’(X) — H(Y) — H°(Z) is exact in & .

Solution.

(a). Suppose that we have two distinguished triangles A — X — B HaddA X B H
with A, A’ € Ob(2=") and B, B’ € Ob(2="'). We have B'[—1] € Ob(2=%) C Ob(2=1),
s0, by condition (1), Homg(A, B') = 0 and Hom},' (4, B') = Homg(A, B'[-1]) = 0. So
question (i) of problem implies that idx extends to a unique morphism of distin-
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(b).

(c).

356

guished triangles

A—sX——B A1)

TR

A X B — A

Exchanging the roles of (A, B) and (A’, B’), we get that idy also extends to a unique
morphism of distinguished triangles

A ——s X — B —— A'[1]

d e e

A—sX——B A1)

So we have two endomorphisms of the distinguished triangle A — X — B 4 extending
idy, the endomorphisms given by (v’ o u,idx,v" o v) and (id4,idx,idg). For the same
reason as before, these morphisms must be equal, so v’ o u = id4 and v' o v = idg. We
see similarly that w o ' = id 4 and v o v’ = id .

As the shift is an auto-equivalence of &, we may assume that n = 0.

To show that the inclusion functor 2= — & has a right adjoint, it suffices by Proposition
to show that the functor Fy : Homg(-,Y) : (2=)op — Set is representable for
every Y € Ob(Z). LetY € Ob(Z),andlet A - Y — B *{ be a distinguished triangle

with A € Ob(2=°) and B € Ob(2="). Let X € Ob(Z). Then we have an exact
sequence

Homgy (X, B|—1]) - Homg(X, A) — Homg(X,Y) — Homgy (X, B).

If X € Ob(2="), then Homgy (X, B[—1]) = Homg(X, B) = 0 by condition (1) (because
B[—1] € Ob(2=%) C Ob(2=')), so the morphism Homg (X, A) — Homgy(X,Y) is an
isomorphism. This shows that Fy is representable by the couple (A, A — Y') (note that
the morphism A — Y is an element of Fy (A)).

Similary, To show that the inclusion functor 2=° — 2 has a left adjoint, it suffices by
Propositionto show that the functor Gx : Homg (X, ) : 22° — Set is representable
for every X € Ob(2). As in the previous paragraph, we see that, if A — X — B Hisa
distinguished triangle with A € Ob(2="1) and B € Ob(2=") (to get such a triangle, use

condition (3) for X[—1] and then apply the functor [1]), then G x is representable by the
pair (B, X — B).

As in question (b), it suffices to treat the case n = 0. Let X € Ob(Z), and let
A — X — B — A[l] be a distinguished triangle such that A € Ob(22°) and
B € Ob(221). We have seen in the solution of question (b) that the morphism 7=°X — X
is isomorphic to A — X, and the morphism X — 72! X is isomorphic to X — B, so the
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morphism B — A[1] induces a morphism ¢ : 7' X — (7=YX)[1] that makes the triangle
70X 5 X = 721X S (750X)[1] distinguished.

Let X € Ob(2). As 2=* C 2=}, the canonical morphism 7=*X — X induces an
isomorphism Homg (75X, 7= X) = Homgy (75X, 7= X), so the canonical morphism
754X — X factors through a morphism 75X — 7=YX; applying the functor 7<%, we
get a sequence of morphisms

D G L) GRS ' G '

Hence, if Y is an object of 2=¢, then the bijection Homy (Y, 75X ) = Homgy (Y, X) is
equal to the composition

Homgy (Y, 75°X) — Homg (Y, 7575 X) — Homy (Y, 75°X) — Homy (Y, X),

where the second and third maps are bijection. This shows that
Homgy (Y, 75¢X) — Homg (Y, 75%7=PX) is bijective for every Y € Ob(Z2=9), ie.
that the morphism 75¢X — 75%7<0X is an isomorphism. Similarly, we have a canonical
isomorphism 72°72¢X 5 72°X for every X € Ob(2).

Note also that, by question (c), if ¢ € Z, then an object X of Z is in =¢ (resp. 2=°)
if and only if 721X = 0 (resp. 75¢7!X = 0). In particular, if X € Ob(2), then we
have 720H1r2arsb X = 72btlesb X — () and 7597 17S0r20 X = 7Se7lr2a X = () (where
the first isomorphisms are proved in the previous paragraph), so 72¢7<*X ¢ 2= and
rsbrzaX € Ob(229).

Now let X € Ob(2). By definition of 72¢, the morphism 75X — X — 729X factors
uniquely as
7Shx oy pzepshy W ozey

As 72970 X € Ob(2="), the morphism (1) factors uniquely as

2
rzersbx (—; rSbrzax o p2ax

It remains to show that (2) is an isomorphism. Applying the octahedral axiom to the canon-
ical morphism 771X — 75X — X (and their composition), we get a commutative
diagram whose rows and third column are distinguished triangles:

_ 11
re-ly L psbx_ gpZapsby T

rSe-lx )l( 720X 1
+<bx )H( F2b+1 Y +1
+1
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(e).
(.

(2).

(h).

358

So, by question (c), we have a morphism of distinguished triangles

+1
72ar<by s r2ax y 720+1 Y

(2)J

+1
pSbrax _ ypzax L p2btly T

This shows that (2) is an isomorphism.
We already showed this in the solution of question (d).

We already know that %’ is a full addditive subcategory of &, because it is the intersection
of two full additive subcategories. We also have Hom"(X,Y) = 0if X,Y € Ob(%) and
n < 0 by properties (1) and (2) of a t-structure. So, by question (b)(iv) of problem [A.9.T]
it suffices to show that every morphism of ¢ is admissible. Let f : X — Y be a morphism
of ¢, and complete it to a distinguished triangle X — Y — § 53 Let N = 7=-15[—1]

and C' = 72°5. By question (c), we have a distinguished triangle N[1] — S — C 5,

so it suffices to show that NV and C' are in 4. By question (e), it suffices to show that
S € Ob(2="ng="1).

Note that we have a distinguished triangle Y — S — X[1] 5. Let &' = 7215. As
Y € Ob(2=") and X[1] € Ob(Z="') C Ob(2="), condition (1) in the definition of a
t-structure implies that Homg (Y, S) = Homy (X [1], S") = 0, and, applying the cohomo-
logical functor Homg (-, S’) to the distinguished triangle Y — S — X[1] !, we deduce
that Homg (S, S") = 0. As Homgy(S,S’) = Homg>:(5,S’), this implies that S = 0,
hence that S € Ob(2="). The proof that S € Ob(2="1) is similar.

We showed in the solution of (f) that, if X and Z are in 2= (resp. in 2=Y), then sois Y.
This immediately implies the result.

(i) We first prove the hint. If A - B — C — 0 is exact, the exactness of
0 - Hom,(C,D) — Hom, (B, D) — Hom, (A, D) for every D simply follows
from the left exactness of the functor Hom,, (-, D). Suppose that we have morphisms

AL B % C such that 0 — Hom,, (C, D) — Hom,(B,D) — Hom, (A, D)
is exact for every D. Taking D = Coker g, we see that the canonical morphism
u: C — Coker gissentto 0 = uog € Hom,, (B, Coker g), sou = 0, so Coker g = 0
and g is surjective. Also, taking D = C, we see that id¢ goes to g € Homgy (B, C),
then to g o f € Hom,,/ (A, C), so we have g o f = 0. It remains to show that the in-
clusion Im f C Ker g is an isomorphism. Take D = B/Im f and letv : B — D be
the canonical projection. Then v o f = 0, so, by hypothesis, there exists a morphism
w : C' = D such that v = w o g. In particular, we have Ker g C Kerv = Im f.

Now we prove the statement of (i). As X € 2=, then we have H’(X) = 72X,
hence Homy(H°(X), D) ~ Homgy (X, D) for every D € Ob(%), and similarly
for Y and Z. Also, if D € ODb(%), then axiom (1) of t-structures implies that
Homg(X[1],D) = 0. So, if D € Ob(%), applying the cohomological functor
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Homg (-, D) to the distinguished triangle X — Y — Z 3 gives an exact sequence
Homgy (X [1], D) = 0 — Homg (H(Z), D) — Homg(H’(Y), D) — Homg(H(X), D).
This shows that the sequence H(X) — H°(Y) — H°(Z) — 0 is exact in €.

(ii) For every T € Ob(22!), applying the cohomological functor Homgy(:,T) to
X - Y — Z % and using the fact that Homgy(X,T) = Homg(X[1],T) = 0
(because X, X[1] € Ob(2=")) gives an isomorphism Homg(Z, T) = Homgy (Y, T),
hence an isomorphism Homy (72'Z, T) = Homgy(7='Y,T). This implies that the
functor 72! sends the morphism Y — Z to an isomorphism. Applying the octahe-
dral axiom to the morphisms Y — Z — 7217, we get a commutative diagram whose
rows and third column are distinguished triangles:

Y Z X[ —=

||

Y — 727 — 20y 1] 4

|

7 ——12t7 TS

JAN
o
N
+
—

So we have a distinguished triangle X — 7=°Y — 7<0Z X} Applying question (i)
gives an exact sequence

H°(X) — H(7=°Y) — H°(+=°Z) = 0

in €. As the morphism H°(7=Y") — H°(Y") induced by 7=°Y — Y is an isomor-
phism (by definition of H") and similarly for Z, we are done.

(iii) This is just the result of question (ii) in the opposite category. (Note that (2=°, 2=0)
is a t-structure on Z°P.)

(iv) Applying the octahedral axiom to the morphisms 7<°X — X — Y, we get a com-
mutative diagram whose rows and third column are distinguished triangles:

TOX —— X —— 72X

70X J/ R
X Y 7z 1
+1
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Question (ii) for the second row gives an exact sequence
H°(7=°X) = H%(X) — H°(Y) — HY(T) — 0,

and question (iii) for the distinguished triangle 7' — Z — 72! X[1] = gives an exact
sequence
0— HT) — H°(Z).

Putting these two sequences together, we see that the sequence
H(X) — H(Y) — H°(2)

1s exact.

A.9.3 The canonical t-structure

Let o7 be an abelian category.

(a).

Let n € Z. If X € Ob(D(«)) and ¥ € Ob(D=""'()), show that
HOIIID(%) (X, Y) =0.

(b). Show that (D="(.«7), D=%(.e7)) is a t-structure on D(<7), that its heart is equivalent to .7,
and that the associated functor H? : D(&/) — & is the Oth cohomology functor.
Solution.
(a). After replacing X and Y by isomorphic objects in D(.2/), we may assume that X = 0

(b).

360

form > nand X™ = 0 form < n. Letu : X — Y be a morphism in D(./).
Then we have morphisms f : X — Zand s : Y — Z in K(&/) such that s is a
quasi-isomorphism and v = s~ o f in D(«/). As Y™ = 0 for m < n, the morphism
s =72l Y = 72ty 7' = 7271 7 is also a quasi-isomorphism, and we have a
commutative diagram:

; Z
/X
X Y
sz,x /s/
Z/

By Theorem [V.2.2.4], this implies that s~ o f = §'~' o 72"*1 f as morphisms in D(.<7).
But X™ =0 form >n+1,s0 72" f = 0, and finally v = 0.

Let 2= = D<) and 22" = D=°(/). Note that, for every n € 7Z, we have
D= = D="(o/) and 22" = D="(a/). We check conditions (0)-(3) in the definition
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of a t-structure. Condition (0) is clear, condition (1) follows from question (a), condition
(2) follows from the description of 2=! and 2=! that we just gave, and condition (3)

follows from Proposition |V.4.2.7(1).

The fact that the heart of the t-structure (2=° 2=) is canonically equivalent to <7 is
proved in Remark [V.4.2.5| Finally, the isomorphisms of functors H® ~ 70729 is Proposi-

tion [V.4.2.77]Gii).
O

A.9.4 Torsion

Let 2 = 2(ADb), and let

and

‘D ={X € 2 | H(X) =0fori > 1, and H'(X) is torsion}

D" ={X € 2 | H(X) =0fori <0, and H°(X) is torsionfree}.

Let ¢ = *D=YN*D=0,

(a).
(b).

(c).
(d).

(e).

().
(€92

Show that (*D=°,*D=Y) is a t-structure on .

Let f : A — B be a morphism of torsionfree abelian groups. We can see A and B as
objects of ¢ (concentrated in degree 0), and then f is also a morphism of &'.

(i) Show that f is a monomorphism in % if and only if f is injective (and Ab) and
B/ f(A) is torsionfree.

(i1) Show that f is an epimorphism in ¢ if and only if f ®z Q is surjective.
(iii) Calculate the kernel, the cokernel and the image of f in %.
For every n > 1, show that Extl, (Z/nZ,Z) ~ 7./nZ.
If A and B are finitely generated abelian groups, show that Ext’y, (A, B) = 0 for every

nEQ.@

Let X € Ob(%). Suppose that H (X)) is a finitely generated abelian group for every i € Z.
If Homy (X, Z) = 0, show that X = 0.

Give an example of a nonzero X € Ob(%’) such that Hom (X, Z) = 0.

Let X € Ob(2). If X € Ob(*D=?) (resp X € Ob(*D=°ND’(Ab)) and H'(X) is finitely
generated for every i € 7Z), show that R Homayp (X, Z) is in D=(Ab) (resp. D=°(Ab)).

32This actually holds for any abelian groups.
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(h).

Let X € Ob(Z) be a bounded complex of finitely generated abelian groups. If
RHomap(X,Z) is in D=°(Ab) (resp. D=(Ab)), show that X € Ob(*D=°) (resp
X € Ob(*D%)).

Solution.

(a).

(b).

362

Note that *D=* ¢ D=!(.&/) and *D=° c D=°().

Condition (0) is obvious. Let X € Ob(*D=) and Y € Ob(*D=!). Then X € D='(«/)
and Y € D='(«7), so we have isomorphisms

Homy(X,Y) 5 Homg (721X, Y) & Homg (721X, 751Y) = Homap (H' (X)), HY(Y)).

As H'(X) is torsion and H'(Y") is torsionfree, this last group is equal to 0. This proves
condition (1). Condition (2) is clear.

If X € Ob(C(Ab)), we set
BYX) ={z€ Z'(X)|3n € Z - {0}, nz € B'(X)},
and we define *7=°X and *7=' X by
T X)) =( 2 X P X s XY BYX)Y - 0= ..
and
P X)=(..=» 00— X"/BYX) - X* = X? = ...

These constructions are clearly functorial in X, and we have obvious morphisms
*r1=0X — X and X — *7=21X. If we apply the functor H" to the first morphism, then we
get the identity of H"(X) if n < 0, the inclusion 0 — H™(X) if n > 2, and the inclusion
HY(X)tors — HY(X) if n = 1. If we apply the functor H” to the second morphism, then
we get the identity of H"(X) if n > 2, the unique map H"(X) — 0if n < 0, and the
projection H'(X) — HY(X)/H'"(X)ios if n = 1. In particular, if X — Y is a quasi-
isomorphism, then so are the morphisms *7=°X — *7=0Y and *r=2!X — *721Y, so the
functors *7=0 and *7=! induce endofunctors of D(|Ab), that we will still write *7=° and
*721. Finally, for every X € Ob(C(Ab)), the sequence 0 — *7=°X — X — *r21X — 0
is exact in C(Ab), so it induces a distinguished triangle *7<°X — X — *r=1X in
D(Ab). As *7=°X € Ob(*D=°) and *72'X € Ob(*D=') by construction, this proves
condition (3).

Let f : A — B be a morphism of torsionfree abelian groups. We denote by Kery f,
Cokery f etc the kernel, cokernel etc of f in the category %, and by Ker f, Coker f etc
the kernel, cokernel etc of f in the category Ab.

We solve question (iii) first, by using the formulas for Kery f and Cokery f from question
(b)(i) of problem First we complete f : A — B to the distinguished triangle

AL B Mec(f) 2y By definition of the mapping cone, the complex Mc( f) is equal to

...—>0%Ai>B—>O—>...,



(c).
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with B in degree 0. Then we have Kery f[1] = *7="'Mc(f) and Cokery f = *72Mc(f).
By the formulas that we proved in the solution of question (a), this shows that Kery f is
the complex

.= 0= A=>T—-0—...

with A in degree 0, and Cokery f is the complex
.>0—=>B/I=-0—...
with B/I in degree 0, where
I={zxeB|3IneZ-{0}, nx €Imf}.

Note that the abelian group B/ is torsionfree, so we can apply what we just did to cal-
culate the kernel (in ¥) of the canonical projection B — B/, which is Im¢ f. We get
that

Imgf=(..-0—>B—>B/I—-0—...),

where B is in degree 0; this is quasi-isomorphic to the object / of Ab, seen as complex
concentrated in degree 0 (the quasi-isomorphism is given by the inclusion / C B); note
that this is an object of 4" because [ is torsionfree.

Now we can solve (i) and (ii) easily. For example, the morphism f is an epismorphism in ¢
if and only if / = Im f = B, that s, if and only if B/Im f is torsion, which is equivalent
to the fact that f ®y Z is surjective (in the category of (Q-vector spaces). On the other
hand, the morphism f is a monomorphism in % if and only if Kery f = 0, which means
that the complex ... - 0 -+ A — [ — 0 — ... is quasi-isomorphic to 0, i.e. has zero
cohomology. This happens if and only if the morphism A — [ is injective (i.e.,as [ C B,
the morphism f itself is injective in Ab) and / = Im f (i.e. B/ Im f is torsionfree).

The exact sequence
0—2Z37—Z/nZ — 0

is a projective resolution of Z/nZ in Ab, so we can calculate the Ext}(Z/nZ,Z) by
applying the functor Homg(-, Z) to the complex ... — 0 — Z —> Z — 0 — ... (with the
second Z in degree 0). We get Ext(Z/nZ,Z) = Homy(Z/nZ,7Z) = Ker(Z = Z) = 0,
Exty(Z/nZ,7) = Coker(Z 5 Z) = Z/nZ, and Ext}(Z/nZ,7) = 0if i & {0,1}.

Using the resolution of Z/nZ from the solution of question (c), we get that, if B is any
abelian group, then Ext)(Z/nZ, B) = {x € B | nx = 0}, Exty(Z/nZ, B) = B/nB,
and Ext,(Z/nZ,B) = 0if i ¢ {0,1}. Also, as Z is a projective Z-module, we have
Ext)(Z, B) = Homy(Z, B) = B and Ext}(Z, B) = 0 for i # 0.

Let A be a finitely generated abelian group and B be an abelian group. Then A = Ay & A,
where Ay is finitely generated free abelian group and A; is a finitely generated torsion
abelian group, i.e. a direct sum of groups Z/nZ for n > 1. So, if i > 1, we have
Exth (A, B) = Ext,(A;, B), and Ext},(A;, B) = 0if i > 2.
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(e). As H(X) = 0 fori ¢ {0,1}, we have 7=7'X ~ 0 and 722X ~ 0, so, by Proposition
V.4.2.7, the canonical morphisms 7=°X — H°(X) and H'(X)[—1] — 72! X are isomor-
phisms. In particular, using the remark after Definition [V.4.5.1} we get, for every i € Z,

Homg (7' X [—i],Z) = Homg(H*(X), Z[1 +i]) = Ext; " (H'(X),Z) = 0,
which is 0 by question (d) if z > 1. On the other hand, we have
Hom_@(TSOX[z'], 7) = Extii(HO(X), Z),

which is equal to 0 if ¢ > 1. So applying Homgy(-,Z) to the distinguished triangle
750X — X — 721X T gives an exact sequence

0 — Exty,(H'(X),Z) — Homg (X, Z) — Homz(H°(X),Z) — 0.

Hence, of Homy (X, Z) = 0, then Homy(H°(X), Z) = Exty,(H*(X),Z) = 0.

As X is an object of 4, we know that H°(X) is torsionfree and H'(X) is torsion.
Moreover, by assumption, both H°(X) and H'(X) are finitely generated. So we have
H%(X) ~ Z" for some n € N, and Homz(H°(X),Z) ~ Z™ ~ H°(X) (non canonically).
On the other hand, we have H'(X) ~ @!_, Z/n,Z for some integers ni,...,n, > 2.
By question (c), we get that Ext}(H!(X),Z) ~ H'(X) (also non canonically). So, if
Homg (X, Z) = 0, then H(X') = 0 and H* (X)) = 0, which shows that X ~ 0 in &, hence
iné.

(). Let X = Q (concentrated in degree 0). Then X o 0, but
Homgy(X,Z) = Homz(Q,Z) = 0.

(g). Suppose that X € Ob(*D="). Then X € Ob(D='(Ab)), so we have an exact triangle

TOX 5 X o 2IX ~HY(X)[-1] 5

Applying the triangulated functor R Homay (-, Z), we get an exact triangle in D(Ab):

RHomg(H'(X)[-1],Z) = RHomgy(H'(X),Z)[1] - RHomgy(X,Z) — RHomgy (=X, Z)

Ifi < —1,then Z[—i] € D='(Ab), so H'(R Homy(7=°X, Z)) = Homgy(7=°X, Z[—i]) = 0.
This shows that R Homy(7<°X,Z) € Ob(D="(Ab)). For every i € Z, we have

H'(RHomgy (72X, 7)) = Ext, ™ (HY(X), Z).
This is equal to 0 if i < —2; if i = —1, then Ext}™(HY(X),Z) = Homz(H'(X),Z) is
also equal to 0, since H!(X) is torsion. So R Homy (721X, Z) is also in Ob(D="(Ab)).

As we have an exact sequence

H'(RHomg(72'X,Z)) — H'(RHomgy(X,Z)) — H'(RHomg (=X, Z))
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for every i € Z, we conclude that H (R Homgy(X,Z)) = 0 for i < —1, i.e. that
RHomgy(X,Z)is in D=°(Ab).

Suppose that X € Ob(*DZ°ND’(Ab)) and that the H?(X) are finitely generated. We have
HY(X) = 0if i < —1 or if 7 is big enough, and H°(X) is torsionfree. In particular, the
canonical morphism X — 72°X is an isomorphism and 7=*X ~ ( for i big enough. So it
suffices to prove that, if i > 0 is an integer such that R Hom (72" X, Z) is in D="(Ab),
then R Homgy (72X, Z) is also in D=(Ab). We have an exact triangle

H'(X)[—i] » 72X — 72 x 5,
so we get an exact triangle
RHomg (24X, Z) — RHomy (72X, Z) — R Homg(H'(X)[—i],Z) 5,
and it suffices to prove that R Homg (H*(X)[—i],Z) is in D=°(Ab). Let j > 1. Then
H (R Homy, (H'(X)[—i],Z)) = H/(R Homgy (H'(X), Z[i])) = Ext," (H{(X), Z).

If i > 1, then i + j > 2, so this group is zero by question (d). If i = 0, then H'(X)
is a free Z-module, so Ext},(H'(X),Z) = 0 for every j > 1. In both cases, we get that
H/(RHomg (H (X)[—i],Z)) = 0.

If n € Z, let *7=" and *7=" be the truncation functors for the t-structure (*D=", *D="),
and define *H" : 9 — ¢ by *H"(X) = (*r="*72"X)[n] = *H°(X|[n]).

Let X € Ob(2) satisfying the conditions of the question. Then H"(X) = 0 for all but
finitely many n € Z, so there exists N € N such that H"(X) = 0 for [n| > N. Then
X € Ob(*D=V) and X € Ob(*D="%),s0*7="X = X forn > N + 1l and X = *r="X
forn > —N — 1.

First we show the following claim: If R Homy(X,Z) = 0, then X = 0. Indeed, suppose
that X # 0, and let n be the biggest integer such that *7="X — X is not an isomorphism
(such a n exists because *7="X = 0 for n small enough). We have an exact triangle

X o X H(X) [0 — 1) 5
with *H" ™1 (X) # 0, hence an exact triangle
RHomg(*H"™™(X)[~n — 1],Z) = RHomy(X,Z) — RHomg(*7="X, Z) =
By question (g), we have R Homy (*7="X, Z) € Ob(D=""(ADb)), so the morphism
H™""(RHomg (*H" " (X)[—n — 1], Z)) — H" ' (R Homy (X, Z))

is an isomorphism. As H™"~!( R Homg (*H"(X)[-n—1],Z)) = Homg, (*H"™(X),Z) # 0
by question (e), we conclude that H"'(RHomgy(X,Z)) # 0, hence
RHomgy(X,Z) # 0.
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Suppose that R Homy (X, Z) is in D=°(Ab). We want to show that X € Ob(*D="). We
have a distinguished triangle

X o X o X 5,
hence a distinguished triangle
RHomgy(*72'X,Z) — RHomy(X,Z) — RHomy(*r=°X,7) 53 .

Also, by question (g), we have RHomy,(*72'X,Z) € D='(Ab) and
RHomgy(*r=°X,7Z) € D=(Ab). In particular, if 7 < —1, then
H (RHomgy(*r2'X,Z)) = H(RHomgy(X,Z)) = 0. This implies that
RHomg(*r21X,Z) = 0, hence that *72!X = 0 by the claim we proved in the
previous paragraph. So *7=°X — X is an isomorphism.

Now suppose that R Hom (X, Z) is in D=°(Ab). We want to show that X € Ob(*D=?).
We have a distinguished triangle

I o X o r20x B
hence a distinguished triangle
RHomgy(*72°X,Z) — RHomgy(X,Z) — RHomy,(*r=7'X,7) 5 .

Also, by question (g), we have RHomgy(*r="'X,7Z) €  D='(Ab)
and RHomgy,(*72°X,Z) € D=(Ab). In particular, if ¢ > 1, then

0 = H{(RHomgy(X,Z)) = H(RHomg(*r="'X,Z)).  This implies that
RHomg (*r=71X,Z) = 0, hence that *7='X = 0. So *r=°X — X is an isomor-
phism.

0

A.9.5 Weights

Let o7 be an abelian category. Suppose that we have a family (%7, ),z of full abelian subcate-
gories of <7 such that:

(1) If n # m, then Hom, (A, B) = 0 for any A € Ob(«,) and B € Ob(.47,).

(2) Any object A of o7 has a weight filtration, that is, an increasing filtration Fil, A such that
Fil,A = 0 forn << 0, Fil,A = A forn >> 0 and Fil, A/Fil,, ;1A € Ob(«,) for every
n € 2.

For every n € Z, we denote by ./, (resp. />, 1) the full subcategory of 2Z whose objects
are the A € Ob(.«7) having a weight filtration Fil, A such that Fil, A = A (resp. Fil,, A = 0).
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(a). If A € Ob(e,,) and B € Ob(%%,,+1), show that Hom,, (A, B) = 0.

(b). Show that the inclusion functor @<, C < has a right adjoint “7=", and that the inclusion
functor <,, C < has a left adjoint “7=".

(c). If A € Ob(e,) and B € Ob(%%,,;1), show that Ext’ (A, B) = 0 for every i € Z.
(d). Define two full subcategories “ D=" and “ D=" of D’(.<7) by:
Ob(*D=") = {X € Ob(D"(«)) | Vi € Z, H(X) € o}

and
Ob(* D=""!) = {X € Ob(D"(&)) | Vi € Z, H(X) € @pi1}.

Show that (* D=",* D=""1) is a t-structure on D’(.e7), and that the heart of this t-structure

is {0}.

Solution.

(a). If Fil, A is a filtration on an object A of <7 such that Fil,A = A forn >> 0 and Fil,A =0
for n << 0, the length of Fil, is by definition the integer n; — ny, where n; is the smallest
integer such that Fil,; A = A and n, is the biggest integer such that Fil,,A = 0. For
example, if the length of Fil,A is 0, then there exists n € Z such that Fil,A = A and
Fil,A=10,s0 A = 0.

If A has a weight filtration Fil, A of length 1, then there exists n € Z such that Fil,A = A
and Fil, 1A = 0, s0o A = Fil,A/Fil, 1A € Ob(«,). Conversely, if A € Ob(«,) for
some n € Z, then it has a weight filtration Fil, A of length 1, given by Fil;A = A for
k>nand FilbA=0fork <n-—1.

For every subset I of N, we denote by .o7; the full subcategory of .« whose objects are the
A € Ob(«) having a weight filtration Fil, A such that Fil, A/Fil, 1A =0ifn & I.

We prove a more general statement than that of the question: if / and .J are disjoint subsets
of N, if A € Ob(«7) and B € Ob(47;), then Hom,, (A, B) = 0. Choose weight filtrations
Fil, A and Fil, B on A and B such that Fil, A = Fil,_{Aifn & I and Fil,B = Fil,,_ B if
n ¢ J. We prove that Hom,, (A, b) = 0 by induction on the sum of the lengths ¢4 and (5
of Fil,A and Fil,B. If /4 + 5 < 1, then one of the filtrations has length 0, so one of A of
B is 0, so the result if clear. If 4 + {5 > 3, then one of the filtrations has length > 2. If for
example /4 > 2, then Fil, A induces a weight filtration of length /4 — 1 on A’ = Fil,,_; A,
and A” = Fil,,A/Fil,_1 A € Ob(,) has a weight filtration of length 1. As A’ and A” are
both in 7, the induction hypothesis implies that Hom, (A’, B) = Hom, (A", B) = 0.
Moreover, the exact sequence

0—-A —=A—-5A4A" =0
induces an exact sequence

Hom,, (A", B) — Hom,, (A, B) — Hom,, (A’ B),
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so Hom,/ (A, B) = 0. The case where (g > 2 is similar. It remains to treat the case where
by+ Ll =2.1fly =0 (resp. {g = 0), then A = 0 (resp. B = 0), so the result is obvious.
Finally, suppose that /4 = 1 and /5 = 1. Then there exist n4 € [ and ng € J such that
A € Ob(4,,)and B € Ob(4,,);as [ NJ = &, we have ny # ng, so Hom, (A, B) =0
by assumption (1).

(b). We show the existence of “7=". It suffices to show that, for every B € Ob(&), the functor
<, — Set, A — Hom, (A, B) is representable. Fix B € Ob(</), and let Fil, B be a
weight filtration on B. Then Fil, B induces a weight filtration on B/Fil,, B, which shows
that B/Fil,B € Ob(44,41). Let A € Ob(2,). Applying Hom (A,-) to the exact
sequence

0 — Fil,B - B — B/Fil,B — 0

and using question  (a), we see that the canonical  morphism
Hom, (A, Fil,B) — Hom, (A, B) is an isomorphism. This shows that the couple
(Fil,, B, Fil,B C B) represents the functor <7, — Set, A — Hom,(A,B). In
particular, we get “T="B = Fil,B. By uniqueness of the right adjoint, this implies that
the weight filtration on B is unique.

If A € Ob(«) and Fil,A is its weight filtration, a similar proof shows that the pair
(A/Fil,—1A, A — A/Fil,,_1 A) represents the functor <%, — Set, B — Hom, (A, B).
This shows the existence of “72" and the fact that “7="A = A/Fil,,_; A.

Note also that the formulas for “7=" and “72""! imply that, for every A € Ob(&/), the
following sequence is exact:

0— YTSPA 5 A - wrntl g 0.

w-<n

(c). For later use, we prove that the functors “7=" are exact. Let f : A — B be
a morphism of &/; we want to prove that, for every n € Z, the canonical mor-
phisms “75"(Ker f) — Ker(“7="f) and Coker(“7="f) — “r="(Coker f) are iso-
morphisms; this implies in particular that Ker(“7="), Coker(¥7=") € Ob(%/,) and that
Ker(“r="t1), Coker(“r=""1) € Ob(@%,41), so that @/, and &/, are abelian subcat-
egories of .o/. We prove the claim by induction on ¢4 + {g, where {4 (resp. {g) is the
length of the weight filtration of A (resp. B). If n € Z, applying the snake lemma to the
commutative diagram with exact rows

0——vYrSPA — s A—wrzntld 50

L

0——"“r5"B—— B——"“72""'B——0

we get an exact sequence

0 — Ker(“r=" f) — Ker(f) — Ker("72"*1 f) 2% Coker(*7=") — Coker(f) — Coker(*7>"+!) = 0
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The claim that we want to prove is equivalent to the fact that 0 = 0. Indeed, if
§ = 0 then we immediately get the result, and if Coker(“7="f) € Ob(wk,) and
Ker(“72"*! f) € Ob(&%,.1) then the solution of (a) implies that § = 0. We first show
that the result holds if at least two of W7S"A, WrZntl A wrS<nB or “r2"t1B are 0. If
wrzntl A or “r="B is 0, then § = 0. Suppose that “7="A = 0 and “7=""B = 0;
then A € Ob(2%4,11) and B € Ob(4,), so f = 0 by the solution of (a), and the re-
sult is clear. If £4,¢p < 1, then there exist na,np € Z such that A € Ob(<,,) and
B € Ob(,,,), and then, for every n € Z, at least two of “T="A, Wr="T1A wr=nB or
wr2ntl B are 0, so we are done. Suppose that £, > 2, and let n € Z. If both “75" A and
wr2n+1 A are nonzero, then they both have weight filtrations of lengths < ¢ 4; by the induc-
tion hypothesis, applied to “7=" f and “72"*1 f, we have Ker(“7=""1 f) € Ob(%,11)
and Coker(“7="f) € Ob(w,), so § = 0 and we are done. If “T="T1A = 0, then § = 0,
and again we are done. Suppose that “75"A = 0. If “7="B and “7=""'B are both
nonzero, then again we can use the induction hypothesis to finish the proof; if at least one
of them is ), then at least two of “TS" A, wr=ntl A wrsn B or Y7271 B are 0, so we are
done. The case where /g > 2 is similar.

Now fix n € Z and let A € Ob(w,) and B € Ob(a,). Ifi < —1,
then Ext’, (A, B) = Hompy)(A, B[i]) = 0 by Corollary If i = 0, then
Ext',(A,B) = Homy(A, B) = 0 by question (a). Suppose that ¢ > 1. We use the
description of Ext’,(A, B) given by Proposition So let z € Ext’,(A, B), and

letc = (0 - B ER E,_, f5>1 LY Ey LR 0) be a Yoneda extension of A
by B representing x. Applying “7=" to this exact sequence, we get an exact sequence
0—=0—F_1—...> Fy— A— 0, where F; = “r="E forevery j € {0,...,7i—1}.
We denote the obvious inclusion F; — E; by u;. So we have a commutative diagram with
exact rows

0 B—t B, jo . E, A 0
| ] ] “
O—>B—>B@Fl_1 E—Q FO A 0

idp+0

where the morphism B & F; _; — FZ-‘_Q is equal to 0 on B and to “7="f;_; on F;_;. So the
second row also represents = € Ext’, (A, B). To show that = = 0, it suffices to show that
the morphism

g: (...~ 0—>B—->B®F_1—>F,_5...Fh—>0—...) = BJi

(with Fy in degree O on the left hand side) is equal to 0. But the complex
(.. - 0—> B —> B®F,_, — F_s...Fy - 0 — ...)is the direct sum of
(..-0—-B— B —0...0—= 0 — ...) (with the first B in degree —i) and of
(..~ 0—=>0—F_1— F,_5...Ffy > 0— ...) (with F} in degree 0), the morphism g
is 0 on the second of these summands, and the first of these summands is quasi-isomorphic
to 0, s0 g = 0in D(&7).
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(d). Fix n € Z. Note that we have proved in the solution of (c) that 2/<,, and 25, are abelian

370

subcategories of .<7.

By condition (1), if m € Z and A € Ob(«) is isomorphic to an object of o7, then
A € Ob(4,). By the existence of weight filtrations (condition (2)), if A € Ob(/) is
isomorphic to an object of </, (resp. 2%5,41), then A is in o/, (resp. @,.1). This
implies that (¥ D=" * D="*!) satisfies condition (0) of the definition of a t-structure.

We clearly have ¥ D="[k] = “ D=" and ¥ D=""'[k] = © D=""'[k] for every k € Z, so
condition (2) of the definition of a t-structure is clear.

For every A € Ob(D’(.«7)), we define the cohomological amplitude of A to be n; — n,
where 1 (resp. ny) is the biggest (resp. smallest) integer n € Z such that H"(A) # 0. If
the cohomological amplitude of A is 0 then A = 0, and if it is 1, then there exists n € Z
such that H'(A) = 0 for i # 0, so that A ~ H"(A)[—n].

Let A € Ob(*D=") and B € Ob(* D=""!). We claim that Ext’,(A4, B) = 0 for every
1 € Z. (In particular, we get condition (1) of the definition of a t-structure.) We prove
this by induction on ¢4 + cg, where c4 (resp. c¢p) is the cohomological amplitude of A
(resp. B). If ca,cp < 1, then the claim follows from question (c). Suppose that c4 > 2.
Then there exists n € Z such that 7="A — A and A — 72""1 A are not isomorphisms,
hence 7="A, 72" A have cohomological amplitude < c4. Let i € Z. Applying the
cohomological functor Ext’, (-, B) = Homp . (-, B[i]) to the exact triangle

754 5 A 2y il>,
we get an exact sequence
Ext’, (7="*'A, B) — Ext’,(A, B) — Ext’,(7="A, B).

As Extl,(75'A, B) = Ext(,(7>"*!'A, B) = 0 by the induction hypothesis, this implies
that Ext', (A, B) = 0. The case wgere cp > 2 is similar.

We check condition (3) of the definition of a t-structure. Let X € Ob(D’(.7)). We start

with a remark: Suppose that there exists an exact triangle (x) A — X — B * with
A € Ob(*D=") and B € Ob(* D=""1). Let i € Z. Then we have an exact sequence

H'(B) — H'(4) — H'(X) — H(B) — H"'(A),
in which H*(A), H"!(A) are in @/, and H~!(B), H(B) are in %%,,,1. By the solution
of question (a), the morphisms H~!(B) — H(A) and H'(B) — H*"!(A) are zero, so we
get an exact sequence

0 — HY(A) — H(X) — H'(b) — 0,

which proves that H'(A) = “7="(H(X)) and H(B) = “r=""!(H(X)).
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Now we prove by induction on the cohomological amplitude ¢ of X that there exists an
exact triangle (x). If ¢ = 0, then X = 0 and we can take A = B = (. Suppose that ¢ = 1.
Then there exists m € Z such that X ~ H™(X)[—m]. As ¥ D=" and * D="*" are stable
by all functor [k], it suffices to prove the existence of the exact triangle (x) for H”(X), so
we may assume that X € Ob(.e/). Then we can take for (%) the exact triangle associated
to the exact sequence 0 — “7="X — X — @721 X — (. Suppose that ¢ > 2. Then
there exists m € Z such that 7=™X — X and X — 72™%1X are not isomorphisms,

hence X' = 7™ X, X" = 72™F1 X have cohomological amplitude < c. By the induction

hypothesis, we have exact triangles A — X' — B’ Hand 4" — X" — B" 5, with
A, A" € Ob(* D=") and B’, B” € Ob(* D=""1). By question (a) of problem|A.9.1| there
exists a unique morphism of exact triangles

A" X B +1

Lo

A1 — X'[1] — B'[1] —

extending the morphism X" — X'[1]. We complete the morphism A” — A’[1] to an exact
triangle A” — A — A” — A’[1]. By axiom (??) of triangulated categories, we can find a
morphism A — X such that the diagram

A A A

is a morphism of exact triangles. Finally, we complete the morphism A — X to an exact

triangle A - X — B *}. We claim that this is the desired exact triangle (x). To prove
this claim, it suffices to show that H'(A) = “r="(H'(X)) for every i € Z; indeed, by
the long exact sequence of cohomology, this implies that, for every ¢ € Z, the morphism
H(X) — HY(B) is surjective and identifies H'(B) to “7=""}(H!(X)), and so we will
have A € Ob(* D=") and B € Ob(* D="!). To prove the claim, let i € Z. We have a
commutative diagram with exact rows

Hi~1(A) —— HI(A') —— Hi(A) —— HI(A”) — H+1(4))
R R
Hi~(X") —— H(X') — HY(X) — Hi(X") — H+L(X)

If i <m,then H(X") = H~Y(X") = 0,s0 H/(A") = “r="H/(X") = 0 forj € {i,i—1},
so the diagram becomes a commutative square whose horizontal arrows are isomorphisms:

ngnHi(X/) ~ HZ(A)

| |

Hi(X') —>— Hi(X)
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which shows that H (A) = “7="H(X). If i > m + 1, then H(X') = H"(X’) = 0, so
H/(A") = “r="H/(X’) = 0 for j € {i,7 + 1}, so the diagram becomes a commutative
square whose horizontal arrows are isomorphisms:

Hz(A) ;) ngnHi(X//)

| l

Hi{(X) ——— H{(X")
which shows again that H'(A) = “7="H!(X).

Finally, we calculate the heart of the t-structure (*D=" v D=""1), Let
X € Ob(”D=") N Ob(*D="*1). For every i € Z, the object H(X) of < is in
Ob(e<,) N Ob(#p 1), 50 idyi(x) = 0 by question (a), so H (X)) = 0. This shows that
X =0.

0

A.10 Problem set 10

A.10.1 The Dold-Kan correspondence

You need to look at the results of problems PS3.1 and PS3.2 to do this problem.

Remember the simplicial category A and the category of simplicial sets sSet from problem
PS1.9 and problem PS2.2. Let ¥ = kar((Z[A])?) (see problems PS3.1 and PS3.2), so that % is
an additive pseudo-abelian category.

The category Func(A°P, Ab) is called the category of simplicial abelian groups and denoted
by sAb; it is an abelian category, where kernel, cokernels and images are calculated in the
obvious way (that is, Ker(X — Y') = (Ker(X,, — Y},))nen etc).

By the Yoneda lemma, the functor hy : € — Func(%°P, Ab) is fully faithful; by problems
PS3.1 and PS3.2, we have an equivalence Func,qq(6°?, Ab) ~ Func(A°?, Ab) = sAb. So we
get a fully faithful functor 4 — sAb, and we identify & with the essential image of this functor.

If X is a simplical set, we denote by Z(*X) the “free simplicial abelian group on X : it is the
simplicial abelian group sending [n] to the free abelian group Z*®) and o : [n] — [m] to the
unique group morphism from ZXm) to Z(*») extending o* : X,,, — X,. Ifu : X — Yisa
morphism of simplicial sets, we simply write u : Z(X) — Z) for the morphism of simplicial
abelian groups induced by u. If a : [n] — [m], we also use « to denote the morphism A,, — A,
that is the image of a by the Yoneda embedding ha : A — sSet.

(a). For every n € N, show that the simplicial abelian group Z(“+) is in €. (Hint : It’s the
image of the object [n] of A. Follow the identifications !)
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Let n > 1. Remember from problem PS1.9 that we have defined morphisms

80,01, ..

,0n = [n— 1] — [n] in A by the condition that ¢; is the unique increasing map

[n — 1] — [n] such that i ¢ Im(d;). According to our previous conventions, we get morphisms
8 : Ay_1 — A, insSet and §; : Z(An-1) — Z(A) in sAb. Remember also that, for k € [n], the
horn A} is the union of the images of the d;, for i € [n] — {k}.

(b). Show that Z4¥) = 37, ., Tm(6;), where the sum is by definition the image of the

canonical morphism @, _zy [m(0;) — Z(*") and we have identified Z*%) to its image
in Z(4).

It f

[n] — X is a map from [n] to a set X, we also use the notation

]
(f(0) = f(1) —» ... = f(n)) torepresent f. Let n € N, and let .S,, be the set of sequences

(al, ce
write f,

(c).
(d).
(e).
(®).

().

,ay) € [n] such that a; € {i — 1,i} forevery i € {1,...,n};ifa = (ay,...,a,), we

(0= ay, — ... — a,) € Homget([n], [n]) and £(a) = (—1)crd{ila#d),

For every a € S,,, show that f, € Homa ([n], [n]).
Letp, =) cs, €(@)fa € Endg (ZA)). Show that p,, is a projector.
Show that Z*¢) = Im(ida,) — p,) = Ker(p,). In particular, Z(*3) is an object of ¥

Let I, = Im(p,). This is also an object of ¥. Show that we have an isomorphism
7A8n) ~ 7408 @ [ in €.

If X is an object of sAb and f : X — I, is a surjective morphism (that is, such that f,
is surjective for every » > (), show that there exists a morphism ¢ : [, — X such that

fog=idy,.

For every k € [n], define a simplicial subset ASF of A,, by taking A=¥([m]) equal to the set
of nondecreasing « : [m| — [n] such that either card(Im(«)) < k, or card(Im(a)) = k + 1 and
0 € Im(«). In particular, question (h)(i) says that A%”fl = A{. (On the geometric realizations,
|A,,| is a simplex of dimension n with vertices numbered by 0, 1,...,n, and |AS*| is the union
of its faces of dimension < k that contain the vertex 0.)

(h).

(i) Forevery k € [n] and every m € N, show that

A ([m]) = {a : [m] — [n] | either card(Im(«)) < n—1, or card(Im(«)) =nand k € Im(«)}.

(i1) For every m € N, show that the set

{a:[m] = [n] | Im(a) > [n] - {0}}

is a basis of the Z-module I,,([m]).

(iii) Forevery k € {1,...,n}, show that

287 707 o ),
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@
@

&)

)

(m)

(iv) Forevery k € {1,...,n}, show that
7O~ 70 g [0,
Show that there is an isomorphism Z(*») ~ ;" I,S’“) in¥%.

For all n, m € N, show that Homg (1,,, I,,,) is a free Z-module of finite type. We denote its
rank by a,, .

Show that a,,, > 1 and a,,+1 > 1 for every n € N. (Hint for the second:
do : [n] = [n+1].)

Show that, for all n, m € N, we have

() e ()(0)

Show that, for all n, m € N, we have

()= ()0

(n). Show that a,,,, = @, 41 = 1 forevery n € Nand a,,,,, = 0if m & {n,n + 1}.

(0). Let .7 be the full subcategory of 4 whose objects are the [, for n € N. If o is an
additive category, we consider the category C=°(.«7) of complexes of objects of .7 that are
concentrated in degree < 0 (that is, complexes X € Ob(C(«/)) such that X" = 0 for
n > 1).

Give an equivalence of categories from Func,qq(.# P, &) to C=°(«/).

(p)- Deduce an equivalence of categories from Func(A°, &) to C=0(«7), if < is a pseudo-
abelian additive category. This is called the Dold-Kan equivalence.

(q). Suppose that .7 is an abelian category, and let X, be an object of Func(A°?, «7). For
n € Nandi € {0,1,...,n}, we denote the morphism X,(d}") by d : X,, — X,,_1. The
normalized chain complex of X, is the complex N (X,) in C=°(/) given by: for every
n >0,

N(X)™= () Ker(d})
1<i<n
and d{,, is the restriction of di. This defines a functor N : Func(A, o) — C=(«/).
Show that this functor is isomorphic to the equivalence of categories of the previous ques-
tion.
Solution.
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(b).

(c).

(d).

(e).

A.10 Problem set 10

We denote the faithful functor A — % by «. Let n € N. If m € N, we have
hi(1([n]))(1([m])) = Homg (¢([m]), 1([n])) = ZHomarlinh) = z@alm) — 78 (jm]).

So the image of t([n]) by the fully faithful functor
% S Func(4°?, Ab) = Func(A°?, Ab) is isomorphic to Z(3»),

If X, is a simplicial set and if m € N, we denote by (e, ).cx,, the canonical basis of
20 (n]) = 205

We need to show that, for every m € N, the subgroup Z%)([m]) of Z©A)([m]) is
equal to >, oy Im(di([m])). Let m € N. For every i € [n], the morphism
6;([m]) :+ ZA=([m]) — Z@»)([m]) is given on the canonical basis (€y)ucHoma ([m),n))
of Z&»=1)([m]) by &i([m])(en) = €s0u SO Xicpy gy Im(di([m])) is the Z-submodule
of Z(An)([m]) generated by all the e, for u € Homa ([m], [n]) factoring through some §;,
i # k. This is the same as Z(*%)([m]) by definition of the horn.

We have to show that f, is nondecreasing. Let i € {0,...,n — 1}. If i = 0, then
fa(i) = 0 < i. Then f,(i) = a; € {i — 1,3}, so f,(i) < i. On the other hand, we
have f,(i +1) = a;41 € {i,i+ 1}, 50 fo(i + 1) > > fa(i).

Let a = (ai,...,a,) € Sy, and suppose that a # (1,...,n). Then Im(f,) is strictly
contained in [n], and 0 € Im(f,). This means that there exists iy € {1,...,n}
such that iy ¢ Im(f,). Let S, = {(b1,...,bn) € S, | b, = io} and
S = {(b1,...,by) € Sp | biy = i9p — 1}. We define a map ¢ : S/, — S/ by sending
(b1y... bp) to (byy ... biy—1,90 — 1, biy41, - .., by). Itis easy to see that ¢ is a bijection and
that e ( (b)) = —e(b) and that f, o f, = fep) © fo forevery b € S/. So

pnofo=Y_ e®fofat > ) fyofa

besy, besy!
=Y e frofu— D ) fso fa
bes!, bes:,

= 0.

On the other hand, if a = (1,...,n), thene(a) = 1 and f, = idp,, S0 p, © f4 = Pp.
This shows that p,, o p,, = p..

As p,, is a projector, we know that Ker(p,,) exists in " and that Ker(p,,) = Im(idya,.) —pn)
by problem

For every a € S, such that ¢ # (1,...,n), we have seen that there exists
i€ {l,...,n} —Im(f,), and then f, factors through ¢;, so the image of f, in the abelian
category 'sAb is contained in Z(H). As idgan) = Pn = = Dues,—{(1,.my £(@) fa, this

shows that Im(ida,) — p,) C ZA10),

375



A Problem sets

().
().

(h).

376

If © € {1,...,n}, then the same proof as in the solution of question (d) shows that
pn o 6; = 0, hence (idya,) — pn) 0 6 = §;. As ZWA6) = > Im(d;) by question (b),
this implies that Z*%) C Im(idga,) — pn).

This is question (b) of problem

Let i = idy,; € A,([n]), let e; be the corresponding element of Z(**)([n]), and let ¢; be
its image in I,,([n]). As f is surjective, we can find x € X, such that f,(z) = €;. Let
¢ : Z\*") — X be the morphism corresponding to z by the bijection

HomsAb(Z(An)7 X) ~ Homgget (A, X) ~ X,,,

and let ¢ = q o ¢, where ¢ : Z(®") — I, is the canonical projection. We want to show
that g o f = id;,. By the construction of g, we have g o f(€;) = €;. Let m € N. Remem-
ber that we denote by (e, )yucHoma (m],[n]) the canonical basis of Z(®)([m]). The family

(q(€w))uctoma ((m),[n)) SPans I,([m]), so it suffices to show that g,,, o f,,(gm(eu)) = q(ew)
for every u. Let u € Homa ([m], [n]). Then i o u = u, so e,, = u*(e;), and

fi © gm(@m(en)) = u”(fn 0 gn(an(e:))) = u*(q(e:)) = gqleuw).

(i) The set A}([m]) is the set of nondecreasing maps « : [m] — [n] that factor through
some 0;, fori € [n]—{k}. If o : [m] — [n]is anondecreasing map, then, by definition
of 9;, the map « factors through ¢; if and only if i ¢ Im(«). This shows that A} ([m])
does not contain any surjective «, contains all the « such that | Im(a)| < n — 1,
and contains an « such that |Im(«)| = n if and only if [n] — Im(a) # {k}, i.e.
k € Im(«). This is what we wanted to prove.

(i) By (i), we have
{a € An(fm]) [ Im(e) O [n] —{0}} = An([m]) — Ag([m]),

so the family (¢m (€a))aca,(jm]), Im(a)>[n]—{0} 1S @ basis of I,,([m]) (where ¢ is as be-
fore the canonical projection Z(*») — I,).

(iii) We fix k € {1,...,n}. Let Q be the set of A C [n] suchthat 0 € Aand |A| =k + 1.
For every A € Q, let 54 : [k] — [n] be the composition of the unique order-
preserving bijection [k] = A and of the inclusion A C [n]; note that 34(0) = 0.
Consider the morphism f4 : Z(*+) — Z(2n) such that, for every m € N and every
a € Homa([m], [k]), we have fa(es) = €5,0a. Note that Im(f4) C 743 s0 we
can see f4 as a morphism from Z(**) to 7433 Letm € Nand a € A ([m)); if
|Im(a)] < k — 1, then |Im(B84 0 a)| < k — 1 and so B4 0 a € ASFY([m]); if
|Im(cr)| = k and 0 € Im(«), then |Im(54 o )| = k and 0 € Im(B4 o ), and so
Baoa € ASF=1(Im]). This shows that f4(ZA8) c Z(A7"""), hence that f4 induces

<k—1

a morphism g4 : [, — Z(Agk)/Z(An )
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Let g = Y ,cq0a @ I} — Z& /Z . We claim that ¢ is an isomor-
phism; this will finish the proof, because |Q| +). Let m € N. For ev-
ery A € 2 and every « € Homa([m],[k]) such that either | Im(«o)| = &k + 1,
or |Im(a)] = k and 0 ¢ Im(a), we denote by e, € I’ the basis element
eo of the copy of I, corresponding to A € ). By (ii), this gives a basis of
(I?)([m]). On the other, a basis of (Z(A7") /Z(37" ) ([m]) is given by the images
of the basis elements e; € Z(Aék)([m]) for § € Homa(|m], [n]) such that either
| Im(8)| = k+ 1and 0 € Im(p), or | Im(5)| = k and 0 ¢ Im(f3). To show that
g+ (ID)([m]) — (ZAFD /755 ([m]) is an isomorphism, it suffices to notice
that each 5 € Homa([m], [n]) as in the previous sentence is equal to 4 o « for a
unique A € € and a unique o € Homa ([m], [k]) (indeed, we must have A = Im(/5)
if |Im(8)] = k+ 1and 0 € Im(p), and A = {0} U Im(B) if | Im(B)| = k and
0 ¢ Im(f3), and then A determines « because (34 is injective), and that we then have
either | Im(a)| =k + 1, or | Im(e)| = k and 0 ¢ Im(a).

(iv) This follows easily from (iii) and from question (g).

By question (h)(iv) (and an easy induction), we have an isomorphism Z(*) ~ @Z:o I ,5’“)
in sAb. As both sides are objects of € by question (f), and as % is a full subcategory of
sADb, this isomorphism is an isomorphism in €.

As I, (resp. I,,) is a direct factor of Z(®») (resp. Z(*)) by question (f), the abelian group
Homy (1, I,,) = Homgap(1,, I,,) admits an injective morphism into

HomSAb(Z(An)’ Z(Am)> — HomsSet<Am Z(Am)) — Z(Am)([n]> — Z(HOmA([n},[m]))
As the latter group is free and finitely generated, so is Homg (1., I,,,).
We have [,, # 0 because Aj C A, so 0 # id;, € Homg(1,,I,), s0 ap, > 1.

Consider the unique nondecreasing injective map dy : [n] — [n + 1] such that 0 & Im(dg).
(In other words, we have d¢(i) = i + 1 for every ¢ € [n].) This induces a morphism
f 2B — 7B+) It m € Nand o € AZ([m]), then | Im(a )] <n,so|Im(foa)l <n
and 0y o o € AZ™([m]). This shows that f(Z8)) c 7% ™), hence that f induces a
morphism g : I,, = I,,;;. Also, if @ = idy,) € Homa([n], [n]), then Sooa & Agtt([n]),
so the image by ¢ of the class of e, in I,,([n]) is not 0. This shows that g # 0, hence that
Home (1, Iny1) # 0 and 80 ay, 541 > 1.

Let n,m € N. We have seen in the solution of question (j) that Homg Ab(Z(A”), Z(Am)) is
a free Z-module of rank | Homa ([n], [m])| = (""" = (i "). On the other hand, by
question (i), we have

Homgap (ZA3), Z5m)) ED (Homgap (L., 1)) 07,
k=0 (=0

and the right hand side is a free Z-module of rank Y _o > ari (}) (7)-
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(m). Remember that Vandermonde’s identity says that, for all a, b, c € N, we have

(aib) :;@ (ij)

Applying this to @ = n 4+ 1 and b = ¢ = m and using the fact that () = (™,) for

k
0 <k < m,we get
n+m+1 " /m\ (n+1
)0

To prove Vandermonde’s identity, we consider an indeterminate ¢. By the binomial theo-
rem, we have

and
a+b
+b
1 atb _ a ¢
(1+1) > < ) )t
c=0
As (1 +1)2° = (1 4+ ¢)%(1 + 1), if ¢ € N, we get two formulas for the coefficient of ¢ in

this polynomial. The first formula is (“ng) , and the second formula is

L=, 00)-%(2)0)

(n). By questions (1) and (m), we have

() -5 ()-S5 E206)

where the second equality comes from Pascal’s rule ("/") = () 4 (,",). By question (k)

(and the obvious that all the a;; are nonnegative), we have

>3 ()(D) =2 () ()0

This implies that, for k£ € [n] and [ € [m|, we have ay; = 0if | € {k,k+ 1} and a;; = 1
ifl € {k,k + 1}. As n and m were arbitrary, we get the conclusion.

NE

e
Il
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Let F' € Func(#°P, o). We define a complex X € C=°(«) in the following way: For
every n € N, we take X" = F(I,) and dy" ' : X! = F(I,41) — X" = F(I,)
to the image by F' of the element g, of Homy (I, I,,1) constructed in the solution of
question (k). This defines a functor ® : Func,qq(.#°P, &) — C=0().

Conversely, let X be an object of C=°(/). We define a functor F' : .#°° — & in
the following way: For every n € N, we take F'(I,) = X ". Let n,m € N and
f € Homg (I, Iy,). f m & {n,n + 1}, then f = 0, so we must F'(f) = 0. If m = n,
then, by question (n), the morphism is of the form a - id;,, where a € Z, and we must set
F(f) = aidx-». If m = n + 1, then, by question (n), the morphism f is of the a - g,, with
a€Z,andweset F(f)=a-dy"': X" '=F(I,;,) - X" = F(I,). This defines
a functor ¥ : C=9(«/) — Func,qq(F°P, ).

The fact that ® o W = id¢<o(,y follows immediately from the definitions of the functors
¢ and W, and the fact that ¥ o ® = idpyyc,, (sov,o) fOllows easily from the definition of
these functors and from question (n).

By problems PS3.1 and PS3.2, we have an equivalence
Func,qq(€°P, o) ~ Func(A° &), so we can define a functor
Func(A°, /) — C=°(«/) by composing a quasi-inverse of this equivalence, the
restriction functor Func,qq(€°P, /) — Func,qq(#°P, /) and the equivalence
Func,qq(#°P, /) = C=°(</). Showing that this is an equivalence of categories
amounts to showing that the restriction functor Func,qq(%°P, &) — Func,gq(#°P, &) is
an equivalence of categories.

By the construction of the pseudo-abelian completion in problem every object of ¢
is a direct summand of an object of Z[A]®, hence, by construction of the universal additive
category in problem a direct summand of an object of the form ), , Z(Ani) | for
(n;):er a finite family of nonnegative integers. By question (i), this implies that every
object of ¢ is a direct summand of an object of the form &, , I,,,, for (n;);c; a finite
family of nonnegative integers.

Let .#’ be the full subcategory of ¥ whose objects are finite direct sums of objects of
& in other words, the category .#’ is the category .#® defined in problem Then
¢ is an additive category and the preceding paragraph says that % is the pseudo-abelian
completion of .#’. By problem (applied to the opposite categories), the restriction
functor Func,qq(€°?, o) — Funcaqq(-#'°?, &) is an an equivalence of categories. So it
remains to show that the restriction functor Func,qq(-#'°", &) — Func,qq(#°P, &) is an
equivalence of categories. But this is proved in problem|[A.3.1]

Let DK : Func(A°, o) — C=%(«/) be the equivalence of categories of question (p).

Let X, € Func(A°P, 7). We still denote by X, the corresponding functor € — <.
Letn € N,and let § = Y, 6; : @), ZAn-1) — Z(A»), where we use the notation of
question (b); by that question, we have Z3) = Im(¢), and by question (f), the canoni-
cal projection Z(“») — I, identifies I,, to Coker § and both Im ¢ and Coker § are direct
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summands of Z(®»). It is easy to deduce from this that, if 7 : €°° — %" is any addi-
tive functor, then the morphism F(I,) — F(Z*)) is a kernel of F'(§). Applying this
to ' = X, : ¢°° — o, we see that F(I,) = DK(X,) ™ is canonically isomorphic
to Ker(P, : d : X, — X' ;) = i, Ker(d') = N(X*)™™. Also, as the nonzero
morphism from /,,_; to I,, constructed in the solution of question (k) is the restriction of
8o : Z\An=1) — 724 (followed by the canonical projection Z(A+) — 1), its image by X,
is the restriction of djj. So we get an isomorphism of complexes DK (X,) ~ N(X,), and
this isomorphism is clearly functorial in X,.

O

A.10.2 The model structure on complexes

Let R be aring, and let &/ = gMod. @

We denote by W the set of quasi-isomorphisms of C(<7), by Fib the set of morphisms
f X — Yin C(&) such that f* : X™ — Y™ is surjective for every n € Z and by Cof
the set of morphisms of C(.27') that have the left lifting property relatively to every morphism of
W NFib. We say that X € Ob(C(/)) is fibrant (resp. cofibrant) if the unique morphism X — 0
(resp. 0 — X) is in Fib (resp. in Cof). The goal of this problem is to show that (W, Fib, Cof) is
a model structure on C(<7).

Forevery M € Ob(«),let K(M,n) = M|[—n] € Ob(C(</)), and let D™ (M) be the complex
X such that X" = X" = M, d% = idy; and X* = 0if i € {n,n + 1}. We also write
S™ = K(R,n)and D" = D"(R). Forevery M € Ob(./), the identity of M induces a morphism
of complexes K (M, n) — D" (M) (which is clearly functorial in M).

(a). Show that the functor D™ : pkMod — C(<7) is left adjoint to the functor C(&/) — <7,
X —— X™, and that the functor K (-,n) : & — C(&7) is left adjoint to the functor Z".

(b). Show that a morphism of C(«7) is in Fib is and only if it has the right lifting property
relatively to 0 — D" for every n € Z.

(c). Show that D" is cofibrant for every n € Z.
(d). Show that S™ is cofibrant for every n € Z.
(e). Let p: X — Y be a morphism of C(.«7).

(1) If pisin W NFib, show that it has the right lifting property relatively to the canonical
morphism S™ = K(R,n) — D" ! for every n € Z.

(ii) If p has the right lifting property relatively to the canonical morphism S* — D"~!
for every n € Z, show that it is in W N Fib.

33We only need <7 to have all small limits and colimits and a nice enough projective generator, but we take
@/ = rkMod to simplify the notation.

380



().
().

(h).

.
()-

A.10 Problem set 10

Show that the canonical morphism S™ — D"~ ! is in Cof.

Let f : X — Y be amorphism of C(&). Let E = X & D,,cz yeyn D" leti: X — E
be the obvious inclusion and let p : £ — Y be the morphism that is equal to f on the
summand X and that, for every n € Z and y € Y™, is equal on the corresponding sum-
mand D" to the morphism D™ — Y corresponding to y € Y = Hompg(R,Y™) by the
adjunction of question (a). We clearly have po i = f.

(i) Show thatisin V.
(i) Show that 7 has the left lifting property relatively to any morphism of F'ib.
(ii1) Show that p is in Fib.

Let f : X — Y be a morphism of C(«). Let Xy = X and f; = f. Foreveryi € N,
we construct morphisms of complexes j; : X; — X;.1 and f; 1 : X;11 — Y such that j;
is a monomorphism and in Cof and f;,; o j; = f; in the following way: Suppose that we
already have f; : X; — Y. Consider the set &; of commutative squares

(D) s I2x,

)

Dol — Y
9D

(for some np € Z). Let j; : X; — X;41 be defined by the cocartesian square

@De% Snp &) Xi

o

@pey, D" —— Xina
The morphisms f; : X; — Y and > gp : @pey D"~ — Y induce a morphism
fiz1: Xiz1 — Y, and we clearly have f; 1 0 5, = f;.

Finally, let /' = hgl  Xi (where the transition morphisms are the j;), let j : X — F be
the morphism induced by j, and let ¢ : F' — Y be the morphism induced by the f;.

(i) Show thatgoj = f.
(i) Show that j is a monomorphism.
(iii)) Show that j is in Cof.
(iv) Show that ¢ is in W N Fib.
Show that every element of Cof is a monomorphism.

Show that every element of W N Cof has the left lifting property relatively to elements of
Fib. (Hint: Use question (g).)
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k).
.

(m).

(n).

Show that (I, Fib, Cof) is a model structure on C (o).

Show that the intersections of (I, Fib, Cof) with C~ (<) also give a model structure on
this category.

Let f : A — B be a morphism of .«7. Show that f has the left lifting property relatively to
epimorphisms of .o/ if and only if it is injective with projective cokernel.

Leti : X — Y be a morphism of C~ (7). Show that 7 is in Cof if and only if, for every
n € Z, the morphism ¢" is injective with projective cokernel.

Solution.

(a).

(b).

(c).

(d).

382

Let X be an object of C(.<7) and M be a left R-module. Giving a morphism of complexes
from D™(M) to X amounts to giving R-linear maps f : M — X" and g : M — X"+
such that ¢ = d% o f; so there is no extra condition on f, and g is determined by f. In
other words, we have constructed a bijection

Home() (D" (M), X) = Hompg(M, X"),
which is clearly functorial in M and X.

On the other hand, giving a morphism of complexes from K (M, n) to X amounts to giving
a R-linear map f : M — X" such that d% o f = 0; this is the same as giving a R-linear
map M — Ker(d%) = Z™(X). In other words, we have constructed a bijection

Home (o) (K (M, n), X) = Homp(M, Z"(X)),
which is clearly functorial in M and X.

Moreover, these adjunctions have the following property (which is clear on their construc-
tion): Let u : K(M,n) — D" (M) be the morphism of complexes induced by id ;. If
we have a morphism f : D"*(M) — X corresponding to z € X" !, then the morphism
fou:K(M,n)— X corresponds to s ' (x) € Z"(X).

Let f : X — Y be a morphism of C(«). Saying that f has the right lifting property
with respect to 0 — D™ means that, for every morphism g : D" — Y, there exists
h : D™ — X such that f o h = g. By question (a), this is equivalent to saying that the map
Hompg(R, X") — Hompg(R,Y™), h — f o his surjective, which is equivalent to the fact
that f* : X™ — Y™ is surjective. This proves the assertion.

By question (b), the morphism 0 — D™ has the left lifting property with respect to every
fibration, so it is a cofibration.

Let f : X — Y be a morphism in W N Fib, and let n € Z. We
want to show that 0 — S™ has the left lifting property relatively to f. As
Home () (S™, C) = Homg(R, Z"(C)) = Z"(C) for every object C' of C(.2/) (by question
(a)), this is equivalent to the fact that the map Z"(X) — Z"(Y’) induced by f" is surjec-
tive. Solety € Z™(Y'). As f is a quasi-isomorphism, there exists © € Z"(X) such that
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f"(z) —y € BY(Y). Write f"(z) —y = d¥_,(vy'), withy/ € Y"1, As f is in Fib, there
exists ’ € X" ! such that f*~!(z') = ¢/, and then we have

y=f"(z) = dy_1(y) = f(2) = dyy (f7H() = [ = dy_y (2).
Also, as dX o dX | = 0, we still have x — dX_(2') € Z"(X).

By the solution of (a), saying that p : X — Y has the right lifting property relatively
to S — D" ! is equivalent to the following statement: For every ¥/ € Y™ !, and for
every € Z™(X) such that di- ' (y') = p™(x) € Z™(Y), there exists 2’ € X"~ such that
dy ! (2') = x and p"1(2)) = v/.

(i) Suppose that p € W N Fib, and let ¢/ € Y™ ! and x € Z"(X) be such that
dy'(y') = p*(z). In particular, we have p"(X) € B"(Y); as p is a quasi-
isomorphism, this implies that x € B"(X), so there exists 2/ € X"~ ! such that
dv ! (2") = x. We have

dy(p" () =) = p"(dy (@) — p"(x) = 0,
sop"H(2') —y € Z" (V). By question (d), there exists z” € Z"'(X) such that

p ") = p i (2)) — o, ie Yy — p" (2 — ). Moreover, as " € Z" (X)), we
have d'y (2’ — 2") = d'¥ '(2') = x. So we are done.

(ii) Suppose that p has the right lifting property relatively to S™ — D"~ ! forevery n € Z.

We first show that p” induces a surjective map Z"(X) — Z™(Y") for every n € Z.
Indeed, let n € Z and y € Z"(Y). Then df-(y) = 0 = p"*1(0), so there exists
x € X" such that d% (z) = 0,i.e. z € Z"(X), and that p"(x) = y.

Now we show that p” : X" — Y™ is surjective for every n € Z. Letn € Z
and y € Y. Then d}(y) € Z""(Y), so, by the previous paragraph, there ex-
ists 2’ € Z"™(X) such that p"™'(2’) = d}(y). Then, by assumption, there exists
x € X" such that d% (z) = 2/ and p™(z) = y.

We finally show that p is a quasi-isomorphism. Let n € Z. We already know that
the map H"(p) : H*(X) — H"(Y) is surjective (because Z™"(X) — Z™(Y) is sur-
jective), so it remains to show that it is injective. Let = € Z"(X), and suppose that
p"(x) € B"(Y). Then there exists 3’ € Y ! such that p"(x) = d} ' (3/), so we can
also find 2/ € X"~ ! such that d’y *(z') = z and p"~'(2') = y/. In particular, we have
r € B"(X).

This follows from question (e) and from the definition of Cof.

(i) An easy calculation shows that the complex D" has zero cohomology for every
n € Z. As 1 is the direct sum of idy and of morphisms 0 — D", this implies
that ¢ is a quasi-isomorphism.

(ii) The morphism idy has the left lifting property relatively to any morphism of C(.</),
and morphisms 0 — D™ have the left lifting property relatively to morphisms of Fib
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by question (b). Also, for every morphism of C(.<7), the set of morphisms that have
the left lifting property relatively to f is stable by direct sums (this is easy, and it is

also proved in Proposition [VI.5.2.1).

(ii1) It is clear on the definition of p that every element of Y is in the image of p", for
every n € Z. So pis in Fib.

(h). (i) Forevery: € N, the composition X — X; fé Y is equal to
fio(Jiciojicao...0 fo) = ficio(0jioo...0fy) =...= fiojo=f.

Soqgoj=f.

(i1) Forevery i € N, the morphism X — X; (whichis j;_;07;_20...0jy) is a monomor-
phism. As filering colimits are exact in C(rkMod) (because they are exact in pkMod),
this implues that j is a monomorphism.

(iii) For every i € N, the morphism @ .., S™ — @y, D"P~" is in Cof by question
(e). This easily implies that 7; is in Cof for every ¢« € N, and then that j is is Cof (see

Proposition [VI.5.2.T]).

(iv) By question (e), it suppose to show that ¢ has the right lifting property with respect
to S™ — D"~ for every n € Z. So fix n € Z, and consider a commutative square:

L — )

A
s
L7 h

.Dn_1 T) Y

We want to find » : D"! — Y making the diagram commute. Remember that
Home(o(S™, F) = Z"(F) by (a). As F" = lim, X", there exists ¢ € N and
x € X[ such that the element z of Z"(F') corresponding to u is the image of z; in
F". As d}:(z) = 0, the image in F"™! of d’ (;) is 0. But the morphism X; — F is
a monomorphism (for the same reason as in (1)), so dg(xz) =0,ie z; € Z"(X;).
Let u; : S™ — X, be the morphism corresponding to ;. By definition of X, there
is a morphism /; : D™ — Y making the following diagram commute:

|

1
D" —— X

\_}Y

We get the desired morphism h : D" — F' by composing h; with the canonical
morphism X;,; — F.
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Leti : X — Y be an element of Cof. By question (h), we can write ¢ = ¢ o j, with
j + X — F amonomorphism and ¢ € W N Fib. In particular, we have a commutative
square

By definition of Cof, there exists h : Y — F suchthatgoh =idy and hoi = j. As j is
a monomorphism, this implies that ¢ is also a monomorphism.

Let 5 : X — Y be an element of W N Cof. By question (h), we can write j = p o4, where
1 € W has the left lifting property relatively to fibrations and p € Fib. As j € W, we also
have p € WW. Consider the commutative square

X3 A

il p
7/

Y Y

Asp € WNFiband 5 € Cof, there exists h : Y — A such thatpoh =idy and hoi = j.
So we have a commutative diagram

which shows that j is a retract of 7. As 7 has the left lifting property relatively to fibrations,
so does j. (This is easy, see Proposition |VI.5.2.1|for a proof.)

We check the axioms. First, the sets 1/, Fib and Cof clearly contain the identity morphisms
and are stable by composition. Also, we know that C(zpMod) has all small limits and
colimits, which is axiom (MCI)). Axiom (the fact that W satisfies the two out of
three property) and the fact that W and Fib are stable by retracts are clear. The fact that
Cof is stable by retract follows from its definition as the set of morphisms having the left
lifting property relatively to elements of W' N Fib; this finishes the proof of (MC3). The
existence of the two factorizations of axiom (MCJ) is proved in questions (g) and (h).
Finally, consider a commutative square

as in axiom (MC4). If p € W N Fib and ¢ € Cof, the existence of i follows from the
definition of Cof. If © € W N Cof and p € Fib, the existence of h follows from question

Q-
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Let W, Fib™ and Cof ™ be the intersections of W, Fib and Cof with C~(rMod). By the
description of the functors Home,moa) (5™, -) and Home(,moa) (D™, ) in question (a), if
f + X — Y is a morphism of C~(rMod), then the algorithms of questions (g) and (h)
produce factorizations of f in C~(xkMod). So, to prove the statement, it suffices to check
that Cof ™ is the set of morphisms of C~(yMod) having the left lifting property relatively
to the elements of W~ NFib~. The fact that every morphism of Cof ~ satisfies this property
is clear. Conversely, let j : A — B be a morphism of C~(rMod) that has the left lifting
property relatively to the elements of W~ N Fib™, and let p : X — Y be in W N Fib.
Consider a commutative square

LX

As A, B € Ob(C~(gMod)), there exists N € Z such that A = 7N A and B = 7=V B.
Also, by question (d) and the properties of the truncation functors, the morphism
7Np - rSNX — 7=NY s still in W N Fib, hence it is in W~ N Fib~. So we have a
commutative square

<N
AT A TN X

, ~
. h -

B TS—NE; TSNY
with 7<¥p € W~ N Fib~. By the hypothesis on j, there exists /B — 7Y X making
the diagram commute. Composing A’ with the canonical morphism 7YX — X, we get a
morphism h : B — X suchthatpoh =gand hoj = f.

Let f : A — B be a morphism of left R-modules.

Suppose that f has the left lifting property with respect to every surjective morphism of
left R-modules. Denote the canonical surjection A — Im f by ¢q. Applying the lifting
property of f to the commutative square

A—2sImf

1]

B——0

we get a morphism h : B — Im f such that h o f = ¢q. Applying the lifting property of f
again, this time to the commutative square

id 4
A——

A
1
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we get a morphism s : B — A such that s o f = id4. So f is injective and we have
B =1Im f & P, with P = Ker s. It remains to show that P is projective. Let u : M — N
be a surjective morphism of left R-modules, and let g : P — N be a R-linear map. We
extend it to a R-linear map ¢’ : B — N by taking ¢ = 0 on Im f. Then we have a
commutative square

A2
f j
B——N

!

g

so there exists b’ : B — M suchthatuoh’' = ¢'. If h = hTP’ we have uo h = g.

Conversely, suppose that f is injective with projective cokernel P = Coker f. Let
p : B — P be the canonical surjection. As P is projective, there exists s : P — B
such that po s = idp. Hence B ~ A @ P, so we may assume that B = A @ P and that

id . .
f= ( OA>' Consider a commutative square

A5 M
f
B——N

v

|

=)

with ¢ a surjective map. As P is projective, there exists h’ : P — M such that goh' = vjp.
Leth= (u W):B=A®P — N.Thenho f=uandqoh= (u vp)=v.

We first prove that, for every n € Z, the functor D"~! : zkMod — C(zrMod) is right
adjoint to the functor C(kMod) — rMod, X — X". Letn € Z, let M be a left
R-module and let X be an object of C(rMod). Then giving a morphism of complexes
u: X — D" (M) is equivalent to giving two R-linear maps v"~* : X" ' — M and
u™ : X™ — M such that u" L o d’y ? = 0 and u™ o d% = u""'; as the second condition
determines «"~! and implies the first condition, this is equivalent to giving u™ : X™ — M.
So we have constructed a bijective map

HOIIlc(RMOd) (X, Dnil(M)) — HOl’IlR<Xn, M),

which is clearly functorial in X and M.

Leti: A — B be a morphism of C(rkMod). We suppose that 7 is in Cof, and we want to
show that ¢" is injective with projective kernel for every n € Z:

(1) Suppose first that A = 0, and let n € Z. We want to show that B is a projective R-
module. Let p : M — N be a surjective map of left R-modules, and let f : B — N
be a R-linear map. Then the morphism D"~ !(p) : D" }(M) — D" }(N) is a
fibration, and it is acyclic because both D"~1(M) and D" () are acyclic com-
plexes. Consider the morphism of complexes u : B — D""!(N) corresponding to
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f : B™ — N by the adjunction of the first paragraph. As B is cofibrant, there exists
amorphism h : B — D" (M) making the following diagram commute:

0—— D" 1(M)

| 2 Joe

B2 D" Y(N)

and then A" : B™ — M satisfies the identity p o h™ = f. This shows that B" is a
projective [2-module.

(2) Now we treat the general case. Note that we have a cocartesian diagram

A———0

]

B —— Coker(7)

By Corollary this implies that 0 — Coker(4) is a cofibration, i.e. that
Coker(7) is cofibrant. By (1), this shows that " has projective cokernel for every
n € Z. To show that " is injective, consider the morphism u : A — D" !(A")
corresponding to id 4« by the adjunction of the first paragraph. As D" !(A") is
an acyclic complex, the morphism D"~ 1(A") is an acyclic fibration, so there ex-
ists h : B — D" ! A such that h o i = u, and in particular we have h" o i" = id4»,
which implies that " is injective.

Conversely, suppose that, for every n € Z, the morphism ¢" is injective and has projective
cokernel. We want to show that 7 is a cofibration. Let P = Coker(i). As each P" is a
projective, the morphisms " : A" — B™ are split injections (i.e. there exists morphisms
a™ : B™ — A" such that a” o i" = id4»), so, without loss of generality, we may assume

that B" = A" @ P"™ and that i" = (ldg‘n). As ¢ is a morphism of complexes, we have
dy = i “), with um : P — AL,
0 dp
Consider a commutative square (in C(xMod))
A L;X
{ fi/ lp
7/

with p an acyclic fibration. We want to show that there exists a morphism h : B — X
making the diagram commute. As goi = po f, we have g" = (p”o f* v") with
o™ P" — Y", and the fact that g is a morphism of complexes is equivalent to the
identities

(1 dy ov"™ = p"tto frHloy™ 40" o d.
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If h : B — X is a morphism such that 4 o i = f, then we must have A" = (f" w™), with
w™ . P* — X™. The fact that h is a morphism of complexes is equivalent to the identities

@) dy 0w = [ 0w +uw ™ o dy,

and we have p o h = ¢ if and only p" o w™ = v" for every n € Z.

Letn € Z. Asp™ : X" — Y™ is surjective and P" is a projective [2-module, there exists a
R-linear map k" : P* — X" such that p" o k™ = v™.

X’n

k" ~

s
g lpn
s

pr—=Y"
Letr" = dy o k" — k"' odp — f**1ou™ : P" — X"*!. We have

pn+1 o = dg—i—l Opn o k" _pn—H o kn—i—l o d% _pn—i-l o fn—i-l ou™
— dr}L/Jrl o™ — Un+1 o d}g _pn+1 o fnJrl ou"

=0 by(l).

Let K = Ker(p). We just proved that r* : P" — X™*! factors through a R-linear map
s": P — K™ Also, we have

n+1 m __ gn+1 n+1 n n—+2 n+1 n
r"odp=dy ok" odp — f"Tou"T odp

and
d}Jrl or™ = _d’r)l,(+1 o kn+1 o d?]lJ _ anJrl o fnJrl ou™
— _d’r)z(—f—l o kn+1 o d'r]LD . fn+2 o dt}‘—i_l ou™
— _d}Jrl o kn+1 o dr}; _ fn+2 o un+1 o d?,,
so 8"t o d% = —di! o s™. This means that the family (s"),cz defines a morphism of

complexes from P to K[1]. As P is a bounded above complex of projective R-modules
and K is an acyclic complex, the dual of Theorem 1) says that s is homotopic to
0. This means that there exists a family of R-linear maps (t" : P" — K"),¢cz such that,
for every n € Z, we have

s"=t""odh + d’[?[ll] ot" =t""odp —d ot™
For every n € Z, we set w™ = k™ +t" : P" — X" and h" = (f" w") : B" — X". As
K™ = Ker(p"), we have

V23 n __ 7 n __ n
ptow" =ptok" =0v",
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so p™ o h'™ = g". It remains to check that A is a morphism of complexes from B to X, so
we check identity (2). Let n € Z. We have

d% ow" =dy o k" +dy ot"
= d% o k" +t" o dp — "
:tn—l—l Od}l?_i_k,n-l—lod?]zj_'_fn—i-l Oun

1 1
:wn+ Od?-’-fn—i_ Oun,

which is exactly (2).

A.11 Problem set 11

A.11.1 The model structure on complexes (continued)

(a). Let R be aring, let € = C*(zkMod) with x € {—, @} and consider the sets of morphisms

I={S"—= D" neZ}

and
J={0— D" neZ}

in 4. We use the notation S™ and D" of problem |A.10.2] and we denote by W the set of
quasi-isomorphisms in % .

(i) Show that S™ is small in & for every n € Z.
(i1) Show that I — inj is the set of surjective quasi-isomorphisms.
(ii1)) Show that J — inj is the set of surjective morphisms.

(iv) Show that I and J are the sets of generating cofibrations and generating acyclic cofi-
brations of the model structure of problem|[A.10.2|on %".

(v) Show that, if f € I — cell, then f is injective and Coker(f™) is a free R-module for
every n € Z.

(b). Let €' = C="(yMod), and consider the following sets of morphisms in %"

390

I'={S" - D" ' n<0}u{o— S°

and
J ={0— D", n<-1}.
We still denote by W the set of quasi-isomorphisms in %”.
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(i) Show that J’ — inj is the set of morphisms f such that f" is surjective for n < —1.
(i1) Show that I’ —inj = W N J' — inj.
(iii) Show that I” and J’ satisfy the conditions of Theorem[VI.5.4.5

Solution.

(a). (i) We have to show that, for every w-sequence X : N — %, the canonical map

ligHomg(S”, X,) — Homg (S, @Xr)

r>0 r>0

is an isomorphism. It suppose to treat the case of ¥ = C(rkMod) (as C~(rkMod)
is a full subcategory of C(rMod) and colimits are easily seen to commute with the
inclusion functor). By question (a) of problem[A.10.2], we a canonical isomorphism,
for every X € Ob(%),

Homy(S", X) = Homg(R, Z"(X)) ~ Z"(X).

So it suffices to show that the functor Z” : ¥ — rMod commutes with filtrant
colimits, which follows immediately from the fact that filtrant colimits are exact on
the category RMod and from the construction of colimits of complexes.

(ii) This is question (e) of problem[A.10.2].

(i11) This is question (b) of problem[A.10.2)].
(iv) This follows from (i)-(iii) and from Definition [VI.5.4.1|.

(v) Let is denote by (P) the property “for every n € Z, the morphism f" is injective and

its cokernel is a free R-module” of morphisms f of €. As (P) is true for morphisms
of I, it suffices to check that it is stable by direct sums, pushouts and transfinite
composition.

The stability by direct sums is clear.

Let X : N — % be an w-sequence such that each morphism 7, : X,, — X, satisfies
property P, and let X = hﬂp 0 X,. We want to show that the morphism ¢ : Xqg — X
satisfies property (P). As injective morphisms in pkMod are stable by composition
and filtrant colimits, the morphism i" : (Xy)" — X" is injective for every n € Z. It
remains to show that Coker(i") is free for every n. Fix n € Z. We have

Coker(i") = Coker(lim(i, o ... 0 ip)") = lim Coker((ir © ... 0 i)").

r>0 r>0

We construct by induction on » > 1 a family of subsets B, of (X,)" such that the
image of B, in Coker((i,_10...0140)") is a basis. We take B; to be a lift of a basis of
Coker((i9)"). If » > 1 and we have constructed 3, then we let B, be a lift of a ba-
sis of Coker(i, ), and we take B, 1 = i,(B,)UB], . Let B C Coker(:") be the image
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(i)

of the (increasing) union of the images of B, in X", for » > 1. We claim that B is a
basis of Coker(i"). Indeed, let z € X™. As Coker(i") = hgrzo Coker((i,0. . .0ip)"),
there exists 7 > 1 and y € (X,)" such that = is the image of y in Coker(:"). We
can write y mod Im((i,—y0...014)") = > 5 ace, with a. € R, which shows
that z is in the span of B. Now if we have a finite subset B’ of B and an identity
Zee g ace = 0 with a, € R, then we can find » > 1 such that B’ is contained in
the image of B, in X"; then the a. are the coefficients of a relation of linear depen-
dence among the elements of B,, so they are all 0. This shows that B is linearly
independent.

For the stability by pushouts, as pushouts in ¢ are calculated degree by degree, it
suffices to proved that, if

A—5B

s

is a cocartesian square in pMod and if f is injective, then g is injective and the mor-
phism v : B — D induces an isomorphism Coker f — Coker g. The first statement
is Corollary , and the second statement To prove the second statement, we
may assume that D = (B & (') /i(A), where the morphism i : A — B & C'is ?),
that v sends b € B to the class of (b,0) and ¢ sends ¢ € C' to the class of (0,¢). Let
b € B. Then v(b) € im(g) if and only if there exists ¢ € C such that the classes of
(b,0) and (0, ¢) in D are equal, that is, if and only if b is the image of an element of
Aby f: A — B. This shows that Coker f — Coker g is injective. Now let d € D,
and choose (b, ¢) € B @ C representing it. After translating d by an element of Im g,
we may assume that ¢ = 0, and then d = v(b). This shows that Coker f — Coker g
1s surjective.

In the solution of question (b) of problem |A.10.2] we showed that a morphism
f X — Y in C(ykMod) has the right lifting property relatively to 0 — D™ if
and only if f™ : X™ — Y™ is surjective. This immediately implies the desired result.

Suppose that f € W N J’' —inj. By (i), this means that f is a quasi-isomorphism and
that f™ is surjective for n < —1. By the solution of question (d) of problem [A.10.2]
this implies that f has the right lifting property relatively to 0 — S™ for every n < 0,
i.e. that Z"(f) is surjective for every n < 0. By the solution of question (e)(i) of the
same problem, we can then deduce that f has the right lifting property relatively to
S™ — D" forevery n < 0. So f isin I’ — inj.

Conversely, suppose that f € I’ — inj. By the solution of question (d) and the begin-
ning of the solution of question (e)(ii) of problem this implies that Z"(f) is
surjective for every n < (. Then the rest of the solution of (e)(ii) of the same problem
shows that f™ is surjective for n < —1 and that H"(f) is an isomorphism for n < 0.
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(iii) The morphisms of J’ all have source 0, which is small in %", and we have proved
in question (a) that S™ is small in %, hence in %', for every n < 0. This fives
condition (a) of the theorem. Also, we proved in (ii) that I’ — inj = W N J' — inj,
which gives conditions (c) and (d). It remains to proved condition (b), i.e. the fact that
J'—cof € WNI'—cof. As I'—inj C J'—inj, we have J' —cof C I’ —cof. It remains
to show that J’ — cof C W. By Corollary every morphism of .J' — cof is a
retract of a morphism of J' — cell, so it suffices to show that morphism of .J' — cell
are quasi-isomorphisms. As every morphism of .J’ is a quasi-isomrophism, it suffices
to show that quasi-isomorphisms are stable by direct sums, transfinite compositions
and pushouts; the first is obvious, the second follows from the exactness of filtrant
colimits in p]Mod, and the third is a striaghtforward calculation.

O

A.11.2 The model structure on simplicial Z-modules

Remember the simplicial category A and the category of simplicial sets sSet from
problem PS1.9 and problem PS2.2. As in problem PS1.9 we define morphisms
80,01,...,0, = [n — 1] — [n] in A by the condition that ¢; is the unique increasing map
[n — 1] — [n] such that i & Im(d;).

(a). Let o/ be an additive category. Let X, be an object of Func(A°P, o7). For n € N and
i € {0,1,...,n}, we denote the morphism X,(6}) by d : X,, — X,,_1. The unnormal-
ized chain complex of X, is the complex C'(X,) in C=%(«/) given by: for every n > 0,

C(Xe) ™" =X,

and

(i) Show that C'(X,) is a complex.

From now on, we assume that .o is also pseudo-abelian. We use the notation of problem

A.10.1} In particular, we denote by ¥ the category kar((Z[A])?), identified to full sub-
category of Func(A° Ab), and we extend object of Func(A°P, o) to additive functors
from % to Ab. Let X, be an object of Func(A°P, 7).

(i1) For every » € N and every n > 0, we consider the following direct summand of
C(X,)™™

XJ(ZB) ifr<n—1

X.(Z(A*énfl)) otherwise.

CST(Xo)_n = {

(With the convention that A5 ™' = @.)
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Show that this defines a subcomplex C<,.(X*) of C'(X*).

(iii) Let i, : C<,(X*®) — C<,+1(X*) be the obvious inclusion. Show that there exists a
morphism f, : C<,11(X*®) = C<,(X*) such that f, o, is the identity morphism.

(iv) Show that 7, is a homotopy equivalence.

(v) If o7 is an abelian category, show that the inclusion N(X*) C C(X*) is a quasi-
isomorphism.

(b). Let R be a ring, and let ¥ = Func(A°, yRMod). Show that there is a model struc-
ture on ¢ for which the weak equivalences are the morphisms f : X, — Y, such that
C(f) : C(X.) — C(Y,) is a quasi-isomorphism, and the cofibrations are the morphisms
f: Xe — Yssuch that N(f)" : N(X,)™" — N(X,) " is injective with projective coker-
nel for every n > 0.

Solution.

(a).

(b). Using the Dold-Kan equivalence N : € — C=°(yMod), we can transport the model
structure on C=(zrMod) (defined in problem [A.11.1(b)) to 4. The characterization of
weak equivalences follows from question (a).

0J

A.11.3 A Quillen adjunction

Let k& be a commutative ring, let I' be a group, and let R = k[[']. Consider the categories
¢ = C (rRMod) and ¥ = C (,Mod) with the projective model structures, and the functor
F : € — 2 sending a complex X to the complex Ho(T', X).

(a). Show that F" has a right adjoint G.
(b). Show that (F, G) is a Quillen adjunction.

Solution.

(a). Consider the k-algebra morphism k[I'] — k& sending every v € I' to 0. Then we have
Ho(T', X) = k @ X, for every complex of left k[I']-modules X. Hence, if Y is a
complex of left k-modules and if we see Y as a complex of left k[I']-modules using the
morphism k[I'| — k that we just defined, then we have a canonical isomorphism

Homc(kMod) (Ho(r, X), Y) = HomC(RMod) (X, Y)

This shows that F' has a right adjoint G, where G is the functor sending
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Y € Ob(C~(xMod)) to Y, seen as a complex of left k[I']-modules using the morphism
k[l — k.

To prove that (F, G) is a Quillen adjunction, it suffices by Corollary to show that
G preserves fibrations and acyclic fibrations. As a morphism in C~ (,Mod) or C~ (rMod)
is a fibration or an acyclic fibration if and only if the underlying morphism of complexes
of abelian groups is, this follows immediately from the description of G.

O

A.11.4 Kahler differentials

Let R be a commutative ring. If B is a commutative [?-algebra and M is a B-module, a R-linear
derivation from B to M is a R-linear map d : B — M such that, for all b, 0’ € B, we have

d(bY') = bd(b') + bd(b).

We denote by Derg(B, M) the abelian group of derivations from B to M.

We fix a commutative R-algebra B.

(a).

(b).

(©).

Show that the functor pgMod — Ab, M —— Hompg(B, M) is representable and give a
pair representing it.

Show that the functor s)Mod — Ab, M +— Derg(B, M) is representable by a pair
(Qp IR duniv), Where Q7 /R is a B-module (called the module of Kdihler differentials) and
duniv : B — QJ /R is a R-linear derivation. (Hint: The functor M —— Derg(B, M) is

a subfunctor of M —— Hompg(B, M), so Q} /i should be a quotient of the B-module
representing the functor of (a).)

If B is the polynomial ring R[X;,i € I] (where [ is a set), show that Q}, /r 1s a free
B-module on the set /.

Solution.

(a).

(b).

If N is a R-module and M is a B-module, there is an isomorphism, fonctorial in N and
M:

Homp(N ®g B, M) = Homg(N, M)
sending a B-linear map f : N®g B — M to the R-linearmap N — M,z — f(z®1). To
get the result, it suffices to apply this to the R-module N = B. So a pair representing the
functor pMod — Ab, M — Hompg(B, M) is (B ®g B, u), where B acts on the second
factor of B ®g B and u € Hompg(B, B ®g B) is defined by u(b) = b ® 1.

For every B-module M, we have

Derp(B, M) = {d € Homp(B, M) | Vb, € B, d(b¥') = bd(t') + bd(b)}.
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Ifd: B — M is a R-linear map and if f : B ®g B — M is the corresponding B-linear
map, then we have d(b) = f(b® 1) for every b € B, so d is a derivation if and only if, for
all bt/ € B,

f()y@1)=bf(V@1)+Vf(b®1).
By definition of the B-module structure on B ® i B and B-linearity of f, this identity is

equivalent to
()Y@ 1)=fbV)+ fV' ®1).

So the functor Derg(B,-) is representable by the pair (g IR duniv),  With
Q5 /R = B ®@g B/I, where I is the B-submodule of B ®g B generated by the set
{)@1 -0 -V ®1, b)) € B}, and with d,,;, equal to the composition of
u: B — B ®p B and of the canonical projection B ®p B — Q}B/R.

It suffices to show that the family (duniv(X;))ics is a basis of the B-module Q} IR As
Homp (9 /p» M) = Derg(B, M) for every B-module M, it suffices to prove that, for
every B-module M and every family of elements (¢;);c; of M such that ¢; = 0 for all
but finitely many ¢ € I, there exists a unique R-linear derivation d : B — M such that
d(X;) =t; foreveryi € I.

So we fix M and the family (¢;);c;-

Suppose that d, d’ € Derg(B, M) are such that d(X;) = d'(X;) = t; forevery i € I. We
want to show that d(P) = d'(P) for every polynomial P € B = R[X;, i € I]. Asdand d’
are R-linear, it suffices to prove it for P a monomial of the form [ [,_, X 4 (with d; = 0 for
all but finitely many ¢ € I). In this case, we show the result by inductionond = }_._, d;.
If d = 0, then P = 1. Note that d(1) = d(1?) = d(1) + d(1), so d(1) = 0, and similarly
d'(1) = 0; so d(P) = d'(P) in this case. Suppose that d > 1. Then there exists i € [
such that d;, > 1, so p = X;,@, with Q = X;°" [icr—qin) X%, We have d(Q) = d'(Q)
by the induction hypothesis, so

d(P) = X;,d(Q) + Qd(X;,) = Xi,d(Q) + Qti, = X;,d (Q) + Qd'(X;,) = d'(P).

Finally, we show that there exists d € Derg(B, M) such that d(X;) = t; for every i € I.
For every ¢ € I, denote by aixi : B — B the R-linear map that sends a polynomial to its
derivative with respect to X;. It is easy to see that this is a derivation, so the morphism
B — R,Pw— %P(l) is also a derivation. Define d : B — M by

d(P)=>" ai,iP(l)ti.

iel
(By the hypothesis on the family (¢;);cs, this is a finite sum.) This is a R-linear derivation,
and we have d(X;) = t; forevery i € I.
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A.11.5 Abelianization and Kahler differentials

Let € is a category that has finite products, and denote a final object of € by *. An abelian
group in € is a triple (X, m, e), where X is an objectof €, andm : X x X — X ande: x — X
are morphisms such that, for every object Y of &, the morphisms

m, : Homg (Y, X x X) ~ Homg (Y, X) X Homg (Y, X) — Home (Y, X)
and
e, : Homg (Y, %) = x — Homg (Y, X)

(where we also denote by * a final object of Set) define the structure of an abelian group on the
set Homy (Y, X). The morphism m is called the multiplication morphism of the group, and the
morphism e is called the unit.

If G =(X,m,e)and G’ = (X',m’, ) are two abelian groups in €, a morphism from G to G'
is a morphism f : X — X’ in % such that f o e = ¢’ and that the following diagram commutes:

XxX—"-X

o

X' x X' — X'

We denote by %, the category of abelian groups in %'.

An abelianization functor on € is a left adjoint to the forgetful functor €,, — €.

(a). Show that Set,, ~ Ab, that Grp,, ~ Ab, that Top,, is equivalent to the category of
commutative topological groups and that sSet.;, ~ sAb.

(b). Show that Set, Grp and sSet have abelianization functors, and give formulas for these
functors.

Let R be a commutative ring and A be a commutative R-algebra. We denote by % the slice
category R — CAlg/A (see Definition [1.2.2.6).

If M is a A-module, we define an A-algebra structure on A & M by taking the mutliplication
given by the formula
(a,m)(a’,m’) = (ad',am’ + a'm),

for a,a’ € Aand m,m’ € M. We have a morphism of A-algebras A ® M — A sending (a,m)
to a. This gives a functor yMod — %.

If B — A is an object of € and M is a A-module, we denote by Derg(B, M) the abelian
group of R-linear derivations from B to M (where M is seen as a B-module using the morphism
B — A).
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(c). Show that we have an isomorphism of functors 4 x sMod — Ab:

Homg (B, A® M) ~ Derg(B, M).

(d). If M is an A-module, show that A & M is an abelian group in %', and give formulas for its
multiplication and unit.

(e). Show that the functor ,Mod — % sending M to A & M factors through the subcategory
.1, and that it induces an equivalence of categories sMod — %,y,.

(f). Show that the functor € — 4Mod sending B — Ato A ®p O} /R is an abelianization
functor for €.

Solution.

(a). Let (X, m,e) be an abelian group in a category 4. By the Yoneda lemma (Corollary
[[.3.2.3)), the condition on m and e are equivalent to the following conditions:

m is associative, that is, the following diagram commutes:

mXxidx

X xXxX—X x X

idx Xml lm

XXXT>X

m is commutative, that is, the following diagram commutes:

XxX—"53XxX

Sl

X

where ¢ : X X X — X x X is the morphism exchanging the two factors.

e is a unit for m, that is, the morphism m o (idx x e) : X X * — X (resp.
mo (e xidy) : * x X — X) is equal to the first (resp. second) projection.

There exists an inverse, that is, there exists a morphism ¢ : X — X such that the
endomorphisms mo (i xidx) and mo(idx x i) of X are both equal to the composition
X — % 5 X, where X — x is the unique morphism from X to the final object *.

This shows that Set,, = Ab and that Top,, is the category of topological abelian
groups. Also, by the definition of morphisms and products in categories of presheaves,
if .# is any category and ¥ is a category having finite products, we have an equiva-
lence PSh(.#,% )., ~ PSh(.#,%,); applying this to .# = A and ¥ = Set gives
sSet,;, ~ sAb.
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Finally, let (G, m, e) be an abelian group in Grp. By question (a) of problem the
morphism m : G X G — G is equal to the multiplication of GG and it is commutative. Con-
versely, if G is an abelian group, then its multiplication and inverse maps are morphisms
of groups, so they make G into an abelian group in Grp. This shows that Grp ~ Ab.

An abelianization functor for % is left adjoint to the forgetful functor For : ,, — €. If
¢ = Set, then For is (isomorphic to) the forgetful functor Ab — Set, so it has a left
adjoint, which is the free Z-module functor. Similarly, if 4 = sSet (or more generally
if ¢ = PSh(.#,Set) for any category .#), then the forgetful functor 6,, — % has a
left adjoint, which sends a presheaf X, : A — % to the presheaf n > Z(*»). Finally, if
¢ = Grp, then For is (isomorphic to) the inclusion Ab C Grp, so its left adjoint is the
abelianization functor.

If u: B — Aisan object of ¢, M is a A-module and d € Derg(B, M), we define a map
f:B— A® Mby f(b) = u(b) + d(b). Then f is R-linear because u and d are, we have
f(1) = u(1) = 1 (we have seen in the proof of (c) of problem ?? that a derivation always
sends 1 to 0), and, for b, b’ € B, we have

fbV) = u(b') +bd(b') + b'd(b) = (u(b) + d(b))(u(t) + d(b')) = f(b) f (V)

by definition of the multiplication on A & M and of the B-module structure on M.
So f is a morphism of R-algebras, and it is obviously compatible with the mor-
phisms from A & M and B to A, so it is a morphism of ¥. This defines a map
a(B,M) : Der(B,M) — Homg¢(B, A®), and this map is clearly functorial in B and
M, so we get a morphism of functors « : Der(B,-) — Homg (B, A® (+)).

To finish the proof, it remains to show that « is an isomorphism of functors. So fix an
objectu : B — A of ¥ and a A-module M again, and let f : B — A @ M be a morphism
of €. In particular, the map f must be compatible with the morphisms from B and A & M
to A, so, for every b € B, we have f(b) = u(b) + d(b) for some uniquely determined
d(b) € M. This defines a map d : B — M, which is R-linear because both f and u are. It
remains to show that d is a derivation, but this follows immediately from the fact that f is
compatible with multiplication (it’s the same calculation as in the previous paragraph).

Note that % has all finite products: the product of two objects B — A and B' — A of € is
their fiber product B x 4 B’ over A (with the canonical map to A), and the final object of ¥

is A% A. Also, if M and M are A-modules, then (ADM)x 4(ADM') = AD(M x M’).

Let M be a A-module. By question (c), the presheaf Homy (-, A & M) on % is a
presheaf in abelian groups, so, by the Yoneda lemma [[.3.2.3), there exist morphisms
m:(A®(MxM)) > A Mande : A — A @ M that make (A & M, m,e) an
abelian group in €.

We calculate m and e. The morphism e : A — A @& M corresponds to the zero derivation
in Derg(A, M) by the isomorphism of (c), so we have e(a) = a+0 for every a € A. Also,
as m is a morphism of ¥, there exists a family of maps m, : M x M — M, for a € A,
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(e).

400

such that, foralla € A and z,y € M, we have
m(a+ (z,y)) = a+ma(z,y).

So we have to calculate the family of maps m, : M x M — M. Letu : B — A be an
object of €, let d,d’ € Derg(B, M), and let f, f' : B — A @ M be the corresponding
morphisms of €. Thenmo (f x f'): B — A @ M is the morphisms of € corresponding
tod+ d € Derg(B, M). So, for every b € B, we have

m(f (), £'(b)) = m(u(b)+(d(b), d'(0))) = w(b) +mu(e) (d(b), d' (b)) = u(b)+d(b) +d'(b),

that is,
M) (d(b), d'(b)) = d(b) + d'(b).

Now let z,y € M and a € A. By question (c) of problem ??, if we take B = R|[T], then
there exist d,d’ € Derg(B, M) such that d(T) = x and d'(T") = y. We make B an object
of € by using the morphism of R-algebras u : B — A sending 7" to a. Applying the
previous identity to these derivations (and taking b = T'), we get my(z,y) = = + y. So
mg : M x M — M is given by the addition of M for every a € A.

By question (d), if f : M — M’ is a R-linear map, the the morphism of R-algebras
ABM — A®M',a+x — a+ f(x) is also compatible with the abelian group structures
on A® M and A ® M’'. This shows that the functor y\Mod — €, M — A & M factors
through a functor ® : ;Mod — %,,. We want to show that ® is an equivalence of
categories, so we prove that it is fully faithful and essentially surjective.

First, the functor @ is clearly faithful. We prove that it is full. Let M and M’ be A-modules,
andletg: A@ M — A ® M’ be a morphism of %,;,. As g is a morphism of R-algebras
over A, there exists a family of maps g, : M — M’, for a € A, such that, for all a € A
and x € M, we have

gla+z) =a+ g.(x).
As g is compatible the abelian group structures of A & M and A & M’, we have, for all
a€ Aandx,y € M:

- g(a+0) = q, that is, g,(0) = 0;

- g(a + (ZE + y)) =a+ (ga(x) + ga(y))’ that is, ga(x + y) - ga(‘r) + ga(y>'

Leta € Aand z € M. Asa+x = (a+0)+ (0 + ) and ¢ is additive, we
get @+ ga() = a+ (ga(0) + 9o(2)) = @+ go(a), hence gu(x) — gol). Now
using the fact that (a + 0)(1 + =) = a + ax and that g is multiplicative, we get
(@ +0)(1+ gi(z)) = a+ agi(z) = a+ golax); as 1 = go = ga, this implies
that go(ax) = ago(x). So we have found a A-linear map gy : M — M’ such that
gla+x)=a+ go(z) foralla € A and z € M. In other words, we have g = ®(go).

We finally show that & is fully faithful. So let (v : B — A, m,e) be an abelian group in
% . In particular, the map e : A — B is a morphism of R-algebras such that v o e = id4,
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so we can write B = A @ M as a R-module with M = Ker v an ideal and R-submodule
of B,ande : A — A ® Ker(u) is the map a — a + 0. So we have an isomorphism of
R-modules Bx s B = A@® (M x M), and we can see m as a morphism from A& (M x M)
to A @ M. As e is a unit for m, for every a € A and every x € M, the morphism m sends
the elements (e(a), a+ x) and (a+ z, e(a)) of B X 4 B to a+ x, or in other words, we have

m(a+ (0,2)) =m(a+ (z,0)) =a+ x.
As moreover m is a morphism of abelian groups, we have, fora € Aand z,y € M,
m(a+ (z,y)) = m((a+ (2,0)) + (0+(0,9))) = a+ (x +y).

To finish the proof, it suffices to show that M is a square-zero ideal of B. Let x,y € M.
Then the product of the elements (0, y) and (1 + z,1) of B x4 B is (0, y), the morphism
m sends (0,y) to 0 + y and (1 + x,1) to 1 + z, and m is morphism of R-algebras, so
(14 2)(0+y) = 0 + y, which implies that xy = 0.

(f). By (e), the forgetful functor %,, — % is isomorphic to the functor sMod — %,
M +— A® M. Let B — A is be object of ¥ and M be a A-module; we can see M
as a B-module via the morphism B — A. By (b) of problem ?? and question (c), we have
isomorphisms, functorial in B and M:

Hom , moa(A @5 QlB/R? M) =~ HomBM0d<QIB/R7 M)
~ Derg(B, M)
~ Homy (B, A ® M).

This shows that the functor ¥ — sMod, (B — A) — A ®p Q}B/R is left adjoint to the
functor ;\Mod — €, M — A ® M.

0

A.12 Final problem set

For every category %, we write s(%) = Func(A°P, ¥) for the category of simplicial objects of
%. If X is an object of ¢, we still denote by X the constant simplicial object with value X,
that is, the object X, of s(%) defined by X,, = X for every n € N and X,(«) = idx for every
morphism « of A.

If F': 4 — 2 is a functor, it induces a functor s(F) : s(¢) — s(Z) by composition (an
object of (%) is a functor X, : A°? — %, and we take s(F')(X,) = F o X,). We often write F
instead of s(F).

Let R be a commutative ring and A be a commutative R-algebra. We consider the slice
category R— CAlg/A of commutative R-algebras with a morphism to A (see Definition|.2.2.6)),
we denote by % the category s(R — CAlg/A).

401



A Problem sets

Remember that the category s(R — CAlg) of simplicial R-algebras has a model structure
induced from that of the category s(xMod) of simplicial R-modules via the forgetful functor and
its left adjoint Symy (where Symp : pkMod — R — CAlg sends a R-module to the symmetric
R-algebra over it), where the model structure on s(zkMod) comes from the projective model
structure on C=°(rMod) via the Dold-Kan equivalence N : s(zfMod) — C=°(rMod).

This induces a model structure on %', for which a morphism of % is a weak equivalence (resp.
a fibration, resp. a cofibration) if and only if its image in s(R — CAlg) is. This is an easy fact
and you don’t need to prove it (see Proposition 1.1.8 of Hovey’s book and the remark following
it).

More generally, let 2, be a simplicial commutative ring. The category z, Mod of R,-modules
is the category whose objects are simplicial abelian groups M, such that:

- M, i1s a R,-module for every n € N;

- for every @« € Homa ([n], [m]), the morphism o* : M,, — M, is R,,-linear, where R,,
actson M, viaa* : R,, — R,;

and whose morphisms are morphisms of simplicial abelian groups f : M, — N, such that f,, is
R,-linear for every n € N. We define similarly the category R, — CAlg of commutative R,-
algebras. Note that, if R, is the constant simplicial ring R, then we have p, Mod = s(rMod)
and R, — CAlg = s(R — CAlg). These categories have model structures, that are induced via
the forgetful functors into sAb from the model structure on this last category (see Theorem );
in particular, a morphism in z, Mod or R, — CAlg is a weak equivalence (resp. a fibration) if
and only if the underlying morphism of simplicial abelian groups is a weak equivalence (resp a
fibration).

If B,, B, and B are objects of s(R — CAlg), we denote by B, ®5; B the simplicial commu-
tative R-algebra C, defined by C,, = B, ®p: B,, forevery n € N, and C,(a) = Bo() ® B](«)
for every morphism « of A°P,

You may admit the following description of cofibrations in s(R — CAlg):

- A morphism of s(R — CAlg) is called free if it is of the form A, — Aq ®r Be, a — a®1,
and if there exists a family of projective R-modules (Py)x>o such that:

(a) Forevery n > 0, we have
B,= Q) Symg(P),
a:[n]—[k]

where the tensor product is over R and we take it over all surjective nondecreasing
maps « : [n] — [k].

(b) For every surjective nondecreasing maps f : [n] — [m] and ag : [m| — [k],
for every z € Sympg(Py), the morphism f* : B,, — B, sends a pure tensor

31t is not very hard to prove, but a bit tedious. See for example Proposition 4.21 of the paper [4]
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. To € B, with z, € Symp(P.) equal to x for « = g and to 1 oth-
®a,[m]ﬁ>[1] ympg q

erwise, to the pure tensor ®B:[n}_»[k} ys € By, withyg = 2if 8 = oo f and 1
otherwise.

- A morphism of s(R— CAlg) is a cofibration if and only if it is a retract of a free morphism.

In problem 5 of problem set 11, we have defined a functor y\Mod — R — CAlg/A,
M — A @ M. This induces a functor s(;Mod) — %, that we denote by M, — A @ M,.
We denote the functor S(Q.l/ 4) 1 € — s(aMod) by B, — Q. /4~ The following statements
are easy generalizations of the results of problem 5 of problem set 11, and you may use them
without proving them:

(a) The functor M, — A @ M, induces an equivalence of categories from s(4Mod) to G,y

(b) Using the equivalence of (a) to identify %}, and s(4Mod), the functor B, — A®p, Q]lB. /R
is an abelianization functor for % .

In fact, we could generalize further to the case where R, is a simplicial commutative ring and
A, is a simplicial R,-algebra; then we get that the category of abelian groups in R, —CAlg/A, is
equivalent to 4, Mod, and the functor B, — A, ®p, Q}B_ /R is ab abelianization functor (where
Q. /R, 18 the B,-module equal to Qp /R, In degree n).

We denote the left derived functor of B, — A ®p, QE. /R by

LAb : Ho(¥¢) — Ho(s(4Mod)) ~ D=(4Mod). (You don’t need to prove that the
left derived functor exists. This follows immediately from the easy fact that the functor
M, — A @ M, preserves weak equivalences and fibrations.) By definition of the left derived
functor, for every object B, of ¥, we have a morphism LAb(B,) — A ®p, 9119. /g In

D=°(,Mod).

The cotangent complex of A over R is the simplicial A-module L4z = LAb(A). In other
words, to calculate L 4/, we take a cofibrant replacement A, — A of the constant object A of
¢, and then

Lar =A®a, Uy, /g
(1). Let M be a R-module. Show that the image of the constant simplicial R-module M by the
Dold-Kan equivalence N is the R-module M, seen as a complex concentrated in degree

0. (In other words, our two embeddings of pkMod into s(zMod) and C=°(zMod) are
compatible.)

(2). Show that the forgetful functor s(R — CAlg) — s(gkMod) sends cofibrant objects to
cofibrant objects and cofibrant resolutions to cofibrant resolutions.

(3). Let A, be a cofibrant object of s(R — CAlg). Show that Qi‘n /g 1S @ projective A,-module
for every n € N.

(4). If P, is a simplicial R-module such that P, is projective for every n € N, show that
Symp(P,) is a cofibrant object of s(R — CAlg).
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(5). If P is a projective R-module and A = Symp(P), show that the canonical morphism
La/r — QY is an isomorphism.

(6). Show that the functor (1) ®g (+) : s(rkMod) x s(rkMod) — s(rkMod) sends weak equiva-
lences between cofibrant objects to weak equivalences. E] In particular, it has a left derived
functor, which we will denote by (-) ®% (-). (Hint: Write f x g as (f x id) o (id x g).)

(7). Show that the functor (-) ® (+) : s(R — CAlg) x s(R — CAlg) — s(R — CAlg) sends
weak equivalences between cofibrant objects to weak equivalences, and that, if we denote
its left derived functor by (-)®%(-), the following diagram commutes up to an isomorphism
of functors:

Ho(s(R — CAlg)) x Ho(s(R — CAlg))(%)Ho(s(R — CAlg))

| l

Ho(s(rMod)) x Ho(s(gkMod)) T Ho(s(rMod))

OF
where the vertical arrows are forgetful functors.

(8). Derived tensor products are associative and commutative (just like their underived ver-
sions), this is not hard and you can use it without proof.

(9). Consider a commutative diagram of commutative rings:

R——S

| ]

(i) Show that the maps Derg(B, M) — Derg(A, M), d — d o f, for every B-module

M, induce a canonical morphism B ®4 /R Q5 /s

Let A, — A be a cofibrant replacement in s(R — CAlg), and factor the morphism

S®rAs > S®r A = Bas S ®p As — B. & B, where i is a cofibration and P
is an acyclic fibration (in s(R — CAlg)):

A.—>S®RA.—1'>B.

L)

(ii) Show that p is a cofibrant replacement in s(S — CAlg).

33The model structure on a product of model categories is defined in the obvious way, i.e. a product f x g of
morphisms is a fibration (resp. cofibration, resp. weak equivalence) if and only if both f and g are. See Example
1.1.6 of Hovey’s book.
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(iii) Construct a natural morphism B ®% L 4/k — Lpss. (This morphism is of course
independent on the choices, but you can skip the verification.)

If A and B are commutative R-algebras, and if C' = A®pg B, show the canonical morphism
C®aQr®C Q8 p— Uyr

is an isomorphism. (You can prove for example that both C-modules represent the same
functor.)

Let A and B be commutative R-algebras such that Tor®(A, B) = 0 for every i > 1.
If A, - A, B, — B are cofibrant replacements in s(R — CAlg), show that
Ae ®r Be — A ®p B is a cofibrant replacement.

Let A and B be commutative R-algebras such that Tor!(A, B) = 0 for every i > 1, and
let C'= A ®p B. Show that the canonical morphism

C ®f, Lar®C ®é Lp/r = Leyr

is an isomorphism.

If A and S are commutative RR-algebras such that TorlR(A, S)=0fori > 1,andif A, — A
is a cofibrant replacement in s(R — CAlg), show that S ®r Ae — S ®p A is a cofibrant
replacement in s(S — CAlg).

Let A and S be commutative R-algebras such that Tor(A,S) = 0 fori > 1, and let
B =S ®g A. Show that the canonical morphism

B®4Lag— Lgs
is an isomorphism.

LetR — AL Bbe morphisms of commutative rings.

(i) Show that the sequence
B ®A Q}‘X/R — QlB/R — QlB/A — O
is exact.

(i1) If there exists a morphism of R-algebras g : B — A such that g o f = id 4, show that
the sequence

1s exact.

We say that a sequence M, — M, — M/ in s(rMod) is a cofiber sequence if its image
by the Dold-Kan equivalence N : s(rkMod) — C=°(rMod) extends to a distinguished
triangle in K (rMod). (In particular, it induces a long exact sequence of cohomology

groups.)

405



A Problem sets

(17).

(18).

(19).

(20).

(21).

(22).

Let R — A 5 Bbe morphisms of commutative rings. The goal of this question is to
show that
B ®g LA/R — LB/R — ]LB/A

comes from a cofiber sequence in s(zMod).

Let A, — A be a cofibrant replacement in s(R — CAlg), and factor the morphism

A, — A i> B as A, BN B., 2 B, where i is a cofibration and p is an acyclic fibra-
tion in s(R — CAlg).

(i) Show that, for every n € N, the sequence
0= B®a, Uy, g = B®s, U jr =~ BRp, Up, 14, =0

1s exact.
(ii) Show that the morphism A ® 4, B, — B is a cofibrant replacement in s(A — CAlg).

(iii) Show that
B ®ﬁ LA/R — LB/R — ]LB/A

comes from a cofiber sequence in s(zMod).

Let R — S — A be morphisms of commutative rings, and suppose that the mor-
phism A ®% S — A is an isomorphism in Ho(s(A — CAlg)). (In particular, we have
Torf(A,S) = 0 for i > 1.) Show that the canonical morphism La/r — Lasg is an
isomorphism in Ho(s(4Mod)).

Let R — A be a morphism of commutative rings such that A®% A — A is an isomorphism.
Show that L4/ r = 0.

Let R — A be a morphism of commutative rings such that Tor*(A, A) = 0 for every
¢ > 1andthat Ly/40,4 = 0. Show that L4/ = 0.

Let R — A be a morphism of commutative rings such that the morphisms R — A and
A®pr A — A are both flat. m Show that L4/ = 0.

Let R be a commutative ring. Show that, for every R-module M and every ¢ € N, the
endofunctor Tor?*(M, -) of pMod commutes with filtrant colimits.

We fix a prime number p. Remember that a commutative ring R of characteristic p (i.e.
such that p- 1z = 0) is called perfect if the endomorphism x — 2 of R is an isomorphism.
We then denote its inverse by z — z/P,

For example, if R is perfect and [ is a set, then the R-algebra

RIX/™ ien=|JRX/™, il

i
n>1

36Such a morphism is called weakly étale. For example, an étale morphism is weakly étale.
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is perfect.

Let R — A and R — B be morphisms of commutative rings of characteristic p, with R,
A and B perfect.

(i) Show that A ® g B is perfect.

The goal of the rest of this question is to show that Tor(A, B) = 0if i > 1.

(i1) Show that there exists a set / and an ideal a of S = R[Xil/ Pliel ] such that
A~ S/a.

(iii) Show that it suffices to prove that Tor(S,B) = 0 for i > 1 and that
Tor? (A, S ®r B) = 0 fori > 1.
(iv) Show that Tor®(S, B) = 0 fori > 1.

By (i)-(iv), we may now assume that the morphism R — A is surjective. We denote its
kernel by a. Remember that the goal is to prove that TorZR(A, B) = 0for: > 1, or, in
other words, that the canonical morphism A ®1L% B — A ®pg B is an isomorphism (in

Ho(s(rkMod))).

(v) Show that we may assume that there exist fi,...,f, € R such that
_ 1/p" 1/p"
a=Up (7 7).

(vi) Show that the result follows from the case » = 1.

We now assume that there exists f € R such thata = J, ., (f*/?").

We write M,, = R and N,, = B for every n > 1. Forevery n > 1, letu,, : M,, — M,
(resp. vn : N, — N,41) be the multiplication by fY/?"~1/P""" Let M (resp. N) be the
colimit of the functor N>; — zpMod given by M; M5B (resp. V; AN, B D,
and consider the morphism v : M — a (resp. 0 : N — aB) that is given by multiplication
by f/?" on M,, (res. N,).

(vii) Show that « and § are isomorphisms.
(viii) Show that the canonical morphism a ® zp B — aB is an isomorphism.
(ix) Show that the canonical morphism A ®ﬁ B — A ®p B is an isomorphism.

(23). The goal of this question is to show that, if A — B is a morphism of commutative rings of
characteristic p with B and A perfect, then Lg/4 = 0.

(i) Consider the canonical morphism R = B ® 4 B — B. Show that B ®}L2 B — Bis
an isomorphism (in Ho(s(pMod))).

(i1) Deduce that Lp,4 = 0.

Solution. We first collect some useful results:
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(A) A weak equivalence in C=°(rMod) is an acyclic fibration if and only if it is surjective in

every degree.

A morphism that is surjective in every degree is clearly a fibration. Conversely, let
f + X — Y be an acyclic fibration. As f is a fibration, we know that f" is surjective
forn < —1. Lety € Y°. As HO(f) : Coker(dy') — Coker(dy") is an isomorphism, there
existz € X%andy’ € Y ! suchthaty = fO(z)+dy' (v'). As f~!is surjective, there exists
2’ € X !such that f71(2') = /. Theny = fO(x) + dy' (f~H(a")) = fO(x + di (2')).
This shows that f° is surjective.

(B) A morphismi : X — Y of C=°(rMod) is a cofibration if and only if i" is injective with

projective cokernel for every n € Z. In particular, an object of C=°(rkMod) is cofibrant if
and only if it is a complex of projective R-modules.

Suppose that " is injective with projective cokernel for every n € Z. In question
(n) of problem we proved that ¢ has the left lifting property relatively to any
quasi-isomorphism f of C(zkMod) that is surjective in every degree, and by (A), these
morphisms are exactly the acyclic fibrations. So ¢ is a cofibration. Conversely, sup-
pose that ¢ is a cofibration. To show that " is injective with projective cokernel for
every n € Z, it suffices, by question (n) of problem |A.10.2] to show that 7 is still a
cofibration in C~(rMod). In other words, we want to show that the forgetful functor
For : C=°(rkMod) — C~(zrkMod) preserves cofibrations. Note that For has a right ad-
joint, the truncation function 7=°, and that 7=° preserves fibrations and weak equivalences.

So For preserves cofibrations by Corollary

(C) An object A, of s(rRMod) is cofibrant if and only if A,, is a projective R-module for every

(1).

(2).
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n € N.

Let X € Ob(C=°(3xMod)) be the image of A, by the Dold-Kan equivalence. It suffices
to prove that X" is a projective R-module for every n € Z if and only if A,, is a projective
R-module for every n € N. If all the X " are projective, then so are all the A,,, because
A,, is isomorphic to P, (X F )(k) Now suppose that all the A,, are projective. By the
description of the Dold-Kan equivalence in the solution of question (p) of problem [A.T0.1}
and by question (f) of that same problem, the R-module X ~" is a direct summand of the
R-module A, for every n € N, so it is projective.

We use the formula for the equivalence N : s(rkMod) — C=°(rMod) given in question

(q) of problem|[A.10.1

Let M be a R-module, and let X, be the constant simplicial R-module M. This means that
X, = M for every n € N and that X,(«) = id,, for every morphism « of A. If n = 0,
then N(X,)™ = X, = M. If n > 1, then N(X,)™™ = (., Ker(idys) = 0. This gives
the result.

Let A, be a cofibrant object of s(R — CAlg). We want to show that it is cofibrant as an
object of s(rkMod). By (C), it suffices to prove that A,, is a projective R-module for every
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n € N.

As cofibrant objects are stable by retracts (because cofibrations are), we may assume that
A, is free over the initial object R of s(R — CAlg). In particular, there exists a family of
projective R-modules ( Py )x>o such that, for every n > 0, we have

= ® Symp(Fy).

[n]—[#]

As a (finite) tensor product of projective R-modules is projective, it suffices to show that,
for every projective R-module P, the symmetric algebra Symy(P) is projective as a R-
module. As Symp(P) = @,-, Symy(P), it suffices to show that Sym%(P) is projective
for every d € N. Let Q be another R-module such that P @ Q is free, and let d € N. Then
we have

Symh(P & Q) ~ €D Sym§(P) @r Symy(Q),

a+b=d

so in particular Sym%(P) = Sym%(P) ®g Sym%(Q) (remember that Sym% (M) = R
for every R-module M) is a direct summand of Sym®%(P @ Q). But, as P & Q is a free
R-module, so is Sym%(P @ @Q), and so Sym%(P) is a projective R-module.

Now let f : A, — B, be a cofibrant replacement of B, in s(R — CAlg). This means that
A, is cofibrant and that f is an acyclic fibration in s(R — CAlg). We have just proved
that A, is still cofibrant as an object of s(yMod), and we know that the forgetful functor
s(R—CAlg) — s(gkMod) preserves weak equivalences and fibrations by construction of
the model structure on s(R — CAlg). So f is still a cofibrant replacement in s(zpMod).

First we prove the following statement: If A and B are two commutative R-algebras
such that A is a retract of B (i.e. if we have two morphisms of R-algebras A — B
and B — A whose composition is id4), then we have an isomorphism of A-modules
QA/R ~ A ®p Q}B/R; in particular, if Q}B/R is a projective B-module, then 9,14/3 is
a projective A-module. Indeed, applying the result of question (15)(ii) to the sequence
A — B — A, we get an exact sequence

As QY /a =0, this shows that A®p Q) /a4 = 0. Now applying the result of question (15)(i1)
again, this times to the sequence R — B — A, we get an exact sequence

0= B®aQyr— Qpr— Qg — 0.

Taking the tensor product by A over B, and using the fact that A ® 5 Q0 sa = 0, we get the
desired result.

Now let A, be a cofibrant object of s(R — CAlg). There exists a free object B, of
s(R — CAlg) such that A, is a retract of B, and then, for every n € N, the R-algebra
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(5).

(6).
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A, is a retract of B,,. By the previous paragraph, it suffices to prove that Q}Bn /R is a pro-
jective B,,-module for every n € N. In other words, we may assume that A, is free over
R. Then there exists a family of projective R-modules (Py)x>o such that, for every n > 0,
we have

Av= Q) Symg(Fy).

a:[n] [

Fix n € N. We want to show that Qi‘n /R is a projective A,,-module. By question (10), it
suffices to prove that, if P is a projective R-module and A = Symp(P), then Jpisa
projective A-module. Let () be another R-module such that P & () is a free R-module.
We claim that the R-algebra Symp(P) is a retract of Symy(P & Q); as QéymR(PGBQ)/R is
a free Symp (P @ )-module by question (c) of problem ??, this finishes the proof by the
first paragraph. Remember that, for every [2-module M and every commutative R-algebra

B, restriction along the map M = SymJ(M) C Sympg(M) induces a canonical bijection
Homp_calg(Symp (M), B) = Hom  pmoa(M, B).

Let s : Sympg(P) — Sympz(P & Q) be the R-algebra morphism corresponding to the R-
module morphism P — P ® Q = Symy(P © Q) C Symp(P @ Q), where P — P @ Q is
the obvious inclusion, and let 7 : Symp(P @ ) — Symp(P) be the R-algebra morphism
corresponding to the R-module morphism P @ @ — P = Symp(P) C Sympg(P), where
P @& @Q — P is the obvious projection. Then r o s : Symgz(P) — Symg(P) is equal to
idp on P = Sym'(P), so r o s = idsym,(p). This shows that Symp(P) is a retract of
Symg(P @ Q).

By (C), we know that P, is a cofibrant object of s(zkMod). As
Symp : s(kMod) — s(R — CAlg) is left adjoint to the forgetful functor, and as
the model structure on s(R — CAlg) is transported from that of s(zrMod) using this
adjunction, the functor Symj preserves cofibrations. In particular, it sends cofibrant
objects to cofibrant objects (note that, as a left adjoint, the functor Symp preserves initial
objects), and so Symy(F,) is a cofibrant object of s(R — CAlg).

By question (4), the constant simplicial R-algebra A is a cofibrant object of s(R — CAlg),
s0 id 4 is a cofibrant replacement of A. So

Lar=A®ay =g

Let u be a morphism of s(rMod) xs(rkMod) that is a weak equivalence between cofibrant
objects; we want to show that the image of u by the functor (-) X g (+) is a weak equivalence.
We can write u = f x g with f and g morphisms of s(kMod). Then u = (f xid)o(id x g),
so it suffices to treat the case where f or g is an identity morphism.

In fact, we claim that, if f is a weak equivalence in s(yMod) and if Z, is a cofibrant object,
then f ®gridy, and idyz, ®pg f are weak equivalences. As tensor products are commutative,
it suffices to treat the first case. Write f : X, — Y,. Leth : A — B and C be the images of
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f: X, — Y, and Z, by the Dold-Kan equivalence N : s(rkMod) — C=°(zfMod). Then h
is a quasi-isomorphism, and C' is a complexe of projective R-modules by (C) and (B). Also,
by the Eilenberg-Zilberg theorem (see Section 8.5 of Weibel’s book [15]) and the definition
of the model structure on s(gMod), the morphism f @z idy, is a weak equivalence if and
only if the morphism v := Tot(h ®p id¢) : Tot(A ®g C) — Tot(B ®g C) is a quasi-
isomorphism (the double functor obtained by tensoring two simple complexes is defined

in Example 1)).

To prove that v is a quasi-isomorphism, we use the second spectral sequences ! F(A® z C)
and /! E(B®p C) of the double complexes A®r C and B®pr C, see Theorem we
know that these spectral sequences converge to the cohomology of the total complexes of
these double complexes, because A®rC' and B® rC are third quadrant double complexes.
By the construction of these spectral sequences in Subsection the morphism of
double complexes v induces compatible morphisms v, : ' E, (A®r C) — "E,.(B®grC),
for every r € N U {oo}, and v, is also compatible with the morphism H*(Tot(v)) that v
induces on the cohomology of the total complexes.

For every g € Z, as the R-module C is projective, we have H*(A®rC?) = H*(A) @ g CY,
and similarly for B ®r C; hence the morphisms vh? : "E}M(A®r C) — "EF(B®g C)
induced by v are isomorphisms. As each page of the spectral sequence is the cohomology
of the preceding one, this implies that v, : ' E,.(A ®r C) — ' E,.(B ®x C) is an isomor-
phism for every » € N, hence also for » = co. So, for every n € Z, there exist filtrations
on H"(Tot(A ®g C)) and H"(Tot(B ®g C)) such that H*(Tot(v)) is compatible with
these filtrations and induces isomorphisms on their graded quotients; we see easily that
this implies that H"(Tot(v)) is also an isomorphism.

Note that it also follows from the Eilenberg-Zilberg theorem that the derived tensor prod-
ucts on s(rkMod) and on C=°(zMod) (see Example [V.4.4.12(1) for the second) corre-
spond to each other by the Dold-Kan equivalence; this implies easily that, to calculate
X, ®]L% Y., it suffices to take a cofibrant replacement of just one of X, or Y,. (We could
also deduce this from the stronger result we proved above, as in Proposition [V.3.2.2).

We denote by For the forgetful functor from s(R — CAlg) to s(rkMod). We know that
a morphism f of s(R — CAlg) is a weak equivalence if and only if For(f) is a weak
equivalence, and we have seen in question (2) that F' sends cofibrant objects to cofibrant
objects. So the first statement follows immediately from question (6).

The second statement follows from the construction of the left localization from Theorem
and from the fact that For sends cofibrant replacements to cofibrant replacements,
which we have also proved un question (2).

(i) Consider the functors G : pMod — Ab defined by F'(M) = Derg(B, M) and
G(M) = Dergr(A, M), where, in the definition of G, the B-module M is seen as
a A-module via the map f : A — B. As the map R — B factors through S, we
have Derg(B, M) C Derg(B, M) for every B-module M, so we have a morphism
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(ii)

(111)

of functors o : F' — G sending d € Derg(B, M) todo f € Derg(A, M). On the
other hand, by the universal property of Kihler differentials, we have isomorphisms,
functorial in M:

Derg(B, M) ~ HomB(Q}B/S, M)

and
Derg(A, M) ~ HomA(Q}LVR, M) ~ Hompg(B ®4 Q}L‘/R,M).

By the Yoneda lemma, the morphism o comes from a unique morphism of B-
modules B ®4 Q'A/R — Qp .

If My, ..., M, are R-modules, then we have canonical isomorphisms
S®p (M Qg ...0r M) ~ (S ®r M) ®s ... s (S ®g M,)

and
S ®@p Symg(M) ~ Symg(S @z M)

(these follow for example from the universal properties of the tensor product and of
the symmetric algebra). Hence it follows immediately from the definition of free
morphisms that the functor S ®g (1) : s(R — CAlg) — s(S — CAlg) sends
free morphisms to free morphisms. As functors preserve retracts, these functor
also preserves cofibrations. In particular, the simplicial S-algebra S @z A, is cofi-
brant in s(S — CAlg). As i is a cofibration, this implies that B, is also cofibrant
in s(S — CAlg). On the other hand, we know that p is an acyclic fibration in
s(R — CAlg), so it is also an acyclic fibration in s(S — CAlg); this shows that
it is a cofibrant replacement.

Wehave Ly p = A®4,Q) /R AS A, is cofibrant, the A,,-module Q}% /R 1S projective
for every n € N, so the A-module A ® 4, Q}% /r 18 projective. By (C), this implies
that A ® 4, Qi‘./R is a cofibrant object of s(,Mod), and so

B@hiLar=B®asA@a, Uy, p=B®a Uy, g =BOp, Ba®@a, Uy, /p

(see the end of the solution of question (6)). On the other hand, by (ii), we have
Lp/s = B®g, QJIB./S‘ By (i), we have a natural morphism B, ® 4, 9114./1% — QlB./S'
We get the derived morphism by applying the functor B ®p, (-).

(10). Let M be a C'-module, which we also see as a A-module (resp. a B-module) using the
R-algebra morphism f : A - C,a—a® 1 (resp. g: B — C,b+— 1®b). We have
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and

Home (Q¢/z, M) = Derg(C, M),

Home (C ®4 QY g, M) = Homu(Q/p, M) = Derg(A, M)

Home(C ®p Q}B/R,M) = HomB(Q}B/R, M) = Derg(B, M),
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and the morphism o : Derg(C,M) — Derg(A, M) x Derg(B, M) induced by
C®@aQyp®C®p 0, — Qppsends d € Derg(C, M) to (do f,dog). By the
Yoneda lemma, it suffices to show that « is an isomorphism. We show that « is injective.
Let d € Derg(C, M) such that a(d) = 0. Then, for every a € A and every b € B, we have

dla®b) =(a®1)d(1®b)+ (1®b)d(a®1) = (a®1)(dog)(b)+ (1®b)(do f)(a) = 0.

As every element of C'is a finite sum of pure tensors, this implies that d = 0. Now we show
that « is surjective. Let d; € Derg(A, M) and dy € Derg(B, M). We want to construct
d € Derg(C, M) suchthatdo f = d; and d o g = dy. Consider the mapu : A x B — M
defined by u(a,b) = (a ® 1)d2(b) + (1 ® b)d;(a). Then u is R-bilinear, so it comes from
a unique R-linear map d : C' — M, and we clearly have do f = d; and d o g = ds. To
check that d is a derivation, it suffices to verify that, for a,a’ € A and b, b’ € B, we have

d((a@b)(d @b)) =(a®b)d(d @b)+ (a' @V)d(a @ b).

This follows easily from the definition of d.

We first show that A, ®g B, is a cofibrant object of s(R — CAlg). If A, (resp. B,) is a
retract of A, (resp. B.), then A, ®r B, is a retract of A, ®g B.. So we may assume that
A, and B, are free over R. Choose families of projective R-modules (P)x>0 and (Qx)x>0
such that:

(a) Forevery n > 0, we have

® Symp(Fy)

a:[n]—[k]

Q) Symg(Qs).

a:[n]—[k]

and

(b) For every surjective nondecreasing maps f : [n] — [m] and ag : [m| — [k],
for every x € Symp(Fy), the morphism f* : A,, — A, sends a pure tensor
Qo)) Ta € B, with zo € Symp(F;) equal to  for @ = ap and to 1 oth-
erwise, to the pure tensor ®5:[nh[k} ys € By, withyg = zif f = oo fand 1
otherwise; and similarly for f* : B,, — B,

Then, for every n € N, we have
An ®Qr By = ® Symp(Py) ®r Symp(Qk) = ® Symp(Pr @ Qk),

a:[n]—[k] a:[n]—[k]

and the morphisms f* : A,, ®r B,, = A, ®r B, (for f € Homa([n], [m]) surjective)
have a description similar to that of (b), with P replaced by P, ®g Q). As the R-modules
P, ®g Qy are projective, this shows that A, @ B, is free over R, hence cofibrant.
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(13).

(14).
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It remains to show that the morphism A, ®z B, — A ®pr B is an acyclic fibration. For
this, we can work in the category s(rMod), and even, by the end of the proof of question
(6), apply the Dold-Kan equivalence to reduce the question to a calculation with com-
plexes. So let X and Y be the images of A, and B, by the Dold-Kan equivalence. Then
X,Y € Ob(C="(zkMod)) are complexes of projective R-modules, and we have quasi-
isomorphisms X — A and Y — B. The morphism Tot(X ®rY) — A ®p B is clearly
surjective in degree < —1, hence a fibration, and we want to show that it is a quasi-
isomorphism. But we know that H™"(Tot(X ®5 Y)) = Tor?(A, B) for every n € N, so
this follows from the hypothesis on A and B.

Let A, -+ A and B, — B be cofibrant replacements, and let Cy, = A, ®r B,. We have
seen in the proof of question (9)(iii) that C' ®% L4 /R (resp. C ®L Ly /Rr) 1s representend
by the simplicial C'-module C' ® 4, Qh. /r (resp. C ®p, Q}g. sr)- By question (10), the
canonical morphism

C®a Uy, g ®C 8, U, p = Cc, (Co®a, Uy, /r®Co ®p, Vg, /5) = Cc. U, r

is an isomorphism. But, by question (11), the morphism C, := A, ®g B, — C'is a
cofibrant replacement. So Lo r = C' ®¢, Q}j R and we are done.

We want to prove that S ®g A, is a cofibrant object of s(sCAlg) and that the morphism
S ®r Ae — S ®p A is an acyclic fibration. We can prove the second statement exactly
as in the second part of the proof of question (11). As for the first statement, we can
assume as in the proof of question (11) that A, is free over R, and then we deduce that
S ®pr A, is free over S because, for every R-module M, we have a canonical isomorphism
S ®@g Symp(M) = Symg(S ®g M) (as these two S-algebras both represent the functor
SMOd — Ab, N — HOIHR<M, N))

First we show that, if A and S are any commutative R-algebras, and if B = S ®p A, then
the canonical morphism B & 4 Qk /R QE /s of question (9)(i) is an isomorphism. We
have to prove that, for every B-module M (that we also see as an A-module via the map
f:A—= B,a— 1®a), the map o : Derg(B, M) — Derg(A, M), d — do fisan
isomorphism. Let d € Derg(B, M) such that d o f = 0. Then, forall s € S and a € A,
we have d(s ® a) = sd(1 ® a) = s(do f)(a) = 0. As every element of B is a finite
sum of elements of the form s ® a, this shows that d = 0. Hence « is injective. Now let
d' € Derg(A, M). We want to find d € Derg(B, M) such thatd = do f. Letd: B - M
be the R-linear map induced by the R-bilinear map S x A — M, (s,a) — sd'(a). Itis
easy to check that d is a S-linear derivation. So « is surjective.

Now we come back to the notation of question (14). Let A, — A be a cofibrant replace-
ment, and let B, = S @ A,. We have seen in the proof of question (9)(iii) that B @4 1L 4 /R
is representend by the simplicial B-module B ® 4, Qh. /r- BY the previous paragraph, the
canonical morphism

B®a, Uy, g = B®p, Be®a, Uy, /g = B®s, g, s
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is an isomorphism. By question (13), the morphism B, — B is a cofibrant replacement,
soLp/s = B®pg, 9}3_/5. This finishes the proof.

@

(i)

@

By the hint in question (h)(i) of problem |A.9.2] it suffices to prove that, for every
B-module M (seen as a A-module via f : A — B), the sequence

0— HomB(Q}B/A, M) — HomB(Q}S/R,M) — Homp(B ®4 Q}MR, M)
is exact. This sequence is canonically isomorphic to
0 — Derus(B, M) — Derg(B, M) — HomA(leL‘/R, M) = Dergr(A, M),

so it suffices to prove that this last sequence is exact. The fact that
Dera(B, M) — Derg(B, M) is injective is obvious. If d € Derg(B, M) is actu-
ally A-linear, then, for every a € A, we have

a-d(1) = d(f(a)) = d(1- f(a)) = d(f(a)) +a-d(1),
f(a)) = 05 this shows that d o f = 0. Finally, let d € Derg(B, M) such that
0

so d(
d o f = 0; we want to show that d is A-linear. Let a € A and b € B. Then

d(f(a)b) = a-d(b) +b-d(f(a)) = a-d(b).

By (i), it suffices to show that the canonical morphism u : B ®4 Q' A/R — Q, /R is
injective. By question (9)(i), the morphism g : B — A gives a canonical morphism
v:ARp Q}B s 9}4 IR and, by the definition of these two canonical morphisms,
the composition

O p=A0p Bo,Qlp X" A0y QL p 5 QY p
is equal to the identity. Applying the functor B ® 4 (-), we see that the composition
B ®4 Q;/R - B4 AR5 Q}S/R = QIB/R — B®a QQ/R
is equal to the identity. Also, the first morphism is equal to B ® 4 A ®p u = u. Sou
is injective.

We saw in question (3) that, if A, is a cofibrant object of s(R — CAlg), then the A,-
module Q}% /R is projective for every n € N. We need the following generalization:
If A, — B, is a cofibration in s(R—CAlg), then the B,,-module 2}, /a, 1S projective
for every n € N. Indeed, we can apply the beginning of the solution of (3) to reduce
to the case where A, — B, is a free morphism. Let (P )x>( be a family of projective
R-modules such that B, = A, ®r Q. ()-.r) SYm, (Fx) for every n € N. By the
beginning of the solution of (14), we have an isomorphism

B, ®r, Q}%n/R = Q}S’n/Anv
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(i)

(iii)

where R, = @ . Symz(Fs). We have seen in the solution of (3) that Qj, , is
a projective R,,-module, so an /4, 18 a projective A,-module.

Now we come back to the notation of question (16). First note that the morphism
A, — B, satisfies the hypothesis of question (15)(ii) for every n € N (i.e. there
exists B, — A, such that the composition 4,, — B, — A, is id,,); indeed, this
property is clear if ¢ is free (because, for every R-module M, there exists a morphism
of R-algebras Symy(M) — R that is equal to idz on Sym% (M) = R; just take the
morphism corresponding to 0 € Hompg(M, R)), and it is obviously stable by taking
retracts. Hence, by question (15)(ii), we get exact sequences

0 — By, ®a, 9,14”/3 - Q}Bn/R — Q}Bn/An — 0.

By the preceding paragraph, the B,-module Q}Bn /a,, 1s projective, hence flat, so the
sequence above stays exact if we apply the functor B ® g, (+). This gives the desired
exact sequence.

First we show that A ® 4, B, is a cofibrant object in s(4CAlg). If the morphism
i : Ae — B, is a retract of a morphism A, — C,, then A ®,, B, is a retract of
A ®4, Co. So we may assume that the morphism ¢ is free, and then it follows imme-
diately from teh description of free morphisms that the morphism A — A ® 4, B, is
also free (for the same family of projective R-modules (P)x>0)-

It remains to show that the morphism A ® 4, B, — B is an acyclic fibration. I am
stuck on the “acyclic” part too.

By the beginning of the solution of question (14), the canonical morphism
(A ®Ao B') ®Bo QlB./A. — Q}‘\@A.B./A

is an isomorphism. As B ®ag ,, B, Qi‘m. B./4 Tepresents Lp/a by (ii), we deduce
that B ®p, Q}B. /A also represents Lz, 4. On the other hand, the morphism A, — B,
satisfies the condition of (i) for every n (that is, there exists a morphism B, — A,
such that the composition A,, — B, — A, isidy,); thisis clear if i : A, — B,, and
this property is stable by retract. Hence we have an exact sequence (in s(pMod)):

0= B®a, Qy, /g = B®p, Qp,r = B s, U, 14, = 0,

which is a cofiber sequence by Proposition [V.4.1.3(iv). We have seen in the solu-
tion of question 9(iii) that B ® 4, Qi‘. /g Tepresents B3 ®% La/g, and we know that
B ®p, QE. /g Tepresents Lp/r because B, is a cofibrant simplicial R-algebra (as
Ae. — B, is a cofibration) and B, — B is a weak equivalence; so we get the desired
result.

(17). The hypothesis says that Tor(A,S) = 0 for i > 1 and that the canonical morphism
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(A®r S) @4 Lar = A®5 Lar =Lar — Lasps/s = Lays



(18).

(19).

(20).

Q1.

(22).
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is an isomorphism.

Applying the result of question (17) with S = A, we get an isomorphism
LA/R :) LA/A = 0.

Letu,v: A — A®pr A be the two R-algebra maps sendinga € Atoa® 1 and 1 ® a re-
spectively. Note that the composition of u or v with the R-algebra map A @z A — A,
a®b — abis idy. By question (14) (applied to S = A), the canonical morphism
(A®rA) ®f‘LA/R — Liag,a/4 is an isomorphism, where we use the map u : A = AQprA
to form the derived tensor product on the left and the map v to form IL 45, 4/4. Applying
the functor A ®%, , (-), we get an isomorphism La/r — A ® g 4 Lagga/a.

Now consider the morphisms of R-algebras A — A ®@p A — A, and applying question
(16)(ii1). We get a sequence

A®agpa Lagra/a — Laja — Lajagpa

that comes from a cofiber sequence in s(4Mod). But L 4/45,4 = 0 by assumption, and
La/a = 0 by question (5), 50 A ® ag 4 Laga/4 = 0.

Let S = A®pr A. Then the morphism S — A is flat by assumption, and we see easily that
the canonical morphism A ®g A — A is an isomorphism. So, by question (18), we have
L4/s = 0. We can now apply question (19) to conclude that IL 4,z = 0.

Let P* — M be a projective resolution of M. This means that P* is a complex of pro-
jective R-modules concentrated in degree < 0 and that the morphism P* — M is a quasi-
isomorphism. Then, for every i € N, the functor Tor*(M, -) is isomorphic to the functor
H(P* ®g (+)), so it suffices to show that the second functor commutes with filtrant col-
imits. We know that, if P is a R-module, then the functor P ®f () : gRMod — rMod
commutes with all colimits, because it has a right adjoint (see Proposition[[.5.4.3); the re-
sult follows from this and from the fact that filtrant colimits in zpMod are exact (Corollary

Recall that, if S is a commutative ring of characteristic p, then the map S — S, x — 2P is
a [F-algebra endomorphism of |5, called the (absolute) Frobenius of S.

(i) Considerthe map f : A x B —+ A®g B, (a,b) — a'/? @ b"/?. Then f is bi-additive
and we have f(ar,b) = f(a,rb) foralla € A, b € B and r € R (note that the last
assertion uses the fact that R is perfect). So f defines a morphism of abelian groups
A®pr B — A®p B that sends a pure tensor a ® b to a'/? @ b*/P. It is clear that this
morphism is an inverse of the Frobenius endomorphism of A ®y B.

(i1) For every set E/, we have a canonical bijection
HomR_CAlg(R[Xi, 1€ E],A) 5 AF

(sending a morphism of R-algebras f : R[X;, i € E] — Ato the family (f(X;))icr)-
As A is perfect, every R-algebra morphism R[X;, i € FE] extends uniquely to a
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(iii)

(iv)

)

(vi)

R-algebra morphism R[X}/p>, i € E] — A, and every R-algebra morphism
R[X}/p>, i € E] — A is uniquely determined by the images of the X;. So we
get a bijection

Homp_cag(R[X; """, i € E],A) 5 A

For example, if we take £ = A, then the family (a),c corresponds to a morphism
of R-algebras f : R[Xé/pw, a € A] — Asuch that f(X,) = aforeverya € A. In

particular, the morphism f is surjective, so we can take S = R[X;/ P oo, a € A] and
a = Ker(f).

If C' is a commutative ring and C’, C” are commutative C-algebras, then we have
Tor(C',C") = H(C' @& C") for every n € N (see Example [V.4.4.12(1)).
So Tor(C’,C") = 0 for every n > 1 if and only if the canonical morphism
C' QL C" — m2%(C" L C") = C" ®c C" is an isomorphism.

Now suppose that Tor?(S, B) = 0 for i > 1 and that Tor(A4,S ®z B) = 0

for i > 1. Then we have canonical isomorphisms S ®% B — S ®@p B and
A®L(S®r B) — A®s (S ®g B), hence the canonical morphism

ARk B~ ARL(S®EB) - AL (S®rB) - A®s (S®r B) ~ A®r B
is an isomrophism. This implies that Tor!(A, B) = 0 for every i > 1.

For every N € N, let Sy = R[Xil/pN, i € I] € S. Then Sy C Sy, for every
N eNand S =J N>0 On- So S'is a filtrant colimit of the R-algebras Sy, and, by
question (20), it suffices to prove that Torf(S ~N, B) = 0 for every N € N and every
v > 1. But we have isomorphisms of R-algebras Sy =~ Sy, so it suffices to treat the
case N = 0. Also, the R-algebra S is free as a R-module, so the functor Tor*(By, -)
is 0 for every ¢ > 1.

For every finite subset I of a, let a; = J,,(f*?", f € I) and A; = R/a;. Then
a= Ica finite #7> hENCE A=1 Ia finite A;, where the set of finite subset of a is
ordered by inclusiond and the transition morphisms are the obvious projections. By
question (21), to prove that Torf(A, B) = 0 for every n > 1, it suffices to prove that
Torf(A;, B) = 0 for every n > 1 and every finite subset / of a. So we may assume
that a is equal to one of the aj;.

If f1,..., fn € R, we set

(fll/poo7 A "f’r]l:/poo) = U (fll/pm7 : '7f7illj/pm)'

m>1

Suppose that, for every perfect commutative ring R, every f € R, every per-
fect R-algebra B and every i > 1, we have Tor®(R/(f'/?”),B) = 0. We
show by induction on n that, for every n > 1, every perfect commutative ring
R, all fi,...,f, € R, every perfect R-algebra B and every ¢ > 1, we have



(vii)

(viil)

(ix)
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Tor®(R/(f1/"" ..., f2/""),B) = 0. We are already assuming that the result
holds in the case n = 1. Suppose that it holds for some n > 1, and let R be
a perfect commutative ring, B be a perfect R-algebra and fi,..., f,.1 € R. Let
A = R/( f/pw,...,fiﬁw), A = R/(fIP7, .. fAP), and f be the image of
fui1 in A. Then we have A = A’/(f'/?™). The case n = 1 and the induc-
tion hypothesis imply that the canonical morphisms A’ @% B — A’ @y B and
A®L (A ®r B) - A®a (A" @5 B) are isomorphisms. Hence the canonical

morphism
Ak B~ AL (A ®hB) - A% (A @rB) — A2 (A ®rB) ~ A®r B

is an isomorphism, which means that Tor’*(A, B) = 0 for every i > 1.

Letn > 1, and let x € M (resp. y € N) be the image of 1 € M,, (resp 1 € N,).
Then v(z) = fY/?" and §(y) = f1/7" - 15. This shows that y and § are surjective.

Let z € M such that y(x) = 0. We choose n > 1 and a € M, = A such that a
represents . Then y(z) = f/?"a = 0, so, as A is perfect, we have f1/7"" q!/? = 0.
Multiplying by a®~1/? we get f1/?""' ¢ = 0, and s0 u,(a) = f/7"~1/7""q = 0.
This shows that z = 0, hence that ~ is injective. A similar proof shows that J is
injective.

For every n > 1, let f,, : M,, g B — N,, be the canonical morphism (sending a ® b
to ab). Then we have commutative diagrams

M, ®op B—I"s N,

uﬂ,®id5l J{U'n

M1 Qr B—— Npp1
fn+1

and
M, ®p B—"5 N,

vl Js
a®r B——aB
fn+1
In other words, the canonical morphism a®z B — aB is the colimit of the morphisms
fn. As each f, is an isomorphism, we get the result.

We have seen in (vii) that the R-module a is a filtrant colimit of free R-modules. By
question (21), this implies that Tor(a, B) = 0 for every i > 1. Consider the exact
sequence of R-modules 0 — a — R — A — 0. As Tor®(R, B) = 0 forevery i > 1,
it induces an exact sequence

0 — Torf(A,B) = a®r B -+ RRr B = A®r B — 0
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and isomorphisms
Torf (A, B) = Torf(a, B) = 0

for every © > 1. In particular, we get that Torﬁl(A, B) = 0 for every ¢ > 1. Finally,
by (viii), the morphism a ®z B — R ®p B = B is injective, so Tor’ (A, B) = 0.

(23). (1) The canonical morphism B&r B — B is clearly an isomorphism, so we have to show
that Tor®(B, B) = 0 for every i > 1. But we know that R is perfect by question
(22)(1), so this follows from the rest of question (22).

(i1) By (i) and question (18), we have Lp,pg,p = 0. Also, by question (22), we have
Tor(B, B) = 0 for every i > 1. So the result follows from question (19).

OJ
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F-injective pair of subcategories, |178]
F-injective subcategory, [177]
F-projective subcategory, [I77]
G-set, [86]

I-cellular, 213]

I-cofibration, 213

I-injective,

U -category,

U -set,

U -small,

7 -small (for a category),
w-sequence, 210]

k-linear category,

k-linear functor, 49|

Cech cohomolow
Cech complex,
abelian category, [56|
abelian group (in a category), 396
abelian presheaf,
abelian sheaf,
abelianization functor, 396
acyclic cofibration, [I83]
acyclic complex, [102]
acyclic fibration, [I85]
acyclic object, [122]
additive category, [51]
additive functor, 49|
adjoint functors, 26|
Amitsur complex, [313]
apex of a cone, 33

automorphism, [12]
axiom of universes, [T1]

bifunctor, [1§]

bigraded object, [137]

biproduct, [50]

bounded (for a complex), O8]
bounded above (for a complex), @
bounded above derived category,
bounded below (for a complex), 0]
bounded below derived category,
bounded derived category, [157]
bounded spectral sequence, [[44]

canonical topology, [36] [87]
Cartan-Eilenberg resolution, [I31} [132]

cartesian square, [61]

category, [T1]
classical Quillen model structure, [I91]

coboundary,

cocartesian square, [0 1]

cochain, [127]
cochain complex,

cocycle, [127]

coequalizer, [35]

cofibrant object, [186]
cofibrant replacement, [200]
cofibrantly generated, 215]
cofibrations, [183)]

cofinal, [164]

cofinal subset,

cofinality of a poset, [79]
cogenerator, [70)

coherent ring, [56]
cohomological complex, 07
cohomological functor, [[49]
cohomology object, [102]
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coimage, [53]

coinvariants, [126]

cokernel, 35} 53|

cokernel morphism, [53]
colimit of a functor, 34]
commutes with colimits, 42]
commutes with limits, [42]
compact object, [249|
completely prime upper order ideal, [295]
complex, [58]
composition (of an w-sequence), [210]
concrete category,
condensed sets, [87]

cone over a functor, 33]
cone under a functor, [34]
connected category, [13]
connecting morphism, [TT0]
connecting morphisms, [T13]
conservative functor, [T9]
constant presheaf, 03] 292]
constant sheaf, 93
continuous flat functor, 294
contravariant functor, [16]
convergence (for a spectral sequence), [I30]
coproduct, [34]

core of a t-structure, 357
correspondence,

coslice category, [I9]

counit of an adjunction,
covariant functor, [16]
cylinder object, [191]

degenerating (for a spectral sequence), [130]
derivation, 394]

derived category, [I57]
derived exact couple, @
derived tensor product, [I79|
differential object,
direct limits, 34]

direct sum, [31]

directed graph, [32]

discrete category, [13]
distinguished triangles, [[47]
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Dold-Kan equivalence, [374]

donor, [T03]
double complex,

edge, [32]

endofunctor, [T6]
endomorphism, [12]
enough injectives, [68]
enough projectives, [68]
epic, [12]

epimorphism, [12]
equalizer, [33]
equivalence of categories, 22]
essential image, [22]
essentially surjective, [I9]
exact complex, [102]

exact couple, [[3§]

exact functor, [64] [149]

exact sequence, [58]

exact triangles,

Ext functor, [123]

extension (in an abelian category), [62]
extramural morphism, 103

faithful functor, [T9]
fibrant object, [186]
fibrant replacement, [200]
fibrations, [183]

filtered module,
filtrant category, 46|
filtrant colimits, 46|

final object, [T5]

finite category, [I3]

finite filtration, [[44]
finitely generated (model category), 216]
first quadrant double complex, [I31]
first quadrant spectral sequence, [[30]
flabby sheaf, [329]

flasque sheaf, 329

flat functor, 294

forgetful functor,

fppf topology, [36]

fpqc topology, [B6]



free category, [32]

Freyd-Mitchell embedding theorem, 93]
Frobenius ring, [189]

full functor, [19]

full subcategory, [[3|

fully faithful functor, [T9)

function, [7]

functor, [16]

Gabriel-Popescu theorem, 284]
generating acyclic cofibrations, [216]
generating cofibrations, 216]
generator,

geometric realization of a simplicial set, [243]
graded object,

Grothendieck pretopology, [83]

Grothendieck spectral sequence, [I31]

group cohomology, [126|
group homology, [126]
groupoid, [13]

heart of a t-structure, 353
Hochschild-Serre spectral sequence, [136]

homotopic, 99} [T98]
homotopy, [99]
homotopy category, [T01] [T86]

homotopy equivalence, 99 [T9§]
horizontal cohomology, 03]

horseshoe lemma, [T16]
Hurewicz fibrations, [191]

ideal in an additive category, [I00]

idempotent endomorphism, [259]

identity morphism, [I2]

image, [53]

inaccessible, [10]

inductive limits, 34]

initial object, [13]

injective morphism (in an abelian category),
62

injective object, [68]

injective resolution, [115]

intramural morphisms, @]

invariants, [126]
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inverse limits, [33]

irreducible closed subset, [295]
isomorphic, [12]

isomorphism, [12]
isomorphism of categories, @

Kihler differentials, [394]
Karoubi envelope, [259]

kernel, 33} [53]
kernel morphism, [53]

left adjoint, [26]

left derived functor, [121]
left exact functor, [64]

left homotopic, 193]

left homotopy, [193]
left Kan extension, [I63] 243]

left lifting property, 186
left localizable functor, [163]

left localization (of a functor), [163)
left multiplicative system, [[58]

left Quillen functor, 20|

left resolution, [T13)]

legs of a cone, [33] [34]

limit of a functor, 33|
LLP,[T86

localization of a category, [154]
locally finite open cover, 330]

mapping cone, O8]

mixed model structure, [19]]
model category, [186]

model structure, [I83]
monad, 241]

monic, [12)
monoidal category, 240]

monomorphism, [12]

Morita’s theorem, [74]

morphism, [TT]

morphism of directed graphs, [32]
morphism of functors, 20]
morphism of triangles, [147]
multiplicative system, 15§
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nadir of a cone, 34]

natural transformation, 20|
normalized bar resolution,
normalized chain complex, [374]

null system, [166]

object (in an abelian category), [62]
object of a category, [T1]

object of finite presentation, 249
object of finite type, [249]
octahedral axiom, [148§]

opposite category, @

page of a spectral sequence, [129]

paracompact, [330]
path category, [32]
path object, [192]

point of a topos, 293
preadditive category, 9]

presheaf on a category, @

product, [34]

product category, [13]

profinite space, [86|
progenerator,

projective limits, 33

projective model structure, [190|
projective object, [6§]

projective resolution, 113
projector, [259]

pseudo-abelian completion, 259
pullback square, [61]

pushout square, [61]

qis,[102]

quasi-inverse, [22]

quasi-isomorphic complexes, [102]
quasi-isomorphism, [102]

Quillen adjunction, 208]

Quillen equivalence, [208]

quotient (in an abelian category), [62]
quotient (of an additive category by an

ideal), [T00]
receptor, [105]
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regular (cardinal), [TT]
representable, 23]

retract, [I83]

right adjoint, [26]

right derived functor, [I21], [T76] 207]
right exact functor, [64]

right homotopic, [193]

right homotopy,

right Kan extension, [163]

right lifting property, [186]

right localizable functor, @

right localization (of a functor),
right multiplicative system, [157]
right Quillen functor, 208]

right resolution, [T15]

RLP, 18§

salamander lemma, [106]
saturation, 263
semisimple abelian category, [60|

separated presheaf, [81]
Serre fibrations, [191]

sheaf, [86]

sheaf (on a topological space), [§1]
sheaf cohomology, [128]
sheafification functor, 83] O1]
short exact sequence, [58]
simplicial abelian groups,
simplicial category, [15]

singular simplicial complex, [244]
site, [83)

skryscraper sheaf, [329)

slice category, [I§]

small object, 210]

small object argument, 213
smash product, [192]

snake lemma, [T09]

soft sheaf, 329

source of a morphism, [T2]

spectral sequence, [[29]

spectral sequence of an exact couple, 139

split exact sequence, [60|
stable by retracts, [185]



stable category of modules, [T90]
stable equivalence, [190]

stably equivalent morphisms, [I89]
strictly of type ¢, [T1]

strong limit cardinal, [T0]

strongly inaccessible, [I0]
subcanonical topology, [87]

subcategory, [13]
surjective morphism (in an abelian cate-

gory), [62]

t-structure, 354]

target of a morphism, [12]
terminal object, [13]

third quadrant double complex, [I31]
topos,

Tor functor, [125]

total complex, [103]

total left derived functor, 207]
total right derived functor,
transfinite composition, 210]
triangle, [147]

triangulated category,
triangulated functor, [T49)

triangulated subcategory, 149
trivial cofibration, [183)

trivial fibration, [I83]
truncation functors, [I71]

two out of three property, [183]

unbounded derived category, [[57]
unit of an adjunction,
universe, 0]

unnormalized bar resolution, 306]
unnormalized chain complex, 392]
upper order ideal, 295]

vertex, [32]
vertical cohomology, [T03]

weak equivalence, [I83]
weak homotopy equivalence, [19]]

Yoneda extension, [I8T]

Yoneda lemma, 23]

zero morphism, 49
zero object, [13]
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